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BIOMETRIKA 
ON THE REMAINING TABLES FOR DETERMINING THE 
VOLUMES OF A BI-VARIATE NORMAL SURFACE. 
EDITORIAL. 


WE start with the fundamental tetrachoric table 


7 —— — — 





a b a+b 
ht eon | | 
c | d c+d 
| | 
ate | b+d N | 
| 








and assume the frequency distribution to be normal; we suppose 


(b+ajN=[ —c-4*de=30-@,)| 
Jav2Qr , | , 
Y nwenccameneaueeted (1), 
ee Ge 12 
(c+d) N=| ; e~ *¥dy=}(1—-«,) | 
Jk N22 


and we take as our standard case h and & both positive. We can always arrange 
our table so that this shall be so. But having done this the correlation will some- 
times be positive and sometimes negative. 

The equation for r is known to be 

d = 

” To (h) to(k) + 74 (h) Ty (hk) 7 4-72 (h) T2 (kh) 7? +... + Ty (h) Tr (kK) 77 +... (1), 
where 7, is the tetrachoric function of the nth order, and t9(h)=4(1—a,), 
tm (k)=3(1-@,). 
Sx ; : a : 
V for the triple entry h, k, r, r being positive, have been published 


Tables of 


in Biometrika*, and for r=—*80 to —1:00 in the same Journal+. Both these 
tables were computed by Dr Alice Lee. The present tables complete the whole 
series by providing the values of d/N from r=‘00 to —°75. They have been 
computed by Margaret Moul, Ethel M. Elderton, E. C. Fieller, J. Pretorius and 
A. E. R. Church, all members of the Galton Laboratory. Up to r=—°60 the values 
of d/N were obtained by aid of Dr Lee’s table of the first twenty tetrachoric func- 
tionst. After r=—-60 it was found that twenty tetrachoric functions to only seven 
figures were not adequate and the integral value of d/N was obtained by quadrature, 
Weddle’s formula being used, in the manner indicated in Biometrika, Vol. VI. 

* Vol. xrx. (1927), pp. 354—404. t Vol. xt. pp. 284—291. 

t{ Biometrika, Vol. xvm. pp. 348—354. 
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Tables for Determining Volumes of Normal Surface 


p. 386. The difference between the table there provided for 7 =-80 to 1:00 being 
that the present table is worked to more decimal places for the high values of h and 
k, those of the 1917 table having for certain cases been found madequate. 

The complete tables thus furnished will serve three fundamental purposes : 
(i) to find r from any fourfold table, (ii) to find r from any cell of a table when the 
table is known or assumed to be normal in character, and (iii) to find when r has 
been ascertained for a table, for example by the product-moment method, what 
should be the theoretical contents of a given cell. 

The general method of interpolating into tables of triple entry like the present 
has been discussed at adequate length in the paper of 1927*. Examples of the 
use of these methods were provided, but it appeared that to work out effectively 
by these methods the contents of all the cells of a normal table we required 
the d/N tables for r negative. These are now supplied in association with the 
tables published in this Journal, Vol. x1. pp. 284—291. 

It must be remembered that in our standard table we suppose d to be the 
contents of the quadrant for which the limits of integration are «=h to 2, y=k 
to 0, and k being positive. It may be needful at times to find a, b or c from d, 
or on the contrary d from a, b or c. Since h and & are supposed known the 


connecting equations clearly are : 


a d 

yu? +a,)—-3(1 — a@,)+ NV 

b ats 
v =$(1-a)-5 ecsilawaisdesisecsheensewen (111). 
Cc \ ( 

W = 4 (1 — ay — N 


Now let n,, be the contents of the cell in the sth row and ¢tth column of a 


correlation table. 














: a 
xX { B x, 
Nyt 
Xx’ of 
C D a 
Y, Y; 


* Biometrika, Vol. x1x. pp. 355—358. 





EDITORIAL 3 


Let n, equal the total frequency or volume of the normal surface in the quadrant 
standing on YAX;; n,’ that in the quadrant Y’BX,; n, that in the quadrant 
YCXy’; and n,’ that in Y’DX1’. Then n,—n,=n,,+ V, where V is the volume 
standing on X,BDXy’. : 


But V=n,’ —n,’. 
Accordingly 


, 


te Re RCE, See ee (iv). 


, 
+n 


Ns¢ = Ny — Ny — Ny 7 

Now it is clear that the /;, he giving the lines YY, and Y’Yy’, and the ky, ke 
giving the lines YX; and X’Xj’, will be known; also r, the correlation coefficient, 
will be known. Thus either n,, ,, 7,’, n,’ form the d’s of four tetrachoric tables 
and are known, or, if they be the a, b or c’s, the corresponding d can be obtained 
from the tables and their values found from Equations (iii) above. 

Thus we deduce the “normal value” of n,,. We propose first to illustrate this 
process. 

Illustration I. In a table for the correlation of Father and Son for stature we 
find, for the heights of Fathers 68’°875—69’°875, twelve Sons of the heights 
667-875 


20x 17 cells*. The correlation coefficient of this table worked by the product- 





-67'"875. This is a perfectly arbitrary cell taken out of a table of 


moment method is ‘5189. The problem we put before ourselves is this: Supposing 
the table corresponds to a normal surface, are twelve individuals a reasonable 
frequency for this cell? As much of the table as concerns our present purpose can 
be written as follows: 



































| } 
| | Fathers’ Stature 
| tel 
| Sons’ Stature | Below 68875 68"°875—69'"875 Above 69-875 Totals 
| 
| Below 66”°875 206 9 10 225 
| 66:875—67"875 105 12] 12 129 
Above 67'°875 326 104 216 646 
| | | | 
a SS eae | 
| i 
Totals 637 | 125 238 | 1000 
| | 
’ ‘ ’ oc 
Clearly n= 19, 2, =10, 2, =4, 2, = Zz, 


and Ny =12=n,— ny, — Ny +n, = 43 —19 —22 +410. 
We can now examine the requisite four tables which have to be solved to obtain 


n, for the normal surface. They are: 








| (1) (ii) (iii) (iv) 

| (xy) | (My) | | (2, | (2y’) | 

| 206 | 19 225 | 215 | 10 225] 311 | 43 354 | 332 22 | 354 
| | | 

| 431 344 775 547 228 we) 326 320 646 430 { 216 | 646 
se a : =e eee eee’ 
| 637 363 L000 762 238 1000 637 363 1000 762 238 1000 

! | | | 




















* See Biometrika, Vol. xiv. p. 
’ 

















151, Table XV. 
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If we re-arrange these tables in standard form, we have : 






























































(i) (ii) (iii) (iv) 
(a) (b;) (az) (be) (a3) (bg) (a4) (by) 
431 344 775 547 228 775 326 320 646 430 216 646 
(e;) | (dy=n,) (eg) |(dy=n,/) (cs) | (dg=2y) (cy) |(dy=n,) 
206 19 225 215 10 225 311 13 354 332 22 354 
637 363 1000 | 762 238 1000 | 637 363 1000 | 762 238 1000 | 














and we see at once that ad —be is negative for all of them, or the d/N is to be 
found from the present issue of tables; i.e. r=—*‘5189. In the next place in every 
case the ny, Ny’, Ny, Ny of the quadrant to be found is the d of the standard form. 
Hence we have, by Equation (iv), 


Vv dz dy dy 4 da) 
Nee = J -— = 
- N N WN WN)’ 
where the d/N’s are to be found from our present table. To use these, however, we 
require to ascertain the h and k& corresponding to the above four tables. This is 
most easily done by the use of the first and last columns in Table XXIX of the 
Tables for Statisticians, Part I, which give h (or k) for $(1—@). In the present 
case we have: 

4 (1 —ay,)="363, $(1—e,,)='225, or: hy="35045, by =°75541, 

$ (1 —a,) ='238, $(1—a,,)='225, or: hg="71275, ke ="75541 
,(1- &,,) = 363, 1 (1 — @,) = "354, . or: hg ='35045, kg='3 

$(1 —a@,)= "238, $(1—a@,)=°354, or: hy='71275, ky='37454, 


For most cases / and & to five decimal figures are fully adequate*. 


If the four tables be now worked out by the interpolation formula for (i) use 
of four entries, and (11) for twelve entries (i.e. :ormulae (@) and (8) of Biometrika, 
Vol. x1x. p. 356), we find: 


d, dy dy d, 
(B) 27°113 12°752 56°437 28348 
(a) 27°313 12°847 56°674 28°467 
Observed values: 19 10 43 22 
In both cases linear interpolation alone has been used to deduce r = — ‘5189 
from the tables for r=—‘50 and r=—°55, after the readings have been obtained 


for these from the corresponding h’s and k’s either by (@) or (8). It will be seen at 
once that (@) and (8) are in very close agreement, and that, at any rate in this 
portion of the tables, the hyperbolic formula (@) is fully adequate for most practical 
statistical purposes. 


* A table of h to 4(1-—«,) with far more figures will shortly be published. 








EDITORIAL 5 


But the deviations from the observed values of d in the four cases are very 
considerable. Notwithstanding, if we proceed to determine n,, we have : 


from (8): Ns¢ = dg - dy _ dy = d> 


56°437 — 27-113 — 28348 + 12°752 = 13°728, 
from (@): nz = 56°674 — 27°313 — 28°467 + 12°847 = 13741, 
or (8) only impreves on (a) by °013, a quantity of no practical importance. 


‘ 13°74 x 986-27 
Now the standard error of 13°74 in 1000 = N _ a0 2 =" = 3:68 nearly, 


corresponding to a probable error of 2°48. 


Clearly 13°74 + 2°48 easily covers the probability of 12 arising in a random 
sample. Or, the observed cell content of 12 is quite consistent with the table for 
the correlation of father’s and son’s statures being of a normal type. 


Illustration II. We will take another example from the same correlation table, 
which indicates a greater variety in the methods of treatment; namely, the cell 
for fathers of stature 67'°875—68'"'875 and for sons 67’°875—68’"'875. It contains 
27 cases, and the full table condensed for our purposes is as follows: 

















Fathers’ Stature 
pee ae, me 
Sons’ Stature | Below 67'°875 67'°875—68'""875 Above 68”°875 Totals 
Below 67'°875 | 277 34 43 354 
67"-875—68""875 | 89 | 27 | 65 181 
[ 
tien q en | a 2p 
Above 68'°875 132 78 | 255 165 
| 
| OP ta | eee 
: 
} Totals | 198 139 363 } 1000 














We have at once: 
n,=77, n, =43, no, =169, n,’ = 108. 


Thus our four tables take the forms: 









































(i il ill (iv) 
| l — hh Ss Cee Ure aad ) 
! nr, | lu | | nu | iy | 
277 77 | 354 | 311 | 13 | 354 | 366 | 169 35 | 427 | 108 535 
} a Se ae —— See an am 
iat aes Ce te | | = 
221 | 425 | 646 | 326 | 320 | 646 | 132 | 333 | 465] 210 | 255 | 165 
| ' =. ba el ee | ae % 
498 502 1000 | 637 | 363 | 1000 198 | 502 | 1000 | 637 | 363 | 1000 
{ | 
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Or, arranged in standard form : 





























| (i) (ii) | 
—— ee | en 
| a;=425 | b,=221 | 646] a,=326 | b,=320 | 646 
| ooo [ee SS See 
| (Ru) n.. ) 
| = 77 | d, =277 354 | q=311 | d= 43 | 354 
ae ge eee ee See re een, Mee eee 
502 | 498 | 1000 637 363 | 1000 
— is a 
(iii) (iv) | 
(dy | (ny ) | 
a,=169 | 6,=366 535 | ay=427 | b,=108 | 535 
—_ — —_ ee | a 1 —_ 
¢3=333 | d3=132 | 465 | c=210 | dy=255 | 465 | 
Pek wa ae =—= = =—£s Pak eee oe | a | 
502 498 | 1000 637 | 363 | 1000 | 














Ny =, and r is positive in Table (i) =+°5189, 
ny, =dz, and r is negative in Table (ii) =—°5189, 
Ny =, and r is negative in Table (ii) = —°5189, 


n,” =b,y, and r is positive in Table (iv) 


I 

\ 
ss ia 
or 
—_ 
92) 
Cr 
io) 


We have thus: Ne = N (F ie ba 3). 


ae a +> 
N N NN 
There are thus two tables to be worked from the tables in Biomeérika, 


Vol. x1x. pp. 373—404, ie. (i) and (iv), and two tables from the present tables, 
i.e. (ii) and (iii). 





Accordingly, in only one case is the n, or », equal to d, namely n,’=d,. For 
the other cases we require to use the formulae given in Equations (ili). 


Further, we shall need to use special interpolation formulae for three of the 
cases, as we are at the edges of our tables for d/N. We may arrange our work as 
shown on the following page, where a, £, y, y bis, and 6 refer to the formulae in 
Biometrika, Vol. X1x. pp. 356—358. 


{t is, we think, clear that a difference of the order 0°223 is not of much statistical 
importance in a cell containing 28, and thus the formula e might have been used 
throughout. We give the work up to third differences, which much increases the 
labour, in order to show the reasonable effectiveness of the shorter hyperbolic 
formula. 











1 (1 — a) ="354 


(1 —a,) = "498, 
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The following table shows the order of differences from the observed values: 








| 


The ratio (vii) is in no case beyond the bounds of random samplin 


(i 


(i 


(i Vv) 


(Vv 


(Vv 


) From 8 and y formulae 


i) 


Difference (i) 


) Difference (i) 


i) S. D. of (i) 


(iii) Observed values a | 
| 


From a formula 


(vii) Ratio of (v) to (vi) 


256°681 


56°437 








256°651 56°674 
277 13 
+ °030 — 237 
- 20°319 +13°437 
13°813 | 7°297 
—- 1°47 | +41°84 


4 ‘ | 





| 
dy 


3 


145-088 
145°171 





250°355 


250°288 


a 
— 4°645 


255 


*067 





13°700 


"34 


| 
ed 


og and since 


> 


‘ 5 ; ‘ 
ny, contains n,', N, contains x,’ and n, contains n,, n,/ and n,’ we should expect a 


high correlation between all these deviations. If we consider the actual number 27 


in t 


he 


either 


and the correlation in this form is negative, i.e. in 


chosen cell it is clearly an easy random sample from a population containing 
28°4 or 28°8 in this cell. 
We will now take illustrations of the reverse process of finding r from the 
observed d/N. 
Illustration III. The following table indicates the relation between Athletic 
Capacity and Intelligence in 1708 Schoolboys : 








Athletic 
Non-athletic 


Totals 


| 





**TIntelligent” 
and above 


209°25 








790°5 





‘Slow Intelligent”! ,, ; 
Totals 
and below 
25 566°75 1148 
350°75 560 
917°5 1708 








Re-arranged in standard form : 








a=566°75 
e=350°75 


917°5 





b=581°25 


d- 


209°25 


790°5 


1148 
560 


1708 





or the more intelligent boys are the more athletic. 





the original table it is positive 








EDITORIAL 9 
We have: 
d/N ="122,5117;  4(1 —a,) =-462,822, 4(1 —a,) ="327,869. 
Hence by linear interpolation from Table XXIX of Tables for Statisticians, 
h = 09333, k = 44580. 


Our present tables show that, for d/N lving between 115 and *125, and h 
between ‘0 and ‘1 and k& between ‘4 and °5, we must deal with the values of 7, 
—°20 and —:25. We have first then to find the value of d/N for the above values 
of h and k when r = —:20 and —°25. 


We need here a “single finial” formula for « (h) because we are for this variate 
on the border of our table. The appropriate formula is y bis*, or: 
20x = OW 20,0 + DY 20,1 + OW 21,0 + Oy 211 
—hOh {(44 h) (We 21,0 + XS 21,1) —(1 + h) (WS 20,0 + xo 22,1)} 
—EWy [C1 + WH) (G8 20,0 + 08 21,0) + (1 + x) (G8 20,1 + 08 21 1)} 
In our case: 
6= 9333, @= "0667; y='4580, w=-'5420; 
oy = 03615, dy = 03055, Oh ="50585, Oy = 42745; 
£0 =*01038, dywy = °04137. 
For cm — 20 > 
29 = 142.7384, 29 = "129.2840, 2, = "126,0358, zy = *114,0334; 
& 239 = 4265, 8 29 = 5421, 8 24,3= 3979, & zy = 4999, 


62 Zoo = 9853, 82.219 = 9221, 02 20) = 10914, 0224) = 10163. 


29 = *135,2305, 219 = 7 21,8861, 201 = a 18,8755, 41> *] 06,9947 > 
o 239 = 5012, o Za = 61 13, o 44> 4684, & 291 = 5644, 
8229 = 10508, 82249 = 9851, 822, = 11470, 82, = 10691. 


From these two sets of values we can write down the values of 2¢,x, i.e. those 
d/N, for the above formula. There results the following numbers: 


of 


2 y =dj/N When r 20 When r= — °25 

HW 20,0 + Hx 20,1 + Ov 21,0 + Oy 21,1 = °1231,5228 = °1159,1120 
—hOp [(44+ $) (We 210+ x8 212)! 1745 — 2052 

+ Op (1+ h) (Wd? 220+ xO" 22,1)} + 579 + 653 

ates fi Wx (1 + v) ( $3"? 20,0 + 08’? 21 0)} Aer 5909 = 6312 
—tvx {(1 + x) (68% 20,1 + 087 21, 1)} —- _ 6160 en 6480 
-1230,1993 ‘1157,6929 


See Biometrika, Vol. xix, p, 358, and Diagram, p. 357. 








10 Tables for Determining Volumes of Normal Surface 


Hence by linear interpolation : 


If we use only the first term, the hyperbolic formula, we have : 


6406 
| hl 05 = — 2044. 
' 72411 * ”° 


a 


This is not so close to the full interpolation formula value, but would be 
sufficiently close value of 7 for most practical purposes. 

Illustration IV. The following table illustrates the influence of Wage of Father 
on the nature of the Mother’s Employment : 


Employment of Mother. 


Wage of Father Homework Outwork Totals 
Under 22/- 144 106 250 
22/- and over | omy | 39 207 
Tot ‘ 312 145 157 


Clearly d is the category 39, and the correlation in the table thus arranged is 


negat ive. We have: 


RO ne oe : 207 ne 
$(1-—a@)= 4577 ‘317,287; 4(1-a,)= 4577 452,954, 


Accordingly 
d/N ='085,3392, and h=°47530, k=-11821. 
@='7530, o='2470; X= 1821, w='8179; 
py ="20202, dx = 04498, Ap="61588, Oy ='13712; 
40 ='03100, wy = "02482. 
The above value of d/N, for a value of h between -40 and °50, and of i: between 
‘10 and °20, lies between the values for 7 = —°40 and r= —°45: 
( 20,0 = 099,2408,  21,9= °085,5431, 21 =°087,0997, 2, ='074,8716; 
r=— "40 4 8 2,9= 11853, 6 219 = 12327, 8 2,=11026, & 2 ,=—11382, 
8'2.29 9 = 7394, 8221 9 = 6895, 8'2 294 = 8263. 622, i= 7616. 
Zo,90="091,4776, 2,9 =°078,2330, 2, = 079,6341, 21,1 ='067,8782: 
rT=— "45 \ 6" 20,0 = 12573, 6? 21.0 = 12899, Pg 20.1 = l 1675, 62 211 = l 1878, 
| sa 9= 8255, 8221 o= 7680, 52294 = 9021, 8221 4 = 8289. 








EDITORIAL 11 


Accordingly we have the following values for: 








%, =a = When r= —-40 When r= — *45 

bY 20,0 + x 20,1 + OW 21,0 + OX ,1 =-0869,1705  =-0795,5185 
—)0h (1+) (We 204+ x8 21)}  — 4524 — 4797 
—fOp (14+ 8 )(WE aot ye ar)}o  - 6605 = 6909 

— Ex ((1 + W) ($8720.04 887 210)}  — a: - 3529 
—dyv ((L+x)(68%2014+08%211)} - 2281 -— 2485 
‘0867,5128 0793,7465 


Hence by linear interpolation 
14121 Z : 
r=— 40 — —-— x 05 = — 4096, 


73766 

or the correlation of Mother’s increasing Outwork with Father’s decreasing Wage is 
4096. 

Had we used only the hyperbolic formula, or the first line of the above 
expression for Z¢,x, we should have found 
5778 _ _ 
~— x 05 =— “40 — 0107 
3652 
= — *4107, as above. 


Thus, in all the examples tried in this introduction, it would appear as if the 
hyperbolic formula were adequate for either finding a cell content, or determining 
the value of the coefficient of correlation. 
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TABLES 





OF THE VOLUMES OF THE NORMAL SURFACE. 





h=0-0 [a 

2500000 | -2300861 | - 
2300861 | -2117584 
-2103702 | -1936130 
“1910443 | *1758265+ 
-1722891 -1585653 
-1542688 | -1419804 
-1371266 | -1262037 | 
-1209818 | -1113449 
| -1059277 | -0974900 


0920301 | -0846993 


‘0793276 | -0730087 
-0678330 | -0624297 
-0575348 | -0529519 


‘0484002 | -0445449 

| 0403783 | -0371620 
-0334036 | -0307428 
‘0273996 | -0252171 
-()222827 | -0205078 





0179652 | -0165341 
| 0143583 | -0132146 


0113751 | -0104690 
“(0082207 


‘0069517 | -0063980 
-0053621 | -0049349 
‘0040988 | -0037723 
‘0031048 | -0028575* 
| 0023306 | -0021449 
h=0-9 h=1-0 
‘0920301 | -0793276 
0846993 | -0730087 
-0774415*| -0667527 
0703273 | -0606204 
‘0634231 | -0546692 
-0567895— | -0489511 
0504791 | -0435117 
‘0445359 | -O383888 
-0389941 | -0336120 


‘0338781 | -0292021 


-0292021 | -0251715 
‘0249707 | -0215241 | 
‘0211797 | -0182564 
-O178171 | -0153579 
-0148641 | -0128125- 
-0122965+| -0105993 
‘0100864 | -0086942 | 
| 0082027 | -0070705* 
| 0066133 | -0057005+ 
0052856 | #045560 | 
-0041874 | -0036094 
-0032881 | -0028343 


‘0025591 | -0022059 
0019739 | 0017014 
-0015088 | -0013006 
-0011430 | -0009852 


} 
-0008579 0007395"; -0006324 


= 0-1 | h = 0-2 


d/N for r = -00 








2103702 





-1910443 
-1936130 | -17582657 
-1770224 | -1607601 
-1607601 | -1459917 | - 
-1449780 | -1316594 
-1298142 | -1178887 
-1153893 | -1047890 
-1018039 | -0924515*| 


| -1187342 | 
“106315: 
0945017 | -O% 
0833754 | 


0891361 | -0809475+} 


-0774415+| -0703273 
-0667527 | -0606204 


-0570802 | -0518365- 


| -0484144 | -0439668 
| 0407279 | -0369864 
-0339776 | -0308562 
-0281085—| -0255263 
-0230563 | -0209382 
-0187505~| -0170280 
‘0151173 | -0137286 
-0120822 | -0109723 
‘0095719 | -0086926 
-0075163 | -0068258 
-0058497 | -0053123 
‘0045121 | -0040976 
-0034490 | -0031322 
-0026127 | -0023726 


-0019611 | 0017810 


h=11 | h=1-2 
0678330 | -057 
0624297 | -0529519 
0570802 | -0484144 


-0518365-| -0439668 
0467476 | -0396505* 
0418581 | -0355033 
‘0372068 | -0315582 
-0328263 | -0278427 
0287416 | -0243781 
‘0249707 | -0211797 
0215241 | 0182564 
0184053 | -0156110 
0156110 | -0132410 

| -0131325+| -0111388 
0109559 | -0092926 


| .0090635-| -0076875- 


b= 03 | hm 04 1 


17 22891 | 
*1585653 


-1449780 


1316594 


-0730008 
0634231 
0546692 | 
0467476 
-0396505* 
-0333553 
-0278270 
-0230203 | -02 
0188826 


| 0153563 


5348 | 


| 


| 


0074344 | 0063057 
-0060460 | -0051281 
-0048745+] -0041345- 
-0038959 | -0033044 | 
| 0030864 | -0026179 
-0024236 | -0020557 | 
0018862 | -0015999 
0014549 | -0012340 | 
0011121 | -0009433 | 
-0008424 | -0007145+ 


-0123808 
-0098951 
-0078392 | 
‘0061557 
-0047908 
‘0036953 
-0028247 
-0021397 
‘0016061 


d/N for r =- 


-0484002 
0445449 
0407279 
-0369864 
-0333553 
-0298666 

-0265478 

0234222 

0205077 | 
‘0178171 
-0153579 
01313257 
-0111388 
-0093703 
0078173 
-0064670 
-0053046 | 
“0043140 
‘0034781 
0027798 | 
0022022 
‘0017293 
| 0013459 | - 
‘0010381 | 
-0007935*) - 
‘0006011 
-0005364 | -0004512 

















8 | -1371266 | 


-1262037 | 


-1153893 | 
8887 | -1047890 
‘0945017 | 


| 0846174 


-0752148 


“0663593 | 


-0581020 


—| -0504791 | 


-0435117 


| -0372068 
| -0315582 
| 0265478 


-0221478 


‘0183221 
0150289 


‘0098540 
| OO78756 


-0062393 


-0048994 


‘0038131 


“0029411 


-0022482 
-0017030 


2 | -0012783 


h=1-5 


-0334036 
-0307428 
“0281085 
-0255263 
-0230203 


-02061257 


‘0183221 
‘0161649 


7 | 0141535 
-0122965* 


25-| -0105993 | 


-0090635 


-0076875-— 


-0064670 


> | 0053951 


0044632 


| 0036610 
| 0029773 
-0024004 | 


-0019185- 


“0015199 
-0011935- 


-0009288 | 


-0007 164 
-0005477 


-0004149 


| ores | * 





-1209818 
-1113449 | 


-1018039 

| -0924515+| 
0833754 | 
0746549 
| 0663593 
-0585464 
0512613 
0445359 


| 0383888 

-0328263 | 
*0278427 
-0234222 
‘0195402 
-0161649 
-0132594 
-0107832 
“0086938 
‘0069484 


-0055047 
-0043225" 
-0033641 
-0025948 
‘0019835 
“0015025 
‘0011278 


h=1-6 | 
> 27 73996 | 
2171 


-( 08: 508 963 
-0209382 
| -0188826 


‘0169076 
0150289 | 
-0132594 | 
-0116095+*) 
-0100864 


-0086942 
0074344 
-0063057 
“0053046 | 
-0044254 
-0036610 
| «0030030 
*0024422 | 
‘0019690 

0015736 | 
| 0012467 

| «0009790 


-0007619 | 
0005877 | 
‘0004492 | 
-0003403 
0002554 | 


Se 
h=0-8 
“1059277 | 0-0 


-0974900 | 0-1 
-0891361 | 0-2 


| -0153563 | 0-4 
0137501 | 0-5 


0122222 | 0-6 
-0107832 | 0-7 
0094414 | 0-8 


-0082027 | 0-9 








-0809475*| 0-3 

-0730008 | 0-4 

-0653653 | 0-5 

“0581020 | 0-6 | 
| 0512613 | 0-7 | 
| -0448827 | 0-8 

0389941 | 0-9 | 
-0336120 | 1-0 

-0287416 | 1-1 

-0243781 | 1:2 

0205077 | 1:3 | 
‘0171087 | 1-4 | 
0141535-| 1:3 | 
-0116095*| 1-6 | 
0094414 | 1-7 | 
| 0076120 | 1-8 | 
0060838 | 1-9 | 
-0048197 | 2-0 | 
-0037847 | 2-1 | 
-0029455+| 2-2 | 
0022720 | 2:3 | 
0017367 | 2-4 | 
0013156 | 2-5 | 
-0009875- 2-6 | 


| 





-——— - a k 
h=1-7 | 
— 
0222827 |9 0- 0 | 
0205078 | 0-1 | 
-0187505— | O2 | 
-0170280 | 0:3 








-0070705+ 
0060460 | : 7 
-0051281 | 1-2 
0043140 | 1-3 | 
-0035990 | 1-4 | 
0029773 | 1-5 | 
| .0024422 | 1-6 
0019861 | 1-7 | 
0016013 | 1-8 
-0012798 | 1-9 
-0010139 | 2-0 
-0007961 | 2-1 | 
-0006196 | 2:2 | 
0004779 | 2-3 
-0003653 | 2-4 | 
| 0002767 | 2-5 
a" 2-6 












































Volumes of the Normal Surface 13 
d/N for r = -00 
k |—— | = | ' k 
| h=18 | h=19 | h=20 | h=21 | h=22 | b= 23 | h=24 | b= 2s a 
aa See & —_ ae. = 
| } J } 
| 0-0 | -0179652 0143583 | 0113751 | -0089322 | -0069517 | -0053621 | -0040988 | 0031048 | -0023306 0-0 
| 0-1 | -0165341 | -0132146 | -0104690 | 0082207 | -0063980 | -0049349 | 0037723 | -0028575*| -0021449 | 0-1 
| 0-2 | 0151173 | -0120822 | -0095719 | -0075163 | 0058497 | -0045121 | -0034490 | -0026127 | -0019611 | 0-2 
| 0-3 | 0137286 | -0109723 | -0086926 | ‘0068258 | -0053123 | -0040976 | -0031322 | -0023726 | -0017810 | 0-3 
| 0-4 | -0123808 | -0098951 | 0078392 | -0061557 | -0047908 | -0036953 | -0028247 | -0021397 | -0016061 | 0-4 
| 0-5 | -0110859 | -0088601 | -0070193 | -0055118 | -0042897 | -0033088 | -0025292 | 0019159 | 0014382 | 0-5 | 
| 0-6 | -0098540 | -0078756 | -0062393 | -0048994 | -0038131 | -0029411 | -0022482 | -0017030 | -0012783 | 0-6 
| 0-7 | -0086938 | -0069484 | -0055047 | -0043225+*| -0033641 | -0025948 | -0019835*| -0015025+| -0011278 | 0-7 | 
| 0-8 | -0076120 | -0060838 | -0048197 | -0037847 | -0029455*| -0022720 | -0017367 | -0013156 | -0009875—| 0-8 | 
| 0-9 | -0066133 | -0052856 | 0041874 | -0032881 | -0025591 | -0019739 | -0015088 | -0011430 | -0008579 | 0-9 
1-0 | -0057005* | -0045560 | -0036094 | -0028343 | -0022059 | -0017014 | -0013006 | -0009852 | -0007395+| 1-0 | 
| 1-1 | -0048745*| -0038959 | -0030864 | -0024236 | -0018862 | -0014549 | -0011121 | -0008424 | -0006324 | 1-1 | 
| 1-2 | -0041345-| -0033044 | -0026179 | -0020557 | -0015999 | -0012340 | -0009433 | -0007145*) -0005364 | 1-2 | 
| 1-3 | -0034781 | -0027798 | -0022022 | 0017293 | -0013459 | -0010381 | -0007935*| -0006011 | -0004512 | 1-3 | 
| 1-4 | -0029016 | -0023191 | -0018372 | 0014427 | -0011228 | -0008660 | 0006620 | -0005015—| -0003764 | 1-4 | 
| 1-5 | 0024004 | -0019185-| 0015199 | -0011935~| -0009288 | ‘0007164 | -0005477 | -0004149 | 0003114 | 1-5 | 
| 1-6 | -0019690 | 0015736 | -0012467 | 0009790 | -0007619 | -0005877 | -0004492 | -0003403 | -0002554 | 1-6 
| 1-7 | 0016013 | -0012798 | -0010139 | -0007961 | -0006196 | -0004779 | -0003653 | -0002767 | -0002077 | 1-7 
1-8 | -0012910 | -0010318 | -0008174 | -0006419 | -0004996 | -0003853 | -0002945*| -0002231 | -0001675—| 1-8 
1-9 | ‘0010318 | -0008246 | -0006533 | -0005130 | -0003993 | -0003080 | -0002354 | -0001783 | -0001339 | 1-9 
| 2-0 | 0008174 | -0006533 | -0005176 | 0004064 | -0003163 | -0002440 | -0001865—| -0001413 | -0001060 | 2-0 | 
| 2-1 | -0006419 | -0005130 | -0004064 | -0003191 | -0002484 | -0001916 | -0001464 | -0001109 | -0000833 | 2-1 | 
| 2-2 | -0004996 | -0003993 | -0003163 | -0002484 | -0001933 | -0001491 | -0001140 | -0000863 | -0000648 | 2-2 
| 2-3 | -0003853 | -0003080 | -0002440 | -0001916 | -0001491 | -0001150*) -0000879 | -0000666 | -0000500—| 2-3 
| 2-4 | -0002945+) -0002354 | -0001865-| -0001464 | -0001140 | -0000879 | -0000672 | -0000509 | 0000382 | 2-4 
2-5 | -0002231 | -0001783 | -0001413 | -0001109 | -0000863 | -0000666 | -0900509 | -0000386 | -0000289 | 2-4 | 
| 2-6 | -0001675-| -0001339 | -0001060 | -0000833 | -0000648 | -0009500-| -0000382 | -0000289 | -0000217 | 2-6 
d/N for r = — -05 | 
k | . = —— — _ k 
h=0-0 h=0-1 h = 0-2 h=0-3 h=04 | h=0-5 h = 0-6 h = 0-7 h=0-8 
| 0-0 | -2420389 | -2221648 | -2025669 | -1834338 | -1649406 | -1472439 | -1304779 | -1147519 | 1001483 0-0 
0-1 | -2221648 | -2038786 | -1858525+| -1682597 | -1512608 | -1349993 | -1195981 | -1051570 | -0917509 | 0-1 
0-2 | -2025669 | -1858525+) -1693814 | -1533116 | -1377895+) -1229457 | -1088920 | -0957188 | -0834939 | 0-2 | 
0-3 | -1834338 | -1682597 | -1533116 | -1387327 | -1246556 | -1111983 | -0984617 | -0865272 | -0754557 | 0-3 
0-4 | -1649406 | -1512608 | -1377895*| -1246556 | -1119782 | -0998633 | -0884013 | -0776650*| -0677086 0-4 
0-5 | 1472439 | -1349993 | -1229457 | -1111983 | -0998633 | -0890353 | -0787944 | -0692055-| 0603163 | 0-5 
0-6 | -1304779 | -1195981 | -1088920 | -0984617 | -0884013 | -0787944 | -0697119 | -0612108 | -0533329 | 0-6 
| 0-7 | -1147519 | -1051570 | -0957188 | -0865272 | -0776650*) -0692055—| -0612108 | -0537306 | -0468015~| 0-7 
| 0-8 | -1001483 | -0917509 | -0834939 | -0754557 | -0677086 | -0603163 | -0533329 | -0468015—| -0407536 | 0-5 
| 0-9 | 0867220 | -0794297 | -0722620 | -0652871 | -0585674 | -0521580 | -0461055~—| -0404469 | -0352093 | 02 | 
| 
1-0 | -0745010 | -0682182 | -0620453 | -0560408 | -0502582 | -0447449 | -0395407 | -0346772 | -0301773 | 1-0 
1-1 | 0634879 | -0581182 | -0528445+| -0477168 | -0427806 | -0380762 | -0336373 | -0294907 | -0256557 p22 
1-2 | -0536621 | -0491100 | 0446412 -0402978 | -0361184 | -0321368 | -0283815+| -0248749 | -0216332 | 1-2 
1-3 | -0449829 | -0411557 | -0374000 | -0337512 | -0302417 | -0268996 | -0237489 | -0208080 | -0180903 | 2-3 
| 1-4 | -0373929 | -0342018 | -0310717 | 0280320 | -0251095*| -0223277 | -0197062 | -0172603 | -0150011 | 2-4 
1-5 | -0308214 | -0281832 | 0255964 | -0230854 | -0206723 | -0183763 | -0162135-| -0141964 | -0123341 | 1-5 
1-6 | -0251885*| -0230258 | -0209062 | -0188496 | -0168740 149951 | -0132259 | -0115767 | -0100547 | 1-6 
1-7 | -0204082 | -0186505+| -0169286 | -0152586 | -0136551 | -0121307 | -0106960 | -0093591 | 0081259 | 1-7 
1-8 | 0163918 | -0149757 | -0135890 | 0122446 | -0109544 | -0097283 | -0085749 | -0075006 | -0065100 | 1-8 
| 1-9 | 0130509 | -0119198 | -0108128 | -0097401 | -0087109 | -0077334 | 0068143 | -0059585") -0051699 1-9 
| 2-0 | 0102994 | -0094041 | -0085281 | -0076796 | -0068660 | | 0060935) -0053674 | -0046918 | -0040693 | 2-0 
| 2-1 | -0080561 | -0073535+) -0066665*) -0060013 | -0053638 5 | 0041903 | -0036616 | -0031747 | 2-1 
2-2 | 0062452 | -0056989 | -0051648 | -0046480 | -0041528 | 0032421 | -0028320 | -0024546 | 2-2 
| 2-3 | 0047980 | -0043769 | -0039655+| -0035676 | -0031865—| - | 0024860 | -0021708 | 0018808 | 2-3 | 
| 2-4 | 0036529 | ‘0033313 | -0030173 | -0027136 | -0024229 | 0021474 | -0018890 | -0016489 | -0014281 | 2-4 
| 2-5 | -0027560 | -0025125*) -0022749 -0020453 0018256 -0016175—| -0014223 | | 0012411 | 0010745*| 2-5 
be 0020603 | -0018775—| 0016996 | -0015276 | 0013630 | 0012072 | 0010612 | -0009257 | -0008011 | 26 
' < | 






































14 Volumes of the Normal Surface 
| d/N for r = — -05 
A corey PEE rye | ~ 1 | gy . 
| h=09 | h=10 | h=1-1 | h=1-2 | h=1-3 | h=1-4 | h=1-5 | h=1E | h=17 
= |_ —s me - : ; aa pee 
| 0-0 | 08 0867220 0745010 | -0634879 | -0536621 | 0449829 | -0373929 | -0308214 | -0251885+) -0204082 | 0-0 | 
| 0-1 | 0794297 | -0682182 | -0581182 | -0491100 | -0411557 | -0342018 | -0281832 | -0230258 | -0186505+| 0-1 
| 0-2 | -0722620 | -0620453 | -0528445+| -0446412 | -0374000 | -0310717 | -0255964 | -0209062 | -0169286 | 0-2 | 
| 0-3 | -0652871 | -0560408 | -0477168 | -0402978 | -0337512 | -0280320 | -0230854 | -0188496 | -0152586 | Os | 
| 0-4 | 0585674 | -0502582 | -0427806 | 0361184 | -0302417 | -0251095*| 0206723 | 0168740 | -0136551 | 0-4 | 
| 0-5 | 0521580 | -0447449 | -0380762 | -0321368 | -0268996 | -0223277 | -0183763 | -0149951 | -0121307 | 0-5 | 
| 0-6 -0461055-| 0395407 | -0336373 | -0283815+| -0237489 | -0197062 | -0162135—| -0132259 | -0106960 | 0-6 | 
0-7 | 0404469 | -0346772 | -0294907 | -0248749 | -0208080 | -0172603 | -0141964 | -0115767 | -0093591 | 0-7 | 
0-8 0352093 | -0301773 | -0256557 | -0216332 | -0180903 | -0150011 | -0123341 | -0100547 | -0081259 0-8 
0-9 | 0304097 | -0260554 | -0221442 | -0186661 | -0156040 | -0129350—| -0106318 | -0086640 | 0-9 | 
1-0 | 0260554 | -0223172 | -0189610 | -015977¢ | -0133520 | -0110644 | -0090911 | -0074059 | -0059810 | 1-0 | 
1-1 | -0221442 | -0189610 | -0161041 | -013565 | -0113325+| -0093877 | 0077107 | -0062792 | -0050693 | 1-Z | 
1-2 | -0186661 | -0159776 | -0135656 | -0114254 | -0095396 | -0078997 | -0064863 | -0052802 | -0042612 | 1-2 
1-3 | -0156040 | -0133520 | -Oi1s025 "| 0095396 | -0079637 | -0065924 | -0054109 | -0044032 | -0035522 | 1-3 | 
1-4 | -0129350-| -0110644 | -0093877 | -0078997 | -0065924 | -0054552 | -0044759 | -0036410 | -0029362 | 1-4 
| 1-5 | -0106318 | -0090911 | -0077107 | -0064863 | -0054109 | -0044759 | -0036711 | -0029852 -0024065-| 1-5 | 
| 1-6 | 0086640 | -0074059 | -0062792 | -0052802 | -0044032 | -0036410 | -0029852 | -0024265*| -0019554 | 1-6 
1:7 | -0069995+) -0059810 | -0050693 | -0042612 | -0035522 | -0029362 | -0024065—| -0019554 | -0015751 | 1-7 
1:8 | 0056057 | -0047883 | -0040569 | -0034090 | -0028407 | -0023473 | -0019230 | -0015620 | -0012578 | 1-8 
1-9 | 0044501 | -0037999 | -0032183 | -0027033 | -0022518 | -0018600 ‘0015232 | -0012368 | -0009955*) 1-9 
2-0 | 0035016 | -0029889 | -0025305-| -0021248 | -0017693 | -0014608 | -0011959 | -0009706 | -0007810 | 2-0 | 
| 2-1 | 0027307 | -0023301 | 0019720 | -0016552 | -0013778 | 0011371 -0009305+| -0007550—| -0006072 2-1 
| 2-2 | -0021106 | -0018003 | -0015230 | -0012779 | -0010633 | -0008773 | -0007176 | -0005820 | -0004679 | 2-2 
| 2 3 | 0016166 | -0013784 | -0011657 | -0009777 | -0008132 | -0006707 | -0005484 | -0004446 | -0003573 | 2-3 | 
| 2.4 | -0012271 | -0010459 | -0008842 | -0007413 | -0006163 | -0005081 | -0004153 | -0003366 | -0002704 | 2-4 
| 25 -0009229 | -0007864 | -0006645+) -0005569 | -0004629 | -0003814 | -0003117 | -0002525—| -0002027 | 25 
| 2-6 | 0006879 | -0005859 | -0004949 | -0004146 | -0003445~-| -0002837 | -0002317 | -0001876 } -0001506 | 2-6 
! 
_—__—_-— — os = See ee pe ed ee 
| d/N forr “05 
k | — - —~ — ———- ______________—__| | 
h=18 | h=19 | h=20 | h=21 | h=22 | h=-|23 | h= 24 | Hh= 25 | h=26 
0-0 | 0163918 | -0130509 | -0102994 | -0080561 | -0062452 | -0947980 | -0036529 | 0027560 | -0020¢93 0-0 
0-1 | 0149757 | -0119198 | -0094041 | -0073535+) -0056989 | -0043769 | -0033313 | -0025125" ‘0018775— | 0-1 
0-2 | -0135890 | -0108128 | -0085281 | -0066665*) -0051648 -0039655*| -0030173 | -0022749 “0016996 | 0-2 
0-3 | 0122446 | -0097401 | -0076796 | -0060013 | -0046480 | -0035676 | 0027136 | -0020453 | -0015276 | 0-3 
0-4 ‘0109544 | 0087109 | -0068660 | -0053638 | -0041528 | -0031365~ 0024229 | -0018256 | -0013630 | 0-4 
0-5 | 0097283 | -0077334 | -0060935-| -0047587 | -0036832 | -0028251 | -0021474 -0016175-| -0012072 | 0-5 
| 0-6 | 0085749 | -0068143 | -0053674 | -0041903 | -0032421 | -0024860 | -0018890 | -0014223 | 0010612 | 0-6 
| 0-7 | 0075006 | -0059585+ -0046918 | -0036616 | -0028320 | -0021708 | -0016489 | -0012411 | -0009257 | 0-7 
0-8 | 0065100 | -0051699 | -0040693 | -0031747 | -0024546 | -0018808 | -0014281 | -0010745*) -0008011 | 0-8 
0-9 | 0056057 | 0044501 | -0035016 | -0027307 | 0021106 | -0016166 | -0012271 | -0009229 | -0006879 | 0-9 
| | | | 
| 1:0 | 0047883 | -0037999 | -0029889 | -0023301 | -0018003 | -0013784 | -0010459 | -0007864 | -0005859 1-0 
| 1-1 | 0040569 | -0032183 | -0025305~| 0019720 | -0015230 | -0011657 | -0008842 -0006645+| -0004949 | 1-7 
| 1-2 | 0034090 | -0027033 | -0021248 0016552 | -0012779 | -0009777 | -0007413 | -0005569 | 0004146 1-2 
| 7-3 | 0028407 | -0022518 | -0017693 | -0013778 | -0010633 | -0008132 | -0006163 “0004629 | -0003445-| 1-3 
1-4 | 0023473 | -0018600 | -0014608 | -0011371 | -0008773 | -0006707 | -0005081 | -0003814 | -0002837 | 1-4 
1-5 | -0019230 | -0015232 | -0011959 | -0009305+| -0007176 | -0005484 | -0004153 | -0003117 | 0002317 | 1-5 
1-6 | 0015620 | -0012368 | -0009706 | -0007550—| -0005820 | -0004446 | -0003366 -0002525-| -0001876 | 1-6 
1-7 | 0012578 | -0009955*) 0007810 | -0006072 | -0004679 | -0003573 | -0002704 | -0002027 | 0001506 1:7 
1-8 | 0010039 | -0007943 | -0006229 | -0004841 | -0003729 | -0002846 | -0002153 | -0001614 | -0001198 | 7-8 
1-9 | 0007943 | -0006282 | -0004924 | -0003826 | -0002946 | -0002247 | -0001699 | -0001273 | -0000945*) 1-9 
| | | | 
2-0 | -0006229 | 0004924 | -0003858 | -0002996 | -0002306 | -C001759 | 0001329 -0000996 | -0000739 | 2-0 
2-1 | 0004841 | -0003826 | 0002996 | -0002326 | -0001790 | -0001364 | 0001031 | -0000772 | -0000572 | 2-1 
2.2 | .0003729 | -0002946 | -0002306 | -0001790 | -0901376 | -0001049 | -0000792 | -0000593 | -0000439 2-2 
| 2-3 | -0002846 | -0002247 | -0001759 | -0001364 | -0001049 | -0000799 | -0000603 | -0000451 -0000334 | 2-3 
| 2. d | 0002153 | -0001699 | -0001329 | -0001031 | -0000792 | 0000603 | -0000455*) -0000340 | 0000252 | 2-4 
} . = - 
2-5 | ‘0001614 | -0001273 | -0000996 | -0000772 | “0000593 | -0000451 | -0000340 0000254. | -0000188 | | 295 
2-6 | -0001198 | -0000945*| -0000739 | -0000572 | 0000439 0000334 0000252 | -0000188 | -0000139 | 2-6 





















































Volumes of the Normal Surface 15 








eae ee ee = _| k 
} | | | | 
h = 0-0 | h = 0-1 h=0-2 | h=0-3 h=0-4 h=0-5 k=06 | h=0-7 h=0-8 | 





| | d/N for r = — -10 | 
| k | 





| 0-0 | -2340579 | -2142237 | -1947447 | -1758059 | -1575766 | -1402058 | -1238186 | -1085141 | -0943638 | 0-0 
0-1 | -2142237 | -1959834 | -1780814 | -1606873 | -1439559 | -1280229 | -1130022 | -0989832 | -0860300 0-1 
0-2 | -1947447 | -1780814 | -1617382 | -1458694 | -1306156 | -1160997 | -1024242 | -0896694 -0778926 | 0-2 
0-3 | 1758059 | -1606873 | -1458694 | -1314918 | -1176809 | -1045474 | -0921830 | -0806592 | -0700264 | 0-3 
0-4 \ -1575766 | -1439559 | -1306156 | -1176809 | -1052651 | -0934667 | -0823672 | -0720298 | -0624986 | 0-4 
0-5 | 1402058 | -1280229 | -1160997 | -1045474 | -0934667 | -0829447 | -0730533 | -0638480 | -0553668 | 0-5 
0-6 | -1238186 | -1130022 | -1024242 | -0921830 | -0823672 | -0730533 | -0643044 | -0561683 | -0486780 | 0-6 
| 0-7 | -1085141 | -0989832 | -0896694 | -0806592 | -0720298 | -0638480 | -0561683 | -0490321 | -0424673 | 0-7 
0-8 | 0943638 | -0860300 | -0778926 | -0700264 | -0624986 | -0553668 | -0486780 | -0424673 | -0367586 | 0-8 
0-9 | -0814115+! -0741815+) -0671275~| -0603139 | -0537987 | -0476312 | -0418512 | -0364888 | -0315637 | 0-9 





S 
————— 


1-0 | -0696744 0634: 520 0573857 | -0515310 | -0459372 | -0406461 | -0356916 | -0310987 | -0268838 | 7 
1-1 | -0591451 -0486583 | -0436682 | -0389044 | -0344021 | -0301896 | -0262878 | -0227100 1-1 
1-2 | -0497937 0452957 0409178 | -0366996 | -0326759 | -0288763 | -0253243 | -0220369 | -0190251 | 1-2 
1-3 | 0415716 | -0377945+| -0341215+| -0305853 | -0272151 | -0240352 | -0210650~| -0183184 | -0158042 | 1-3 
1-4 | -0344147 | -0312697 | -0282138 | -0252744 | -0224752 | -0198364 | -0173736 | -0150983 | -0130171 | 1-4 
1-5 | -0282474 | -0256509 | -0231301 | -0207074 | -0184023 | -0162311 | -0142065*| -0123376 0106297 | 1-5 
1-6 | -0229861 | -0208607 | -0187992 | -0168195—| -0149376 | -0131665*| -0115165 -0099946 | 0086051 | 1-6 
1:7 | -0185426 | -0168179 | -0151465-| -0135429 | -0120197 | -0105876 | -0092545—| -0080260 | -0069053 | 1-7 
| 7-8 | 0148273 | -0134400 | -0120967 | -0108090 | -0095871 | -0084391 | -0073715~| -0063885*| -0054926 | 1-8 
1-9 | 0117520 | -0106459 | -0095758 | -0085509 | -0075792 | -0066672 | -0058197 | -0050401 | -0043302 | 1-9 
2.0 | -0092319 | -0083578 | -0075129 | -0067044 | -0059386 | -0052204 | -0045537 | -0039409 | -0033834 | 2-6 
9.1 | -0071875+ -0065029 | -0058417 | -0052097 | -0046115—| -0040510~| -0035311 | -0030538 | -0026198 2-1 
2.2 | .0055456 | -0050142 | -0045014 | -0040117 | -0035487 | -0031152 | -0027135*) -0023450—| -0020103 | 2-2 | 
2-3 | 0042401 | -0038313 | -0034373 | -0030613 | -0027061 | -O( 123739 | -0020663 | -0017844 | -0015286 | 2-3 
| 2-4 | -0032124 | -0029009 | -0026009 | -0023148 | -0020448 | -0017925*) -0015591 -0013455—| -0011517 | 2-4 
| 2.5 | -0024117 | -0021764 | -0019500-| -0017343 | -0015310 | -0013411 | -0011657 | -0010052 | -0008598 2-5 


2.6 | 0017939 | -0016178 | -0014486 | -0012875—| -0011357 | -0009942 | -0008635*) -0007441 0006360 | 2-6 | 


a 
be 
er | 
- 
5 
of 
| 
— 
cS 


Pl aa ea cee ee 
| | | | 
h=0-9 h=1-0 h = 1-1 h=1. | h=1-3 h=1-4 | h=1°-5 h=16 | h=17 


| 
| 
| 
= | 








| ‘| | 
| 
0-0 | -0814115+) -0696744 | -0591451 | -0497937 | 0415716 | -0344147 | -0282474 | -0229861 | -018 5426 | 0-0 | 
| 0-1 | -0741815*)| -0634520 | -0538329 | 0452957 | -0377945*) -0312697 | -0256509 0208607 | -0168179 | 0-1 
0-2 | -0671275-| -0573857 | -0486583 | -0409178 | -0341215+| -0282138 | -0231301 | -0187992 | -0151465— | 0-2 
0-3 | 0603139 | -0515310 | -0436682 | -0366996 | -0305853 | -0252744 | -0207074 | -0168195~| -0135429 | 0-3 | 
| 0-4 | -0537987 | -0459372 | -0389044 | - 0326759 | -0272151 | -0224752 | -0184023 | -0149376 | -0120197 | 0-4 
| 0-5 | -0476312 | -0406461 | -0344021 | -0288763 | -0240352 | -0198364 | -0162311 | -0131665*| -0105876 | 0-5 | 
| 0-6 0418512 | -0356916 | -0301896 | -0253243 | -0210650-| -0173736 | -0142065*| -0115165-| -0092545-| 0-6 | 
| 0-7 | 0364888 | -0310987 _— -0220369 | -0183184 | -0150983 | -0123376 | -0099946 | -0080260 | 0-7 
| 0-8 | 0315637 | -0268838 | .0227100 | -0190251 | -0158042 | -0130171 | -0106297 | -0086051 | -0069053 | 0-8 | 
| 0-9 | -0270855-| -0230544 | 0194622 0162932 | -0135256 | -0111327 } 0090846 | -0073490 | -0058932 | 0-9 | 
| 1-0 | -0230544 | -0196102 | -0165435+) -0138403 | -0114814 | -0094435*| -0077007 | -0062251 | “0049883 | 1-0 | 
| 7-1 | .9194622 | -0165435+| -0139468 | -0116598 | -0096658 | -0079445+| -0064737 | 0052294 | -0041874 | 1-1 
| 2-2 -0162932 | -0138403 0116598 | -0097410 | -0080693 | -0066276 | -0053967 | -0043562 | -0034856 | 1-2 | 
| 1-3 | -0135256 | -0114814 | -0096658 | -0080693 | -0066797 | -0054823 | -0044608 | 0035981 | -0028768 28 
1-4 | -0111327 | -0094435*) -0079445+| -0066276 | -0054823 | -0044962 | -0036557 ‘0029465*} 0023541 | 1-4 
| 1-5 | -0090846 | -0077007 | -0064737 | -0053967 | -0044608 | -0036557 | -0029701 | -0023921 | -0019097 1-5 
| 1-6 | 0073490 | -0062251 | -0052294 | -0043562 | -0035981 | -0029465*+) -0023921 | -0019251 | -0015357 | 1-6 
| 1-7 | 0058932 | -0049883 | -0041874 | -0034856 | -0028768 | -0023541 | -0019097 -0015357 | -0012241 | i-7 
1-8 -0046842 | -0039620 | -0033234 | -0027644 | -0022799 | -0018642 | -0015111 | 0012142 | -0009671 1-8 
| 1-9 | 0036902 | -0031190 | -0026143 | -0021729 | -0017907 | -0014631 | -0011850") -0009515-| -0007572 | 1-9 





| .0028812 | -0624334 | -0020382 | -0016927 | -0013939 | -0011380 | -0009210 | -0007389 | -0005876 E 

-0022294 | -0018815-| -0015747 | -0013068 | -0010753 | 0008772 | -0007094 | -0005687 | -0004519 | 2- 
| 9 
is 
At. 


-0017094 | -0014416 | -0012056 | -0009998 | -0008220 | -0006700 | -0005414 | 0004337 | -0003443 
-0012988 | 0010945") -0009147 | -0007579 | -0006227 | 0005071 -0004095- -0003277 | -0002600 
-0009779 jroneonore -0006876 | -0005693 | -0004673 | -0003803 | -00C 3069 | -0002454 | 0001945+ 
—_— -0006138 | -0005121 | -00042% -0003475*| -0002826 | -0002278 | -0001820 | -0001442 | : 


w  % & % 


Ka Oo TOMS 





ae 
0 
-0005392 | -0004533 | -0003779 | 0003124 | -0002561 | -0002081 | 0001676 | -0001338 | -0001059 | 2-6 






















































16 Volumes of the Normal Surface 
l <= = 
d/N for r = — -10 | 
) ) | k | 
h=1°8 | h=1-9 | h=20 | h=21 | h = 2-2 | h = 2:3 | h = 2-4 | h=25 | h=2-6 I 
| | | | | 
ee Pere ote = . “ = ms was ag, Sere pe a a, a ee 
ee ‘0148273 | -0117520 | -0092319 | -0071875+| -0055456 | -0042401 | -0032124 | 0024117 | -0017939 0-0 0- 
| 0-1 | 0134400 | -0106459 | -0083578 | -0065029 | 0050142 | 0038313 | -0029009 | -0021764 | -0016178 | 0-1 0: 
| 0-2 | -0120967 | 0095758 | -0075129 | -0058417 | 0045014 | -0034373 | -0026009 | -0019500-| -0014486 | 0-2 | 0- 
| 0-3 | -0108090 | -0085509 | -0067044 | -0052097 | -0G40117 | -0030613 | -0023148 | -0017343 | -0012875-| 0-3 | 0: 
0-4 | 0095871 | 0075792 | 0059386 -0046115-| -0035487 | -0027061 | -0020448 | -0015310 | 0011357 | 0-4 0: 
os | 5 | 0084391 | 0066672 | -0052204 -0040510 | 0031152 | -0023739 | -0017925+| -0013411 | 0009942 | 0-5 | 0: 
| 0-6 | -0073715~| -0058197 | -0045537 | -0035311 | -0027135*, -0020663 | -0015591 | -0011657 -0008635*| 0-6 | 0: 
| 0-7 | -0063885+) -0050401 | -0039409 | -0030538 | -00234507| -0017844 | -0013455—| ‘0010052 | -0007441 | 0-7 | 0: 
| o-8 0054926 | -0043302 | -0033834 | -0026198 | 0020103 | -0015286 | -0011517 ‘0008598 | -0006360 | 0-8 0 
| 0-9 | -0046842 | -0036902 | -0028812 | -0022294 | -0017094 | -0012988 | -0009779 pantera “0005392 | 0-9 | 0: 
| 1-0 | 0039620 | -0031190 | -0024334 | -0018815~| -0014416 | -0010945*) -0008234 | -0006138 | -0004533 | 1-0 | I 
| 1-1 | -0083234 | 0026143 | -0020382 | -0015747 | -0012056 | -0009147 | -0006876 | -0005121 | -0003779 | 1-7 | 1 
| 1-2 | 0027644 | -0021729 | -0016927 | -0013068 | -0009998 | -0007579 | -0005693 | -0004237 | -0003124 | 7-2 | I: 
| 1-3 | 0022799 | 0017907 | -0013939 | -0010753 | -0008220 | -0006227 | -0004673 | -0003475*) -0002561 | 7-3 | 4 
| 1-4 | 0018642 | -0014631 | 0011380 | 0008772 | -0006700 | 0005071 | -0003803 | -0002826 | 0002081 | 1-4 | fs 
| 1: 5 | 0015111 | -0011850+! -0009210 | -0007094 | -0005414 | -0004095-| 0003069 | 0002278 | -0001676 1-5 1 
1-6 | 0012142 | -0009515-| -0007389 | -0005687 | -0004337 | -0003277 | -0002454 | -0001820 | -0001338 | 1-6 I 
| 1-7 | 0009671 | 0007572 | 0005876 | 0004519 | 0003443 | 0002600 | -0001945*) -0001442 | -0001059 | | 2-7 | 1 
| 1-8 | -0007634 | -0005973 | -0004631 | -0003558 | -0002709 | -0002044 | -0001528 | -0001132 | -0000831 | 7-8 | I 
| 1-9 | 0005973 | -0004669 | -0003618 | -0002777 | -0002113 | -0001593 | -0001190 | -0000880 | -0000646 | 7-9 | 1 
| 2-0 | 0004631 | -0003618 | -0002800 | -0002148 | -0001633 | -0001230 | -0000918 | -0000679 | -0000497 | 2-0 | 2 
| 2-1 | 0003558 | -0002777 | -0002148 | -0001647 | -0001251 | -0000941 | -0000702 | -0000519 | -0000379 | 2-1 2: 
| 22 | 0002709 | -0002113 | -0001633 | -0001251 | -0000949 | -0000714 | -0000532 | -0000393 | -0000287 | 2-2 | 2: 
| 2rd | | .0002044 | -0001593 | -0001230 | -0000941 | -0000714 | -0000536 | -0000399 | -0000294 | -0000215+) 2-3 | 2 
| 2-4 |: 0001528 | 0001190 | -0000918 | -0000702 | -0000532 | -0000399 | -0000297 | -0000219 | -0000160 | 2-4 | 2 
| | 
2-5 | 0001132 | -0000880 | -0000679 | -0000519 | -0000393 | -0000294 | -0000219 | -0000161 | -0000118 | 2-3 | 2: 
2-6 | 0000831 | -0000646 | -0000497 | 0000379 | 0000287 | -0000215*| -0000160. | 0000118 | -0000086 | 2-6 | 2: 
| d/N for r “15 | 
k — — —- ——— - - — ——| k |] 
| h=00 | h=01 | h=02 | h=03 | h=04 | h=05 | h=06 | h=0-7 | h=08 | 
| . | 
q | ay we re 
0-0 -2260363 | -2062428 | -1868846 | -1681429 | -1501813 331410 | -1171378 1022603 | 0885689 | 0-0 0 
0-1 | -2062428 | -1880530 | -1702809 | -1530921 1366354 | -1210385~—| -1064057 | -0928162 | -0802 0-1 0 
0-2 | -1868846 | -1702809 | -1540752 | -1384176 | -1234424 | -1092644 | -0959769 | -0836495*)| -072325 4 | 0-2 0 
0-3 | -1681429 | -1530921 | -1384176 | -1242545+) -1107231 | -0979258 | -0859451 | -0748422 | -0646567 | 0-3 0 
0-4 | -1501813 1366354 | -1234424 | -1107231 | -0985844 | -0871169 | -0763930 | -0664657 | -0573689 0-4 0 
| 9-5 | -1331410 | -1210385-| 1092644 | -0979258 | -0871169 | -0.69171 | -0673895-| -0585797 | -0505160 | 0-5 0 
0-6 | -1171378 | -1064057 | -0959769 | -0859451 | -0763930 | -0673895~ -0589890 | -0512304 | 0441371 | 0-6 0 
0-7 | +1022603 | -0928162 | -0836495+) -0748422 | -0664657 | -0585797 | -0512304 | -0444507 | -0382597 | 0-7 0 
0-8 | 0885689 | -0803228 | -0723285+| -0646567 | 0573689 | -0505160 | 0441371 | -0382597 | 0328990 | 0-8 0 
0-9 | 0760961 | -0689532 | -0620368 | -0554073 | -0491173 | -0432098 | 0377177 | -0326634 | 0280592 | 0-9 0 
1-0 | -0648481 | 0587107 | -0527752 | -6470928 | -0417081 | 0366570 | -0319669 | -0276560 | 0237339 | 1-0 I 
| 7-7 | 0548072 | -0495769 | -0445248 | -0396943 | -0351225+) -0308393 | -0268672 | -0232209 0199075" Bt | 1 
1-2 | -0459342 | -0415138 | -0372495+ -0331774 | -0293282 | -0257265*) -0223907 | -0193323 | 1-2 ] 
1-3 | 0381724 | -0344680 | -0308989 -0274950*) -0242816 | -0212786 | -0185009 | -0159575—| -0136522 | 1-3 I 
1-4 | 0314513 | -0283732 | -0254115- -0225904 | -0199306 | -0174483 | -0151551 | -0130581 | -0111599 | 1-4 1 
1-5 | 0256900 | -0231544 | 0207178 | -0183999 | -0162174 | 0141832 | -0123065—| -0105925-| 0090431 | 1-5 1 
1-6 | 0208013 | -0187307 | -0167436 | -0148557 | -0130805+ 0114281 | 0099056 | -0085169 | -0072633 | 1-6 I 
1-7 | -0166950+| -0150190 | -0134126 | -0118885+| -0104573 | -0091268 | -0079025+| -0067874 | 0057821 | 1-7 I 
1-8 | -0132807 | -0119360 | -0106489 | -0694294 | -0082857 | -0072240 | -0062483 | -0053608 | -0045618 1-8 1 
1-9 | -0104705-| -0094012 | -0083791 | 0074121 | -0065063 | 0056666 | -0048960 | -0041961 | -0035667 | 1-9 I 
j | | 
2-0 | 0081807 | -0073381 | -0065338 | -0057738 | -0050630 | -0044049 | -0038018 | -0032546 | -0027634 | 2-0 2 
2-1 | 0063340 | -0056760 | 0050488 | -0044569 | -0039041 | -0033930 | -0029252 | -0025015-) -0021215-| 2-1 2: 
2-2 | 0048595" | ‘0043504 | -0038657 | 0034090 | 0029830 | 0025897 0022302 | -0019050~| -0016138 | 2-2 2 
2-3 | | 0036942 | -0033039 | -0029328 -0025836 | -0022583 | -0019584 | -0016847 | -0014374 | -0012163 | 2-3 2 
2-4 | 0027826 | -0024860 | 0022045-| -0019399 | ‘0016939 | -0014673 | -0012608 | -0010746 | -0009082 | 2-4 2 
A —_ . 9. 
2-5 | -0020765+) -0018533 | -0016417 | 0014432 -0012588 | -0010892 | -0009349 | -0007959 | 0006719 | 2-2 2 
2-6 | 0015352 | -0013690 | -0012113 | ‘0010637 | -0009267 ‘0008010 -0006867 | 0005839 | 0004924 | 2-6 2 




















Volumes of the Normal Surface 17 







































d/N for r “15 
| & - k 
h 0-9 h 1-0 h 1-7 h 1-2 h 1-3 h 1-4 h 1-5 h 1-6 h 1-7 
p | 0-0 | -O760961 | -0648481 | -0548072 | -0459342 | -0881724 3 | -0256900 | -020801 3 ‘01669507 | 0-0 
l | 0-1 | -0689532 | -0587107 | -0495769 | -0415138 | -0344680 2 | -0231544 | -0187 “O150190 | O-T 
2 0-2 | -0620368 | -0527752 | -0445248 | -0372495*) -0308989 | -0254115-| -0207178 | -0167436 | -0134126 | 0-2 
3 0-3 | 0554073 | -0470928 | -0396943 | -0331774 | -0274950*) -0225904 | -0183999 | -0148557 | -OLI8885+ 0-3 
4 0-4 | 0491173 | 0417081 | -0351225+| -0293282 | -0242816 | -0199306 | -0162174 | -0130805+! -0104573 | 0-4 
5 0-3 | 0432098 | -0366570 | -0308393 | -0257265+| -0212786 | -0174483 | -0141832 | -0114281 | -0091268 | 0-5 
5 0-6 | -O377177 | -0319669 | -0268672 | -0223907 | -0185009 | -0151551 | -0123065-| -0099056 | -0079025+ 0-6 
7 0-7 | -0326634 | -0276560 | -0232209 ‘O159575~— -O130581 0105925) -0085169 | -0067874 | 0-7 
§ | 0-8 | -0280592 ‘0199075 ‘0111599 | -0090431 | -0072633 | -0057821 | 0-8 
9 | 0-9 | 0239075 ‘0169272 | -0140633 ‘0094591 | -0076566 | -0061430 | -0048848 | 0-9 
| 
0D | 1-0 | -0202016 0142736 | -O11S461L | -0097472 | -0079506 | -0064285*) -0051520 | -0040922 | 1-0 
1 | 1-1 | -0169272 | -0142736 | -0119349 | -0098945+) -0081325-| -0066263 | -0053517 | -0042842 1-1 
9 1-2 | -0140633 | -0118461 | -0098945+| -0081940 | -00672 ‘0054754 | -0044172 | -0035321 1-2 
3 1-3 | -O115839 | -0097472 | -0081325—| -0067274 | -0055172 | -0044853 | -0036144 | -0028868 1-3 
f 1-4 | -OQO94591 | -0079506 | -0066263 | -0054754 | -0044853 | -0036422 | -0029317 | -0023388 | -0018492 | 1-4 
5 | 1-5 | -0076566 | -0064285+) -0053517 | -0044172 | -0036144 | -0029317 | -0023570 | -O018781 | -0014832 | 7-5 
6 | 1-6 | -0061430 | -0051520 | -0042842 | -0035321 0028868 -0023388 | -OO18781 | -0014948 | -OOL1791 | 1-6 
7 | 1-7 | OO48848 | -0040922 | -0033991 | -0027992 | -0022851 | -O0 onpys 2 | -0014832 | 0011791 | -0009289 | 1-7 
‘ 
8 I-S | 0038496 | -0032213 | -0026727 | -0021984 | -0017926 | -0014489 | -0011608 | -0009217 | -000725% 1-8 
9 1-9 | -OO30065~—| -002512) | -0020825+! -OO1L7LLO | -0013935+! -001 seed ‘0009002 | -0007139 | -0005611 | 1-9 
0 2-0 | 0023267 | -0019425+| -0016080 | -0013195+! -0010734 | -0008656 | -0006918 | -0005479 | -0004301 | 2-0 
1 2-1 | 0017842 | -0014879 | -0012302 | -0010083 | -0008193 | -0006599 | -0005267 | -0004167 | -0003267 | 2-7 
2 22 | -0013557 | -0011292 | -0009325*| -0007635—| -0006196 | -0004984 | -0003973 | -0003140 | -0002458 | 2-2 
2-3 | 0010206 | -0008491 | -0007004 | -0005727 | -0004642 | -0003730 | -0002970 | -0002344 | -0001833 | 2-3 
2-4 | 0007612 | -0006326 | -0005211 ‘0004256 | -0003446 | -0002765*| -0002199 | -OO001733 | -0001354 2-4 
‘ — 
5 | 2-5 | -0005625~-| -0004668 | -0003842 | -0003134 | -0002534 | -0002031 | -0001613 | -0001270 | -0000991 | 2-5 
‘6 | 2-6 | 0004117 | -0003413 | -0002805* -0002286 | -0001846 | -0001478 | -0001172 | -0000922 | -0000718 | 2-6 
| d/N for r = — +15 | 
k k — — a k 
| h=18 | h=19 | h=20 | h=21 | h=22 | h=23 | h=24 | b= 25 | =I 
| | 
0 0-0 | 0132807 | -0104705-| -0081807 | -0063340 | -0048595+) -0036942 | -0027826 | -0020765+) -0015352 | 3-0 
-] 0-1 | -0119360 | -0094012 | -0073381 | -0056760 | -0043504 | -0033039 | -0024860 | -0018533 | -0013690 | 0-7 
2 | 0-2 | 0106489 | -0083791 j ‘0050488 | -0038657 | -0029328 | -0022045-| -0016417 | -0012113 | 0-2 
3 | 0-3 | -0094294 | -007412! ‘0044569 | -0034090 “0019399 | -0014432 | -0010637 | 0-3 
4 0-4 | 0082857 | 0065063 | -0050630 | -0039041 -0029830 -0016939 | -O012588 | -0009267 | 0-4 
os) | 0-5 | 0072240 | -0056666 | -0044049 -0025897 | -0019584 | -0014673 | -0010892 | -0008010 
“6 | 0-6 | -0062483 | -0048960 | -O003S018 ‘0022302 | -0016847 | -0012608 | -0009% 349 “OOOGS67 | | 
7 0-7 | -0053608 | -0041961 | -003 ‘O0019050—| -0014374 | -0010746 ‘0005839 | 0-7 


0-8 | 0045618 | -0035667 | -0027634 | -0021215—| -0016138 | -0012163 | -0009082 | -0006719 | -0004924 | 0-8 
0-9 | -0038496 | -0030065-| -0023267 | -OOLT842 | -0013557 | -0010206 | -0007612 | -0005625-| -0004117 | 0-9 









1-0 ‘0025129 | -0019425+*| -0014879 | -0011292 | -0008491 | -0006326 | -0004668 | -0003413 | 7-0 
-] “0020825 0016080 “00128302 | -0009 ‘OOOTO04 | -0005211 “0003842 | -O0002805 ]-] 
2 0021984 ‘OO1L7110 | -0013195*) -0C10083 | -0007635-) -0005727 | 0004256 | -0003134 | -0002286 | 7-2 

3 | 0017926 | -0013935*) -00 10734 ‘00068183 | 0006196 | -00046 ‘0003446 | -0002534 | -09001846 | 7-3 
-4 | -0014489 | -0011250*) -0008656 | -0006599 | -0004984 | -000372: -00027657 | -0002031 “0001478 1-4 











1 
] 
] 
| 
1-5 | -0011608 | -0009002 | -0006918 | -0005267 | -0003973 | -0002970 | -0002199 | -0001613 | -0001172 
1 
1 
1 
1 


1-5 

“6 | 0009217 | -0007139 | -0005479 | -0004167 | -0003140 | -0002344 | -0001733 | -0001270 | -0000922 | 7-6 

+7 ‘O005611 | -0004301 | -0003267 | -0002458 | 0001833 | -0001354 | 0000991 | -0000718 1-7 

“§ ‘0004370 | -0003346 | -0002538 | -0001908 | -0001420 | -0001048 | -0000766 | -0000554 | 7-8 

9 0004370 ‘0003372 | -0002579 | -0001954 | -0001467 | -0001091 ‘OOO0O0804 | -OO00586 | -0000424 1-9 

2-0 | 0003346 | -0002579 | -0001969 | -0001490 | -0001117 | -0000830 | -0000611L | -0000445+) -0000321 | 2-0 


2-1 | 0002538 | -0001954 | -0001490 | -0001126 | -0000843 | -0000626 | -0000460 | -0000335-—| -0000241 
2-2 | -0001908 | -0001467 | -0001117 | -0000843 | -0000631 | -0000467 | -0000343 | -0000249 | -0000179 
3 | 0001420 | -0001091 | -0000830 | -0000626 | -6000467 | -0000346 | -0000253 | -0000184 | -0000132 : 

2-4 | 0001048 | -0000804 | -0000611 “0000460 | -00003848 | -00002538 | -OO00185*) -O000134 | -O000097 2-4 








‘0000766 | -0000586 | -0000445+| -0000335-— -0000249 | -0000184 | -0000134 | -0000097 | 0000070 | 2-5 
‘0000554 | -0000424 | -000032 0000241 ‘OOOOL7T9 | -O000182 | -0000097 | -0000070 | -OOQO00507 2 





Biometrika xx 2 











h 0-0 


-2179529 
-1982010 
-1789662 
-1604263 
-1427384 
-1260358 
-1104246 
‘0959826 
-0827586 
‘0707737 
-0600228 
‘0504773 
‘0420888 
-0347923 
‘0285107 


-0231580 





‘0117614 


0092152 


‘0071542 
-0055032 
“0041940 
‘0031666 
-0023685* 
‘0017550 

‘OO1288 1 


h 0-9 


-O707737 
‘0637436 


“O569899 
‘0505683 
445252 
-O388967 
‘0337082 
‘0289744 
-0246999 
-0208798 


‘O175008 
‘0145427 
‘OLL9T97 
‘OO9TS19 
‘0079166 


‘0063498 
“0050472 
-0039754 
‘0031026 
“0023992 
“OOLS381 
‘0013951 
‘0010490 
‘0007813 
‘0005765 


0004213 
(003049 


h 0-1 


“1982010 
- 1800670 
-1624318 
* 1454567 
‘1292840 
-1140334 
-0997991 
‘0866492 
-0746254 
‘0637436 
-0539961 
0453540 
“0377702 
‘0311833 
-0255208 
0207028 
‘0166452 
‘0132631 
‘0104729 
‘O08 1945 
‘0063531 
‘0048802 
‘0037141 
‘0028003 
-0020916 


‘O0015475" 
0011342 


h 1-0 


‘0600228 
0539961 
‘0482160 
-0427293 
‘0375747 
‘0327817 
“0283709 
“0243534 
‘0207319 
“O1L75008 


‘0146477 
“0121542 
“O099975" 
“OOS 1512 
*OO065870 
*0052753 
‘0041867 
‘0032926 
‘0025657 
“O19809 
“OO15152 
‘0011482 
‘OOO8619 
‘OO06410 
0004721 


“0003445 
‘0002489 





Volumes 


h = 0-2 


-1789662 
-1624318 
-1463745 
-1309401 
-1162561 
-1024289 
‘0895418 
‘0776536 
-0667991 
‘O569899 


“0482160 


0404485" 


-0336424 
‘0277397 
‘0226730 


‘0183683 


*0147485° 


0117359 
‘0092543 
‘0072310 
-0055983 
-0042943 
‘0032635 
‘0024571 


‘0018326 


‘0013539 


‘QOO9908 


k= fl] 


*0504773 
0453540 
‘0404485 
-O35800C 
“0314402 
-0273932 
‘0236752 


-0202946 





“0121542 
“0100704 
‘0082712 
‘0067336 
‘0054331 
‘0043445 
*0034427 
‘0027032 
‘0021031 
‘0016212 
‘0012381 
‘0009367 
“0007020 
“0005212 
‘0003833 
*Q002792 
-0002014 


d/N for ¢ 


h = 0-3 


-1604263 
+ 1454567 
-1309401 
-1170068 
-1037703 
“0913243 
‘O797415 
-0690724 
*0593454 
‘05065683 
-0427293 
“0358000 


*0297375 


“0244877 
“O199882 


“0161714 


“0129669 
‘0103039 
“0081138 


-0063309 
‘0048944 
-0037490 
‘0028450 
“0021388 
“0015928 
‘OO11751 
-OOO8587 


‘0420888 
‘0377702 
‘0336424 
997375 
“0250814 
-0226934 
‘0195863 
‘0167660 
‘0142324 
‘OLL9797 
‘0099975 
(10827 12 
‘0067832 
‘0055138 
‘0044421 
*0035465 
“OO028059 
“0021997 
‘-OOL7087 
‘0013150 


-0010026 
‘0007573 
‘QO005667 
“0004200 
-Q003083 


-0002242 
‘OOO1L61L5S 


h= 0-4 


*1427384 
-1292840 
-1162561 
-1087703 
-0919265 
-O8O08068 
‘0704739 
“O009705 
-0523195 
0445252 
*0375747 
“0314402 
-02608 14 
‘0214482 
‘0174834 
‘0141254 
“0113105 
-OO89750* 
-0070573 
0054986 
‘0042448 
‘0032467 
“0024601 
-OO1L8467 
‘0013732 
‘OOLOLLS* 
‘0007380 


| forr 


‘0347923 


‘0311833 


‘0277397 


*0244877 


‘0214482 


‘OL86365 
-0160624 
‘0137300 
‘0116383 


‘OO9T819 


-OO81512 
‘0067336 


‘0055138 


“0044751 


-0035996 
-OO028694 
‘0022666 
‘0017741 
‘OO13759 
‘0010571 


-OOO8047 


*QO06068 


“0004533 
“0003354 
‘0002458 


‘OOOL7T85 
‘0001283 


-20 


h 0-5 


-1260358 
-1140334 
-1024289 
(913243 
-O8O8068 
-O709475 
“0617999 
*0533996 
“0457647 
-O388967 
‘0327817 
‘0273932 





*O151704 


“0122394 
0097864 
0077545 


-OQOGOS87 


‘0047370 
0036515" 
-QO27887 
“0021099 
‘0015814 
“0011742 
‘0008636 
‘0006291 


-20 


“0285107 
*0255208 


‘0226730 





-O1L99882 


‘OL7483 


“OL51L704 
‘OL30565 
‘OL1L1446 
-0094330 
‘0079166 
‘0065870 
‘0054331 
“0044421 
“0035996 
“0028909 
-0023008 
-OO18S146 
-OO1L4180 
‘-QOLO9TY 
‘0008422 
“0006400 
-OO04818 
-0003593 
“0002654 
‘0001942 


“OOO 1408 
‘OOOLOLO 


of the Normal Surface 


h=0-6 


-1104246 
“0997991 
“0895418 
“O797415 
‘0704739 
‘0617999 
*0537647 
-0463976 
-0397124 
“0337082 





‘0283709 
*0236752 
0195863 
‘0160624 


*0130565* 





0052099 
‘0040473 
0031151 


-0023755 


“OOLT945"* 


0013430 
*JO09956 


-O007311 
‘0005318 


h=1:5 


-0231580 
‘0207028 
‘O183683 
‘O161714 
“0141254 
“0122394 
‘OLO5189 
‘OOS9655 
-OO75774 
‘0063498 
-0052753 
0043445 
0035465 
“0028694 
-0023008 


‘0018283 


‘00143957 


‘0011231 
‘QOO868 1 
-QO006648 


“0005044 
‘0003791 
“0002822 
‘000208 1 
‘QOOLS20 


“0001100 
-C000788 


h = 0-7 


-0959826 
-0866492 
‘0776536 
-0690724 
‘0609705 


-0533996 
-0463976 
‘0399881 
‘0341813 
‘0289744 
-0243534 
‘0202946 
-0167660 
‘0137300 
“0111446 
‘OO89655" 
‘0071478 
‘0056471 
‘0044208 
“0034291 
‘0026353 
0020065 
‘0015134 
‘0011308 
-QO0O08370 


‘0006137 
-0004456 


h 1-6 


-O186436 
-0166452 
‘0147485 
‘0129669 
“OLL3 105 


‘0097864 
‘QOS3986 
‘0071478 
‘0060321 
“0050472 
‘0041867 
‘0034427 
‘OO28059 
-0022666 
‘OOLS146 
0014395" 
“OOLI316 
-OOO8S 14 
‘QOOG6S802 


‘0005201 


‘0003939 


“O002955* 


‘0002197 
‘QOOL617 
“0001179 


‘0000852 





‘0827586 
‘0746254 
‘0667991 
-0593454 
*0523195- 
*0457647 
-0397124 
(341813 
“0291784 
-0246999 
-0207319 
‘0172523 





-0094330 
‘0075774 
-0060321 
0047585 
“0037195 
‘OO28807 
-0022104 
0016803 
-0012655 
‘0009441 
‘0006977 
“0005107 
‘0003703 


h 1-7 


‘0148751 
‘0132631 
“0117359 
“0103039 
“0089750 
0077545 
“0066451 
“0056471 
‘0047585 
-0039754 
‘0032926 
‘0027032 
-0021997 
‘0017741 
‘0014180 


1011231 


-OOO88 14 
“0006854 
‘0005281 
“0004030 


‘0003048 
-0002283 
‘0001694 
*Q001245 
“OOO00906 


‘0000653 
-0000609 | -0000467 | 2-6 








yr a ins a, 
Volumes of the Normal Surface 19 
} - 
| d/N for r = — -20 
k k k 
h 1-8 h 1-9 h 2-0 h 2-] h 2-2 h 2-3 h 2-4 h 2-5 h 2-6 
0 0-0 | -0117614 | -0092152 | -0071542 | -0055032 | -0041940 | -0031666 | -0023685+)| -0017550— -0012881 | 0-0 
)e1 0-1 | -0104729 | -0081945-) -0063: ‘0048802 | 0037141 | -0028003 | -0020916 | -0015475* -0011342 | 0-7 
~ ~4e Hoe « 2O~ -= « 2 9-« 
) ~ 0-2 | 0092543 | -0072310 ‘0042943 | -0032635*) -0024571 | -0018326 | -0013539 | -0009908 | 0-2 
a) 0-3 | -0081138 | -0063309 | -0048944 | -0037490 | -0028450~-) -0021388 | -0015928 | -OOLL751 | 0008587 | 0-3 
)-4 0-4 | 0070573 | -0054986 | -0042448 | -0032467 | -0024601 | -0018467 | -0013732 | -0010115*) -0007380 | 0-4 
aS) 0-5 | 0060887 | 0047370 | -0036515*, -0027887 | -0021099 | -0015814 | -0011742 | -0008636 | -0006291 | 0-5 
' > ~ me © ~ Q-=<- a ~ © « “ ~. ~e« ~« 
)-6 0-6 | -0052099 | -0040473 | -O031151L | -0023755~) -0017945*| -0013430 | -0009956 | -O007311 | 0005318 | 0-6 
Di 0-7 | 0044208 | -0034291 | -0026353 | -0020065*| -0015134 | -0011308 | -0008370 | -0006137 | -0004456 | 0-7 
D-S 0-8 | -0037195~| -0028807 | -0022104 | -0016803 | -0012655~| -0009441 | -0006977 | -0005107 | -0003703 | 0-8 
«f «© 2 ‘ ‘ ‘ ~ - «© ‘ ed eiet «€ © 
)9 0-9 | -0031026 | -0023992 | -OOIS381 | -OO1L3951 | -0010490 | -OO078138 | -0005765—) -0004213 | -0003049 | 0-9 
1-0 1-0 | -0025657 | -0019809 | -0015152 | -0011482 | -0008619 | -0006410 | -0004721 | -0003445-) -0002489 
]-1 1-1 | -0021031 | -0016212 | -0012381 | -0009367 | -0007020 | -0005212 | -0003833 | -0002792 | -0002014 
» = = )1- 2 6. ~per . ‘ ee 
12 1-2 | -OOL7O87 ‘OOLT3 150°) -0010026 | -OO07573 | 0005667 0004200 | -OO08083 | -000£242 | OO0OLB1LS 
1-3 1-3 | -0013759 | -0010571 | 0008047 | -0006068 | -0004533 | -0003354 | -0002458 | -QOOL7S85~! -0001283 
1 
id 1-4 | -0010979 | -0008422 | -0006400 | -O004818 | -0003593 | -0002654 | -0001942 | 0001408 | -OOOLOLO 
1-5 1-5 | -OOO08681 -OQO06648 | -O0005044 | -00038791 “QOO2822 | -OOO2Z081 ‘QOOT520 | -OOOLLOO | -QO000788 
1-6 1-6 | 0006802 | -0005201 -O00389389 | -0002955*) -0002197 | -OOO0161L7 | -OOOLL7T9 | -O000852 | -QO000609 
1-7 1-7 | -OOO05281 ‘0004030 | -O00038048 | -0002283 | 0001694 | -0001245— -0000906 | -Q000653 | -0000467 
1-8 1-8 | -0004061 | -00038095~)| -0002336 | -0001747 | -0001294 | -0000949 | 0000690) -0000496 | -0000354 
1-9 1-9 | -0008095~| -0002354 | -0001774 | -0001324 | -0000979 | -OOO00717 | -O0000520 | -00003874 | -0000266 
2-0) -) | -0002336 | 0001774 | -0001335—, -0000994 | -0000734 | -0000537 | -O0003889 | -0000279 | -OO00198 
2-1 2-1 | 0001747 | -0001324 | -0000994 | -0000740 | -0000545*+) -00003898 | -0000288 | -0000206 | -0000146 
. » - 
2-2 2-2 | -QO01294 | 0000979 | -OO000734 | -0000545* -0000401 -QO00292 | -O000211 “OOOOTS1 “QOO0OL07 
).? -—— > 
~ "od 2-3 | -0000949 | -0000717 | -0000537 9 -0000898 | -0000292 | -0000212 | -O000153 | -QOO00L09 | -QO00077 3 
» 
2-4 2-4 | 0000690 | -0000520 | 0000889 | -O000288 | -O000211 | -0000153 | -O000110 | 0000078 | -0000055*) 2-4 
2-5 2-5 | 0000496 | -00003874 | -0000279 | 0000206 | -OOOOL5I -QOOOLO9 | -OO00078 | -0000056 | -00000389 | 2-5 
2-6 2-6 | 0000354 | -0000266 | -0000198 | -0000146 | 0000107 | -0000077 | -0000055*) -0000039 | -0000028 6) 
d/N for r 25 
k k k 
h=0-0 h=0-1 h = 0-2 h=0°3 h = 0-4 h=0-5 h = 0 h = 0-7 h=0-8 
0-0 0-0 | -2097847 | -1900757 | -1709684 | -1526363 | -1352305-) -1188755*| -1036675 7 ‘0769282 | 0-0 
0-1 | 0-1 | -1900757 | -1720036 | -1545135+) -1377626 | -1218861 | -1069947 | -0931724 | -0804759 | -0689346 | 0-1 
) _ ive) a ~ “»~ « . ~<« « . or « « - heeded . « Fs » 
oe 0-2 | -1709684 | -1545135+) -1386173 | -1234203 | -1090429 | -0955823 | -0831112 | -0716771 | -0613028 | @-2 
0-3 0-3 | -1526363 | -1377626 | -1234203 | -1097345-| -0968110 | -0847343 | -0735666 | -0633471 | 0540926 | 0-3 
O-4 0-4 | -1352305-| -1218861 | -1090429 | -0968110 | -0852824 | -0745302 | -0646066 | -0555433 | -0473520 | 0-4 
0-9 0-5 | -1188755*| -1069947 | -0955823 | -0847343 | -0745302 | -0650321 | -0562833 | -0483089 | -0411162 | 0-5 
0-6 0-6 | -1036675~| -0931724 | -0831112 | -0735666 | -0646066 | -0562833 | -0486322 | -0416726 | -0354080 | 0-6 
O° 0-7 | 0896727 | -0804759 | -0716771 | -0633471 | -0555433 | -0483089 | -0416726 | -0356484 | 0302373 | 0-7 
Ors 0-8 | -0769282 | -0689346 | -0613028 | -0540926 | -0473520 | -0411162 | -0354080 | -0302373 | -0256025*) 0-5 
0-9 0-9 | -0654427 | -0585527 | -0519882 | -0457995-| -0400260 | -0346964 | -0298281 | -0254276 | 0214917 | 0-9 
1-0 1-0 | -0551995*| -0493107 | -0437121 | -0384453 | -0335425- -0290263 | -0249099 | -0211972 | -0178837 
1-1 1-1 | -0461592 | -0411692 | -0364354 | -0319918 | -0278643 | -0240706 | -0206204 | -0175153 | -0147502 
» -—— 
12 1-2 | -0382634 | -0340717 | -0801040 | -026 ‘0197847 | -0169182 | -0143444 | -0120574 
1-3 1-3 | 0314390 | -0279489 | -0246526 | -0215721 2 ‘0161167 | -01387565*) -0116420 | -0097675 
Lé 1-4 | -0256019 ; ‘0200078 | -0174771 | -0151421 | -0130103 | -0110846 | -0093632 | -0078406 
1-5 1-5 | 0206614 | -0183060 | -0160915-| -0140313 | -0121347 | -0104072 | -0088502 | -0074616 | -0062362 
1-6 1-6 | -0165231 | -0146144 | -0128239 | -0111620 | -0096357 | -0082486 | -0070012 | -0058914 | -0049143 
1-7 1-7 | -0130929 | -0115604 | -0101260 | -0087978 | -0075807 | -0064772 | -0054873 | -0046085*) -0038365 
1-8 1-8 | -0102794 | -0090602 | -0079218 | -O068701 | -0059086 | -0050390 | -0042606 | -0035713 | -0029672 
«6 ~ na =n947 sae 2 ~« - ~por « « 99>7 7 997 2B6 
1-9 1-9 | -0079956 | -0070347 | -0061396 | 0053147 | -0045623 | -0038833 | -0032771 | -0027414 | -0022732 
ae -0 | -0061611 | -0054110 | -0047138 | -0040729 | -0034896 | -0029645+) -0024968" | -0020845*) -0017250 
> ond eM sivas < Ae 
; 2-1 | -0047029 | -0041228 | -0035850* -0030916 | -0026438 | -0022416  -O018842 | -0015700 | -0012965 
‘ | 7 25 
2-2 | .0035560 | -0031116 | -0027006 | -0023245+! -0019840 | -0016789 | -0014084 | -OOLI711 | -0009652 
2-3 | -0026632 | -0023261 | -0020151 | -OO17311 | -0014746 | -0012453 | -0010426 | -0008652 | -0007116 
2-4 | 0019755+| -0017222 | 0014891 | -0012768 | -0010855~) -0009149 | -0007644 | -0006330 | 0005195 
2-3 2-5 | -0014514 | -0012629 | -0010898 | -0009326 -0007913 | -0006656 | -0005550~, 0004586 | 0003756 
2-6 6 0009171 | 0007899 | -0006746 | -G005713 | -0004795* -0003990 | -0003291 | -0002690 


“OO L0560 















































20 

| k 

h=0-9 
0-0 | -0654427 
0-1 
0-2 | -0519882 
0-3 | 0457995 
0-4 | 0400260 
0-5 | 0346964 
0-6 | 0298281 
0-7 | 0254276 
0-8 | -0214917 
0-9 | 0180082 
1-0 | -0149575* 
1-1 | -0123138 
1-2 | -0100468 
1-3 | -0081232 
1-4 | 0065081 
1-5 | -0051662 
1-6 | -0040631 
1-7 | 0031658 
1-8 | -0024435 
1-9 | -QO18682 


‘0014148 
‘0010612 
-O007883 
‘0005800 
‘0004226 
| 2-5 -0003049 
2-6 | 0002178 





h=1°8 


0-0 | -0102794 
0-1 | 0090602 
0-2 | 0079218 
0-3 | 0068701 
0-4 | 0059086 
0-5 | OOD 1390 
0-6 | -0042606 
0-7 | -0035713 
0-8 | 0029672 
1 0-9 | -0024435 
1-0 | -0019942 
1-1 | 0016127 
1-2 | -0012923 


3 | -0010261 
Z| 0008071 


5 | 0006289 
‘0003712 


8 | 0002811 
-9 | 0002108 


1. 
]- 
/- 
l 
1:7 
]- 
1 


‘0001566 
“0001152 
‘0000839 
‘0000606 
‘0000433 





‘0000306 
‘OO0O002 14 





*6 | -O0004855- 


h=10 


-0551995" 


-0493107 
-0437121 
‘0384453 





) 


-0335425- 


-0290263 
-0249099 
-0211972 
‘O1L78837 
‘0149575 
‘0124005 
‘O101894 
-0082976 
-0066959 
0053541 
0042418 
‘0033294 
0025889 
0019942 
‘0015215 
0011499 
‘0008607 
‘0006380 
-0004684 
-0003406 
-0002452 
-0001748 


h 1-9 


-0079956 
‘0070347 
‘0061396 
*0053147 
‘0045623 
‘0038833 
‘0032771 
‘0027414 
‘0022732 


‘OOLS682 





OQO009819 
‘0007780 
“0006 106 


0004748 
*0003657 


| 0002790 


“0002108 
‘OOO1L578 


‘0001170 
‘QOO0859 
‘0000624 
‘0000449 
‘0000320 


‘0000226 
‘OQO0O00158 


“OO0C 
‘0054110 
‘0047138 
0040729 
‘OO84896 
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-0461592 
0411692 
-0364354 
“0319918 
-0278643 
-0240706 
-0206204 
“O175153 
*0147502 
-0123138 
‘0101894 
| 0083566 
“0067919 
-0054701 
-0043653 
0034515 
-0027036 
-0020980 
‘0016127 
‘0012279 
‘0009261 
-0006917 
“0005117 
‘0003749 
-0002720 
-0001954 
‘0001390 


h 2-0 


il] 


‘Y029645 
‘OOZ24968 
“0020845 
‘0017250 
‘0014148 


0011499 
‘0009261 
‘0007390 
‘0005842 
‘0004576 


“0003550 
‘0002729 
‘0002077 
‘0001566 
-Q001170 


-O000865 
‘0000633 
‘QO00459 
‘00003830 
“0000235 
‘O000165 
-O000115+ 


d/N forr 


h= 


‘0382634 
‘0340717 
“0301040 
-0263877 
-0229434 
‘O197847 
‘0169182 
‘0143444 
‘0120574 
-0100468 
‘0082976 
‘0067919 
“0055093 
0044284 
*0035269 
‘0027830 
‘0021755 
‘0016847 
-0012923 
“OO09819 
‘0007390 
“0005508 
-0004066 
‘0002972 
‘0002152 


0001542 
“OOO L095 


h = 2-1 


‘0047029 
‘0041228 
‘0035850 
“00309 16 
‘0026438 
0022416 
‘OO18842 
‘0015700 
‘0012965 
‘OOLOG12 


‘OOO8607 
‘OO006917 
“0005508 
‘00043845 
‘0003396 
‘0002629 
‘OO002016 
“Q001532 
‘QO01152 
*OO00859 


‘0000633 
‘0000463 
‘0000335 
“0000240 
“COOOLTO 


“0000120 


0000083 


12 | h=1-3 


-0314390 
-0279489 
-0246526 
-0215721 
‘0187233 
-0161167 
-O137565"* 
“0116420 
‘0097675 
‘0081232 
-0066959 
‘0054701 
0044284 





-0028235 
-0022234 
-0017345 
‘0013404 
‘0010261 
‘OOO7780 


‘0005842 
0004345 
‘0003201 
-0002335 
‘0001687 
-0001206 
-OOO0O0854 


orn 


‘0035560 
“0031116 
“OO2T7006 
“0023245 
‘0019840 
‘OO1L6789 
0014084 
“OO1L1711 
“0009652 
‘OO007883 


-0006380 
-0005117 
-0004066 
‘0003201 
-0002496 


‘0001928 
‘OO0O1475" 
‘OOOLLLS 
“QO00839 
-0000624 


“Q000459 
‘0000335 
“0000242 
-QOOOL7T3 
“0000122 


“QOO0086 
“QOO0060 


h=1-4 





‘0200078 
‘0174771 
‘0151421 
‘0130103 
-O0110846 
-0093632 
-0078406 
‘0065081 


541 
-0043653 








-0022396 


“0017599 
‘0013701 
“0010566 
‘000807 1 
“0006 LO6 


‘0004576 
-0003396 
0002496 
‘0001817 
-0001309 


-0000935 
“0000660 


‘0026632 
‘0023261 
‘0020151 
‘OO17311 
‘0014746 
‘0012453 
‘0010426 
‘0008652 
‘0007116 
“0005800 


-0004684 
‘0003749 
-0002972 
-000233% 
-QOO1LS17 





“0001400 
“0001069 
‘QOOOSO09 
“OOO0C606 
“0000449 


-0000330 
-0000240 
-QO00173 
-QO00012% 

‘0000087 


-0000061 
-0000042 


-0206614 
“0183060 
-OL60915 
‘0140313 
‘0121347 
‘0104072 
-OO88502 
‘0074616 
‘0062362 
“0051662 
‘0042418 
‘0034515 
‘0027830 
*0022234 
-*0017599 
‘O013801 
“0010722 
‘OO008251 
‘QO06289 
‘0004748 


0003550 
‘0002629 
‘0001928 
“0001400 
‘0001007 


-00007 17 
“0000506 


h 2-4 


‘OOL9T5SS* 


-0017222 
‘0014891 

‘0012768 
‘OOLO85S 


‘0009149 
‘0007644 
‘0006330 
‘0005195 
-0004226 


‘0003406 
-0002720 
-0002152 
‘0001687 
“0001309 


-Q001L007 
-QO000767 
“O000579 
‘0000433 
‘0000320 


‘0000235 
‘0000170 
-O000122 
-*QOO00O87 
‘OO00061 


“YO00043 
“0000030 


h=16 


‘0165231 
‘0146144 


‘0128239 
‘0111620 


-0096357 
‘0082486 
-0070012 
“0058914 


0049143 
0040631 
-0033294 
‘0027036 
‘0021755 
“0017345 
-0013701 
-0010722 
‘0008312 
-Q006383 
‘0004855 
‘0003657 





-0002729 
‘0002016 


0001475 


“000 L069 
-QO000767 


-0000545* 


‘0000383 


-0014514 
‘0012629 
“OOLOS9S 
“0009326 
‘0007913 


‘0006656 
“0005550 
‘O004586 
‘00038756 
“O0038C49 
-0002452 
“0001954 
‘0001542 
“0001206 
-Q000935 


‘00007 17 
‘0000545 
-OOO00410 
-OO0003806 


“QO000226 


“0000165 
‘0000120 
‘OOOO0O86 
‘0000061 
‘0000043 


“QO00030 
‘0000021 





‘0130929 
-OL15604 
“0101260 
-OO87978 
‘0075807 
-0064772 
‘0054873 


0046085" 
‘0038365" 


‘0031658 


-0025889 
‘0020980 
-0016847 
‘00138404 
-OOL0566 
‘0008251 
-0006383 
0004891 
‘0003712 
0002790 


0002077 
-0001532 
“0001118 
‘OO00SO9 
‘0000579 


-0000410 
-0000288 


h = 2-6 


“0010560 
0009171 
“0007899 
“0006746 
‘0005713 


-0004795 
-0003990 
0003291 
0002690 
‘0002178 


‘0001748 
‘0001390 
“OGOLO95 
“QOO00854 
-OO000660 


‘0000506 
-0000383 
‘0000288 
“000214 
-OOOO158 


-OOOOLLS 
-O000083 
‘0000060 
‘0000042 
“0000030 


“0000021 
‘0000014 











Volumes of the Normal Surface 21 
| ‘ ie ey ae ie 
d/N for r = — -30 

Ik | k <n — _ k 
| h=0-0 | h=O1 | h=0-2 | h=O3 | h=0-4 | h=0-5 | h=06 | h=O7 | h=O08 | 
a | 0-0 | -2015067 | -1818424 | -1628676 | -1447517 | -1276390 | -1116448 | -0968546 | -0833226 | -0710731 0-0 
1 0-1 | -1818424 | -1638633 | -1465053 | -1299903 | -1144249 | -0999093 | -0865163 | -0742903 | -0632482 0-1 
9 0-2 | -1628676 | -1465053 | -1307846 | -1158412 | -1017888 | -O887140 | + 1766782 | -0657166 | -0558396 | 0-2 
1.3 0-3 | -1447517 | -1299903 | -1158412 | -1024233 -O781481 | -0674161 | -0576653 | -0489003 | 0-3 
iw 0-4 | -1276390 | -1144249 | -1017888 | -0898340 -0682825+) -0587896 | -0501855+) -0424703 | 0-4 
0-5 0-5 | -1116448 | -0999093 | -0887140 | -0781481 | -0682825+} -0591692 | -0508408 | -0433110 | -0365760 0-5 
0-6 0-6 | 0968546 | -0865163 | -0766782 | -0674161 | -0587896 | -0508408 | -0435950 -0370605+| -0312307 | 0-6 
0-5 0-7 | 0833226 | -0742903 | -0657166 | -0576653 | -0501855+) -0433110 | -0370605*| -0314383 | + 1264353 | 0-7 
0-8 0-8 | 0710731 | -0632482 | -0558396 | -0489003 | -0424703 | -0365760 | -0312307 | -0264353 | 0221793 0-8 
0-9 0-9 | -0601022 | -0533813 | -0470347 | -0411056 | -0356261 | -0306163 | -026 1852 | -0220311 | -0184427 | 0-9 
1-0 1-0 | -0503807 | -0446585~| -0392691 | -0342476 | -0296193 | -0253991 0215924 | -0181957 | -0151972 1-0 
1-1 1-1 | -0418580 | -0370290 -02 2 | 0244039 | -0208808 | -0177116 | 0148913 | -0124087 | 1-2 
1-2 1-2 | -0344655-| -0304268 -0231378 | -0199240 | -0170096 | -0143952 | -0120751 -0100384 | 1-2 
1:3 1-3 | -0281215+! -0247746 | -0216479 | -0187585+| -0161171 | -0137285—| -0115916 -0097007 | -0080453 | 1-3 
1-4 1-4 | -0227354 | 0199871 | -0174269 | -0150675+| -0129167 | -0109772 | -0092470 | -0077202 -0063874 | 1-4 
15 | 2-5 | 0182110 | -0159753 | -0138984 | -0119899 | -0102550~ -0086949 -0073071 | -0060861 | -0050232 | 1-5 
1-6 1-6 | 0144511 | -0126494 | -0109805+| -0094512 | -0080649 | -0068220 | -0057195 0047522 | -0039127 | 1-6 
1-7 1-7 | 0113598 | -0099216 | -0085931 | -0073794 | -0062823 -0053015— -0044340 | -0036751 0030183 | 1-7 
i 
1-8 1-8 | 0088452 | -0077081 | -0066608 | -0057067 | -0048469 | -0040804 | -0034044 | -0028148 -0023060 | 1-8 
1-9 1-9 | 0068216 | -0059312 | -0051136 | -0043708 | -0037034 | -0031102 | -0025886 | -Of 121349 | -0017446 | 1-9 
0) .0 | 0052104 | -0045200 | -0038878 | 0033153 | -0028023 | -0023476 | 0019491 -0016035-| -0013069 | 2-0 
7 2.1 | 0039414 | -0034112 | -0029272 | -0024902 | -0020997 | -0017547 | -0014532 -0011925-| -0009695+) 2-1 
2.9 9.2 | .0029525-| 0025494 | -0021825~| 0018521 | -0015579 | -0012987 | -0010728 | -O 8781 | -0007121 | 2-2 
9.2 9.2 | .0021901 | 0018866 | 0016113 | -0013641 | -0011445+) -0009517 | -0007842 | -0006402 0005178 | 2-3 
Def 2-4 | 0016086 | -0013825-| -0011778 | -0009946 | -0008325—| -0006905—, -0005675~| -00t 4621 | 0003728 2-4 
2.5 2.5 | 0011699 | -0010030 | -0008524 | -0007181 | -0005995+) -0004960 | -0004066 -0003302 | -0002657 | 2-5 
D6 .6 | 0008424 | -0007205-| -0006108 | -0005133 | -0004274 | -0003527 | -0002884 | -00> 12336 | -0001875— 2-6 
| djN forr — -30 
k k ‘ Bie oie on k 
h = 0-9 h = 1-0 h =1-1 h = 1-2 h = 1:3 h = 1-4 h=1-5 h = 1-6 h = 1-7 
| 9-0 0-0 | 0601022 | -0503807 | 0418580 | -0344655-| -0281215*) -0227354 | -0182110 0144511 | -0113598 | 0-0 
| o-] 0-1 | -0533813 | -0446585—| -0370290 | -0304268 | -0247746 | -0199871 0159753 | -0126494 | -0099216 | 0-1 
| 9.9 0-2 | 0470347 | -0392691 | 0324931 | -0266436 | -0216479 | -0174269 | -O0138984 | .0109805+| -0085931 | 0-2 
0-3 0-3 | 0411056 | -0342476 | -0282782 | -0231378 | -0187585 -0150675+!| -0119899 | -0094512 | -0073794 0-3 
O-d 0-4 | -0356261 | -0296193 | -0244039 | -0199240 | -0161171 | -0129167 -0102550-| -0080649 | -0062823 0-4 
| 0-5 0-5 | 0306163 | -0253991 | -0208808 | -0170096 | -0137285 0109772 | -0086949 | -0068220 | 0053015 0-5 
| 0-6 0-6 \ -0260852 | -0215924 | -0177116 | -0143952 | -O0115916 | -Ol 192470 | -0073071 | -0057195—) -0044340 0-6 
| 0-7 0-7 | 0220311 | -0181957 | -0148913 | -0120751 | -0097007 0077202 | 0060861 | 0047522 | -0036751 | O-4 
| 0-8 0-8 | 0184427 | -0151972 | -0124087 | -0100384 | -0080453 | -0063874 -0050232 | -0039127 | -0030183 | G-5 
0-9 0-9 | -0153006 | -0125788 | -0102467 | -0082697 | -0066118 | 0052366 | 0041080 | -~O 31919 | -0024562 | 0-9 
| 1-0 1-0 | -0125788 | -0103171 | -0083842 | -0067503 | -0053839 | -0042535 -0033285+] -0025797 | 0019801 | 1-0 
re. 1-1 | -0102467 | -0083842 | -0067970 | -0054591 | -0043433 -0026718 | -0020655~| -0015813 | 1-1 
| 1-2 1:2 | -0082697 | -0067503 | -0054591 | -0043737 | -0034711 : 0021241 | -0016381 | -0012509 | 1-2 
| 1:3 1-3! 0066118 | -0053839 | -0043433 | -0034711 | 0027478 | -0021546 0016732 | 0012869 | 0009801 | 7-3 
| 1-4 1-4 | 0052366 | -0042535+| -0034229 | -0027286 | -0021546 | -0016851 | -0013052 0010012 | -0007605*) 1-4 
| 7-5 1-5 | 004.1080 | -0033285+| -0026718 | -0021241 | -0016732 ‘0013052 | -00L0084 | .0007714 | -0005845~| 1-5 
1-4 1-6 | 0031919 | -0025797 | -0020655~| -0016381 | -0012869 | -0010012 -0007714 | -0005886 | -0004448 | 1-6 
4 1-7 | 0024562 | -0019801 | -0015813 | -0012509 | -0009801 | -0007605 -0005845-| -0004448 | -0003352 | 1-7 
1-8 1-8 | 0018717 | -0015051 | -0011989 | -0009459 | -0007392 | -O01 15721 | -0004384 | -0003328 | -0002501 1-8 
1-9 1:9 | -0014125-) -0011329 | -0009000 | -0007083 | -O0E 15520 | -0004261 | -0003257 | -0002465— 0001847 | 1-9 
).() 2.0 | -0010554 | 0008443 | -0006690 | -0005251 | 0004081 | -00( 13142 | -0002395-| 0001808 | -0001351 | 2-0 
. as | 91¢ Ko < 
7 2.1 | 0007808 | -0006231 | -0004924 | -0003854 | -0002988 | “00 2294 | -0001744 | 0001313 | -0000978 2-1 
2.9 9.2 | 0005720 | 0004552 | 0003588 | -0002801 | 0002166 | -0001658 | -0t 101257 | -0000944 | -0000701 | 2-2 
2.2 9.3 | 0004149 | 0003293 | -0002588 | -0002015*| -0001554 | 0001186 | 0006897 -0000671 | 0000498 | 2-3 
2 4 9.4 | 0002979 | 0002358 | -0001849 | -0001435+| -0001104 | -0000840 .0000634 | 0000473 | -0000350~) 2-4 
Sob | ; alos 
9.5 9.5 | 0002118 | 0001672 | -0001307 | -0001012 | 0000776 | -0000589 | -000( 1443 | -0000330 | -0000243 | 2-3 
9 6 9.6 | 0001490 | 0001173 | -0000915-| -0000706 | -0000540 | -O00E 1409 | 0000307 | -0000228 | 0000167 | 2-6 
“v0 









































k= 18 


-OO88452 
-OOT708 1 
‘0066608 
‘0057067 
‘0048469 
‘0040804 
‘0034044 
‘0028148 
‘0023060 
-OO1L8717 
“0015051 
“OOLL9O89 
“QO009459 
‘0007392 
‘0005721 
‘O004384 
“0003328 
0002501 
“OOOLS61 
‘0001371 


“OOO TLO00 
“QO00722 
“OO005 16 
“OO00365 
“O000256 


‘OOOO1L77 
‘OOOO L22 


h 0-0 


“L9380908 
*1734734 
*1546379 
*1367490 
“1199435 
*104327 

‘O899735 
‘0769240 
“0651894 
*0547521 
‘0455699 
“O375802 
‘O307040 
“0248509 
‘O199230 
‘OLS8197 
“0124404 
‘OO9G6S879 
‘OO74704 
‘QO57037 
‘O043116 
‘0032267 
“0023905 
‘0017532 
‘0012727 
‘009 144 
“0006503 


‘092763 
‘079821 
‘O6SOS87 
‘O575650 


‘0482324 


h 1-9 


‘0068216 
“0059312 
“0051136 
‘0043708 
‘0037034 


“0031102 
“O025886 
‘0021349 
‘0017446 
“0014125 
“0011329 
-QOO9000 
-OO07083 
“0005520 
‘0004261 
“003257 
“0002465 
-O001847 
‘0001371 
“OOO L007 


‘0000733 
“OOOO: 
‘QO00376 
‘OO000265 
‘OOOOTSS 





‘OOOOLT2ZS 
‘OO00088 


} 0-1 


-1734734 
*1555469 
‘1383798 
“1221186 
-LOGSS29 


) 
3 


0400453 
0329419 
0268460 


D1R7T9R 
‘0216723 


0173292 


‘0137235 
‘0107629 
‘OO835386 
‘0064276 
‘0048938 


‘OO36888 


0027527 


‘0020334 
‘OO14870 
‘OOL0762 
‘0007710 
-0005467 


Volumes 


h 2-0) 


“0052104 
“004520 

-OO38878 
‘0033153 
‘0028023 
‘0023476 
001949] 
‘0016035 
‘OOL3069 
‘0010554 


‘0008443 
-QO006690 
‘0005251 
“000408 1 
‘0003 142 


“QO002395 
-OOOLSOS 
‘OOOL351 
“OOO LOOO 
‘QO00733 


‘O00053 
‘-OO00382 
“OO00027 | 
‘OOOOL9] 
‘OOOO1L338 


“QOO0092 
“QOO0063 


-1546379 
‘1383798 
* 1228525 
“LOSLS45 
‘0944794 
‘O818138 
‘O702 
“O597702 
0504113 
‘0421544 
“0348946 
‘O286315 








‘OLS7T380 
‘0149429 
-OLLSO16 
-0092301 
‘0071482 
‘OO548 13 
‘0041614 





‘OO17141 
“OO12497 
‘OO009018 


‘0006441 
‘0004553 


d/N for r 


“0039414 
“0034112 
*QO29272 
“0024902 
“0020997 


‘0017547 
‘0014532 
-O011925 
‘0009695 
-O007808 
0006231 
‘0004924 
“0003854 
‘QO02988 
-0002294 


‘0001744 
‘0001313 
‘QOOO9TS 
-QO00722 
“QO00527 


“QOOO382 
‘OO00273 
‘QOOO 194 
‘OOOO L36 
OQOOO094 


“QO00065 
‘OO00044 


367490 
-1221186 
-LOSTS45 
‘O9O50584 
‘OS828288 
‘0715590 
‘O06 12874 
“0520282 
‘0437730 
‘0364938 
‘0301457 
‘0246704 
-OL99998 
“0160594 
‘0127718 
“OL007T65 
“OO78451 
‘OO6G0584 
‘0046323 
-OO35067 
*0026279 
“OOL9495 
‘0014316 
‘OOL0406 
‘QOOT74856 


‘0005331 


‘0003756 


h 2-2 


*0029525 
“0025494 





“OO15579 
-0012987 
-OOL0728 
‘QOOO878 1 
‘0007121 
0005720 
0004552 
-OO003588 
‘0002801 
‘0002166 
‘0001658 
‘O0G1257 
“QO00944 
‘QOOO701 
-OO0005 16 
-QO00376 


(00027 1 


OOOO L94 


‘QOOO1L37 
“OO00096 


“QOO00066 


“QOO00045 


‘OO0003 1 


N forr 


h = 0-4 
-1199435 
- 1068829 
‘0944794 
‘OS28288 
“O07 20054 
‘0620606 
“0530233 
‘O449010 
‘0376812 
‘0313341 
‘O258 156 
“OZ 1L0705 
-OL703852 
“0136414 
‘OLOS186 


‘0084967 
‘QOO66078 
“QOS5O088 | 
‘OO38791 
‘0029278 
0021876 
‘OOL6LSO 
‘OOLLS46 
“OOOS8584 
-QO006 L56 


“0004370 
“OO003070 


30 
h 2-3 
-0021901 


-OO1L8866 
‘OO16113 
0013641 
“OO11445 


“O009517 
‘0007842 
“0006402 
‘0005178 
“0004149 


-0003293 
-O002588 
“0002015 
-OO01L554 
-OOOLLS6 


“QOO0O897 
“00067 | 
‘QO00498 
-O000365 
‘0000266 


‘OOOOL9T 
‘OOO0OL36 
“O00096 
“OO0067 
‘OOO00046 


“QOO000382 
“OOOO? 1 


-1043271 
‘0927635 
‘OSLS138 
‘O07 15590 
‘0620606 
“0533593 
‘0454760 
‘0384122 
‘0321524 
‘0266664 
“0219113 
‘OL78352 
“0143798 
‘OL14829 
“00908 LO 


‘OOTLIT5 
“0055145 
*0042339 
32183 
“OO24218 





“OOLTSO40 
‘00133038 
“OOO9TO9 
‘OOOTO14 
‘OOO5OLS 


‘0003548 
‘OOO2485 


‘OOLLT78 
“0009946 
-OOO8: 


of the Normal Surface 





x 





‘OO06905 
‘QO005675 
‘0004621 





‘0002979 


“0002358 
0001849 
‘0001435 
‘OO0O1 104 
‘QO0O840 


“0000634 
‘0000473 
“OO00350 
“QO00256 
“QOOOLS5 


-QO00133 
“QOO0094 
“QOO0066 
-OO000046 


‘0000032 


-QOO00022 
‘QOOOOLS 


h 0-6 


“O899735 
‘0798213 
‘0702367 
‘0612874 
‘0530233 
0454760 
-O386590 
‘0325697 
“0271903 
0224905 
‘0184297 
‘O149599 
‘0120277 
‘QO95774 
‘0075523 
‘OO58972 
“0045595 
“0034902 
“0026450 
“OOL9844 


‘0014737 
‘OOLO833 
‘OOOTS82 
“OOO05676 
‘0004046 


‘OOO02854 
“OOO1L992 


-0011699 
-0010030 
“0008524 
-0007181 
“0005995 


-0004960 
-0004066 
-0003302 
‘0002657 
‘0002118 
-0001672 
‘OOO1L307 
‘0001012 
‘QOO00776 
“OO00589 


0000443 
0000330 


-Q000243 
-QOOO1L77 
‘OOOO L28 


“OOO0092 
“QOO0065 
‘QOO0045 
“QOG0032 
-QOO00022 


“QOOOOLS 
“-QOO00 LO 


h 0-7 


-0769240 
-O680873 
“O597702 
‘0520282 
‘0449010 
‘0384122 
“0325697 
-0273672 
“0227858 
“OLS7959 
“0153596 
-0124328 
‘(099675 
“OOT9140 
‘0062224 
‘0048444 
‘0037343 
“OO28500 
-0021533 
“OOLBLODS 








“0011923 
‘OOO8735 
‘0006337 
0004549 
‘0003232 
‘0002272 


‘OOOLSS1 





h 2-6 


-0008424 
-0007205 
“0006108 
‘0005133 
-0004274 
“0003527 
‘0002884 
‘0002336 
‘0001875 
“0001490 


-0001173 
-OOOO9 LS 
-QOO00706 
‘(000540 
“0000409 


“O000307 
-Q000228 
-O0000167 
-0000122 
-QOO0088 


-O000063 
-QO00044 
“000003 I 
‘000002 1 
-QOOO0015 


“OOO000L0 
-OOO00066 


h=0-8 


“0651894 
“0504113 
‘0437730 
‘0376812 
0321524 
-0271903 
‘0227858 
‘0189196 
“0155635 
‘0126824 
‘0102364 
‘OOS TS830 
‘0064781 
‘OO50784 


“0039419 
“0030295 
“0023049 
‘0017364 
“0012945 
“0009554 
‘OO06979 
‘0005046 
‘0003611 
‘0002557 
-QOO01792 
‘0001243 


1-0 


~ 


OS ¢ te Oo OO 


ee ee i te Ba 
<i | Gr 





Volumes of the Normal Surface 2 
d/N forr +35 
h=0-9 h=1-0 h 1-1 h 1-2 h 1-3 h = 1-4 h 1-5 h 16 | h=1-7 


0-0 0-0 | 0547521 | -0455699 | -0375802 -0307040 | -0248509 | -0199230 | -0158197 | -0124404 | -0096879 | 0-0 




















0-1 0-1 | -0482324 | -0400453 | -0329419 | -0268460 | -0216723 | -0173292 | -0137235+| -0107629 | -0083586 | @-1 
0-2 0-2 | 0421344 | -0348946 | -0286315+ -0232727 | -0187380 | -0149429 | -0118016 | -0092301 | -0071482 | 0-2 
0-3 0-3 | 0364938 | -0301457 | -0246704 | -0199998 | -0160594 | -0127718 | -0100765-| -0078451 | -0060584 | 0-3 
0-4 0-4 | 0313341 | 0258156 | -0210705-| -0170352 | -0136414 | -0108186 | -0084967 | -0066078 | -0050881 | 0-4 
0-5 0-5 | 0266664 | -0219113 | -0178352 | -0143798 | -0114829 | -0090810 | -0071115*| -0055145*| -0042339 0-5 
0-6 0-6 | -0224905-| -0184297  -0149599 | -0120277 | -0095774 | -0075523 | -0058972 | -0045595—| -0034902 | 0-6 
0-7 0-7 | 0187959 | -0153596 | -0124328 | -0099675+) -0079140 | -0062224 | -0048444 | -0037343 | -0028500—| 0-7 
0-8 0-8 | -0155635~| -0126824 | -0102364 | -0081830 | -0064781 | -0050784 | -0039419 | -0030295-| -0023049 | 0-S 
0-9 0-9 | -0127667 | -0103736 | -0083488 | -0066544 | -0052524 | -0041052 | -0031768 | -0024340 | -001 8462 | 0-9 
1-0 1-0 | 0103736 | -0084048 | -0067444 | -0053597 | -0042178 | -0032866 | -0025356 | -0019367 | -0014644 1-0 
1-1 1-1 | -0083488 | -0067444 | -0053960 | -0042753 | -0033542 | -0026056 | -0020040 | -0015259 | -0011502 | 1-7 
1-2 1-2 | -0066544 | -0053597 | -0042753 | -0033771 | -0026414 | -0020455+) -0015683 | -0011904 | -0008944 | 7-2 
1-3 1-3 | -0052524 | -0042178 | -0033542 | -0026414 | -0020596 | -0015900 | -0012152 | -0009194 | -0006886 1-3 
1-4 1-4 | 0041052 | -0032866 | -0026056 | -0020455+| -0015900 | -0012236 | -0009322 | -0007031 | -0005249 | 1-4 
1-5 1-5 | 0031768 | -0025356 | -0020040 | -0015683 | -0012152 | -0009322 | -0007079 | -0005322 | 0003960 1-5 
1-6 1-6 | 0024340 | -0019367 | -0015259 | -0011904 | -0009194 | -0007031 | -0005322 | -0003988 0002958 | 16 
1-7 1-7 | 0018462 | -0014644 | -0011502 | -0008944 | -0006886 | -0005249 | -0003960 | -0002958 | -O0E 2186 | 1-7 
1-8 1-8 | 0013863 | -0010961 -OOO8582. | -0006652 | -0005105+! -0003878 | -0002916 | -QO02Z171 | -OF 1600 | TS 
1-9 1-9 | -0010304 | -0008121 | -0006338 | -0004897 | -0003746 | -0002836 | -0002126 | -0001577 | -0001158 1-9 
2-0) 2.9| -OOO7T581 | -0005956 | -0004633 | -0003568 | -0002720 | -0002053 | -Ol 101534 | 0001134 | 0000830 | 2-0 
2.] 9.1 | -0005520 | -0004323 | -0003352 | -0002573 | -0001955*) -0001471 | -0001095*) -0000807 | -0000589 2-1 
2.9 2.2 | .QOO38978 | -0003105*) -0002400  -0001836 | -0001391 -0001043 | -0000774 | -0000568 | -0000413 | 2-2 
9.3 2.3 | 0002838 | -0002208 | -OO001701 0001297 | -0000979 | -0000731 | -0000541 | -0000396 | -0000287 2-3 
2-4 “(002003 0001553 | -0001193 | -0000906 | -0000682 | -0000508 | -0000374 | -O00 273 | 0000197 | 2-4 
9.5 2.5 | 0001399 | -0001081 | -0000828 | -0000627 | -0000470 | -0060349 | -O00K 257 | 0000186 | -GOOO134 | 2-5 
2-6 2.6 | -0000967 | -0000745+) -0000568 | -0000429 | -0000321 | -0000237 | -O0E 10174 | 0000126 | -0000090 | 2-6 
d N for r “35 
k k ~ —|k 
h 1-8 h = 1-9 h = 2-0 h = 2-1 k= 22 h = 2°3 h = 2-4 h = 2-5 h = 2-6 

0-0 0-0 | 0074704 | -0057037 | -0043116 -0023905* | -0017532 “0009144 “0006503 0-0 
0-1 0-1 | 11064276 | -0048988 | 0036888 -0020334 | -0014870 | -0010762 -QO007710 “0005467 0-1 
0-2? 0-2 | -0054813 | 0041614 | -0031278 | -0023272 | -OO17141 | -0012497 | -Of 9018 ‘0006441 “0004553 0-2 
0-3 0-3 | 0046323 | -0035067 | -0026279 | -0019495+! -0014316 | -0010406 | -0007486 0005331 “0003756 0-3 
O-4 0-4 | 0038791 | -0029278 | -0021876 | -0016180 | 0011846 | -0008584 | -0006156 O004279 ‘OO0038070 O-d 
0-5 0-5 | 0032183 | -0024218 | -0018040 | -0013303 | 0009709 | - W7014 | -OO05015 “0038548 ‘QOO2485 0-5 
0-6 0-6 | -0026450+) -0019844 | -0014737 | -0010833 | -O0007882 | -0005676 | -0004046 -Q002854 “OOO L992 0-6 
0-7 0-7 | -0021533 | -0016105~-| -0011923 | -00087357-| -0006337 | -0004549 | -O0F 13232 “0002272 ‘OOOLSS1 0-7 
0-8 0-8 | 0017364 | -0012945-| 0009554 | -0006979 | -0005046 | -0003611 | -0002557 “(001792 ‘0001243 0-8 
0-9 0-9 | 0013863 | -0010304 | -0007581 | -0005520 | -0003978 | -0002838 | -0002003 “0001399 -0000967 0-9 
1-0 1-0 | 0010961 | -0008121 | -0005956 | -0004323 | -0003105*+) -0002208 | -0001553 “O001081 “OO000745* | 1-0 
1-1 1-1 | 0008582 | -0006338 | -0004633 | -0003352 | -0002400 | -0001701 | 0001193 -QOO00828 000568 1-] 
1-2 1-2 | 0006652 | -0004897 | -0003568 | -0002573 | -0001836 | -0001297 | 0000906 -0000627 000429 1-2 
1-3 1-3 | -0005105+! -0008746 | -0002720 | -0001955*| 0001391 | -O00 1979 | 0000682 “O000470 ‘0000321 1-3 
1-4 1-4 | 0003878 | -0002836 | -0002053 | -0001471 | -0001043 | 0000731 | 0000508 “0000349 -Q000237 1-4 
1-5 1-5 | -0002916 | -0002126 | -0001534 | -0001L095*| -0000774 -OO000541 | -0000374 -(O00257 -‘QOOO1LT4 1-5 
1-6 1-6 | -0002171L | -0001577 | -0001134 | -0000807 | -0000568 | -0000396 | -Of 100273 -OO000 186 0000126 1-6 
1-7 1-7 | 0001600 | -O001158 | -0000830 | -0000589 | 0000413 | -O006 287 | 0000197 “0000134 “QOO0090 1-7 
1-8 1-8 | -0001166 | -0000842 | -0000601 | -0000425-) 0000297 | -0000206 | -00K W141 ‘QO00095* | 0000064 1-8 
1-9 1-9 | 0000842 | -0000605+! 0000431 | -0000303 | -0000212 | -0000146 “O000 LOO “QO00067 “QO00045 1-9 
2-0) 2.4. OOOONGOL | -0000431 | -00003806 | -0000215—) -0000149 | -006 1102 | OOO007TO “~QOO0047 “O00003 1 2-0 
2.] 2.7 | 00004257) -0000303 | -00002157~ -0000150— 0000104 | O00 W711 | QO00048 0000032 -QO000021 2.7 
2.2 2.2 | «000297 | -0000212 | -0000149 | -0000104 | -0000072 | -0000049 | 0000033 “QOO00022 -“QOO0015 2-2 
2-3 2.3 | 0000206 | -0000146 | -0000102 | -0000071 | 0000049 | -0000033 -QO000022 “OOO0015 -QOO001L0 9.3 
2-4 9.4 | -QOOO14L | -0000100 | -0000070 | -0000048 | -0000033 | -006 10022 | -OOOOOLS* | QOO0010 -QOO000065*| 2-4 
2.5 2.5 | -0000095+! -0000067 | -0000047 | 0000032 | -0000022 | -0000015~) -0000010 00000066 | 00000043 | 2-5 


2.6 | 0000064 | -0000045- -0000031 | 0000021 | -0000015~| 0000010 -00000065*! 00000043 | 00000028 | 2-6 








h=0-0 


*1845051 
-1649375 
-1462498 
*1286015 
*1121213 
‘0969041 
‘O830 109 
‘0704688 
*0592739 
0493939 
0407727 
-0333350 
‘0269907 
-0216403 
‘O171794 


‘0135022 


“0105054 


‘OOSO9 LO 
‘0061678 
‘0046534 


‘0034746 
0025673 
-OO1LS8771 
‘OOL3580 
‘0009720 


“QOO6S884 
‘0004823 


h 0-9 


‘0493939 
0431106 
0372953 


‘0319746 


0271625 


‘0228601 

‘0190578 
‘0157359 
‘0128673 
-O104184 
‘0083521 

‘0062286 
‘0052076 
‘0040496 
‘0031168 
-0023740 
-OO17894 
‘0013347 
-QOO9850 
‘0007192 
0005196 
-0003713 


-‘Q002625" 


‘0001836 
-0001270 


“QOOO869 
‘OO00588 


h 0-1 


-1649375 
-1470976 
-1301130 
-1141238 
-0992408 
‘0855431 
‘0730781 
“0618629 
“0518859 
‘0431106 
“0354798 
“0289192 
‘0233427 
-O1L86565- 
‘0147632 
‘0115654 
-OOS9689 
‘OOGS845 
“0052303 
‘0039326 
Q029262 
‘0021545 
‘0015697 
‘OOLI316 
-QOO8070 


“0005695 
‘0003975 


h 1-0 


‘0407727 

‘0354798 

“0305998 
‘0261523 
‘0221454 

‘O185770 
0154358 
-0127023 
‘0103511 

0083521 

‘0066720 
“0052764 
“0041303 
“0032002 
“0024539 
‘0018622 
‘0013984 
“0010390 
“0007639 
“0005556 


0003998 
0002846 
-Y002004 
‘0001396 
-0000962 


| 0000656 
‘0000442 


Volumes of the Normal 


-1462498 
-1301130 
-1147993 
-1004304 
-O870997 
-O748716 
‘0637817 
-0538376 
‘0450220 
‘0372953 
“0305998 
‘0248638 
-0200057 
‘0159379 
-0) 25707 
‘0098152 
‘OOT5860 
‘0058032 
‘0043936 
“0032920 


-0024409 
‘0017908 
-OO1L3000 
‘0009338 
0006635 


‘0004665 
‘0003244 


k= 1-1 


-0333350 
“0289192 
‘0248638 
-0211823 
‘OL7T8787 
“0149482 
‘0123788 
“OLO1519 
-0082441 
-0062286 





“0025032 
“0019123 
-0014457 
‘OOLOSL5S 


“QOOS8005* 


0005863 
-0004248 


*0003045 
-0002159 
“0001514 
‘0001051 
-QO00721 


“O000489 
-0000329 


d/N forr 


-1286015 
-1141238 
-1004304 
‘0876248 
‘0757849 
“0649617 
“O551797 
0464393 
-O387 ISG 
‘0319746 
-0261523 
“02118238 
-O169884 
“O134897 
‘01060438 





‘0082518 
0063559 
‘0048453 
‘O056556 
‘0027293 
“0020164 
‘0014741 
‘0010662 
-QO0O7630 
‘0005401 


‘0003783 
‘0002621 


“0269907 
*0233427 
“0200057 
‘O1L69884 
“014291¢ 

-O119090 
-0098283 
‘0080323 
-0065000 


“0052076 
“0041308 
‘0032427 
-0025198 
‘OO19379 
‘0014749 


‘OOLLLOS 
‘0008278 
-O0006104 
-0004453 
-GO0032 14 


“0002295 
‘0001621 
‘QO001132 
‘0000782 
“0000535 


‘0000361 
‘0000242 


-1121213 


0992408 


-OS70997 
“0757849 
-0653598 
‘0558634 
‘0473112 
-0396968 
‘0329946 
-0271625 
-0221454 
‘O178787 
“0142916 
“0113103 
*OOSS609 


‘OO687 15 
‘0052743 
‘(040067 
“0030121 
-0022408 
“0016495 
‘0012014 
“QOU8658 
‘0006173 
“0004354 


“OO003038 


-OO002097 


| for r 


-0216403 
‘0186565 
0159379 
‘0134897 
‘O113103 


-0093927 
‘0077249 
‘0062911 
-Q050728 
-0040496 
‘0032002 
‘0025032 
‘0019379 
‘0014848 
“0011258 


“0008446 
‘0006270 
‘0004605 
‘0003347 
-0002406 
‘0001711 
-0001203 
‘0000837 
‘0000576 
-0000392 


-0000264 
‘0000176 


“0969041 
‘0855431 
‘0748716 
-0649617 
‘0558634 
-0476054 
‘0401955 
-0336222 
‘0278577 
“0228601 
-OL85770 
-0149482 
“0119090 
‘0093927 
‘0073332 
“0056670 
‘0043344 
-Q032809 
‘0024576 
‘OO18217 
“0013360 
‘GO09695 
“QO06960 
-0004.944 
-0003474 


-0002414 
-QO01660 


“40 


‘O171794 
‘0147632 
“0125707 
‘0106043 
‘OQOSS609 
‘0073332 
‘0060 LOO 
‘0048771 
‘OOB9L85 
‘OO3 L168 


“0024538 

‘0019123 
‘0014749 
‘0011258 
“0008503 


‘0006355 
-0004699 
‘0003438 
-0002488 
‘OOO1L782 


-0001262 


-OOGD884 


‘0000613 
“0000420 
-QO002Z80 


‘OOOO1L91 
‘0000127 
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-O830109 
‘0730781 
“0637817 
“0551797 
“0473112 
“0401955 
‘0338341 
-0282120 
-023 


-0190578 





3001 


“0154358 
‘0123788 
-QO98283 
“0077249 
“0060100 
-0046280 
-0035270 
“0026601 
‘0019853 
‘0014662 


‘OOLO7T13 
‘QO07745 
“0005539 
“QOO3919 
-0002743 
“QOO1899 
-OO01301 


‘0135022 
“0115654 
“0098152 
‘OO82518 
‘0068715 


“0056670 
‘0046280 
-0037422 
‘0029957 
‘0023740 


‘0018622 
‘0014457 
-OOLLIOS 
‘0008446 
0006355 
‘0004731 
“QO003485— 
‘0002539 


‘OOO1L831 


“-O001305" 


‘0000921 
-0000643 
-0000443 
-0000303 
‘0000204 


‘0000137 
“QO00090 


-0704688 
-0618629 
‘0538376 
0464393 
-0396968 
-0336222 
-0282120 
-0234486 
‘0193028 
“0157359 
-0127023 
‘OLO15S19 
-QO80323 
‘0062911 
‘004877 1 
‘(037422 
“0028416 | 
“0021353 
‘OOLSS78 
‘0011682 
-QOO8504 
-0006 124 
‘0004364 
-OQOO03076 
‘0002144 
-0001479 
-QOOLO009 


h 1-6 


‘0105054 
‘OOS9689 
‘0075860 
-0063559 
“0052743 
-0043344 
‘0035270 
‘0028416 
-0022664 


‘OOL7894 


‘0013984 
-OOLOSLDS 
‘QU008278 


-Q006270 


“0004699 


‘0003485 


0002557 
‘-OOO1856 
‘0001332 
-Q000946 


-QO00665— 


-0000462 
‘0000318 
-0000216 
‘0000145 


“0000097 
-0000063 


*0592739 
“0518859 
“0450220 
‘0387180 
-0329946 
“0278577 
“0233001 
‘0193028 
“0158373 
‘0128673 
“OL03511 
“0082441 


0065000 


-QO50728 
‘OO39 185 


“0029957 
-0022664 
“0016967 
-QO12570 
‘0009213 


-OQO0U6681 
-0004793 
‘0003402 
-QO02389 
“0001659 


“0001140 
-0000774 


h 1-7 


-QOSO9 10 
“OO68845 
“0058032 
‘0048453 
| QO40067 


“0082809 
-0026601 
-0021353 
-0016967 
-0013347 
| -OOL0390 
“QOO8005 
-O006 104 


“Q004605 
‘0003438 
‘0002539 
-QOO01L856 
‘00013842 
“OO00959 
‘0000679 


-0000475-— 


‘0000329 
‘0000225 
‘0000152 
“0000102 


‘QOO006S 


“0000044 














k 








Volumes of the Normal Surface 25 


d/N forr - -40 














i | 
| | 
k (—o init’ = aaa aseemenan eE 

8 h=18 | h=19 | h=20 | h=21 | h=22 | h=23 | h=24 | h= 25 | h=2E | 
9 |0-0 0-0 -0061678 | -0046534 | -0034746 =| -0025673 =| -0018771 ‘0013580 | -0009720 | -0006884 | -0004823 | 0-0 
9 | Ol 0-1 -0052303 | -0039326 | -0029262 | -0021545* |-0015697 | -0011316 | -0008070 | -0005695- | -0003975+ | 0-1 
0 | 0-2 0-2 , -0043936 -0032920 | -0024409 “0017908 | -0013000 ‘0009338 | -00066357 | -0004665 -0003244 0-2 
0 (0-3 0-3 | 0036556 =| -0027293 -0020164 0014741 -0010662 | -0007630 | -0005401 -0003783 -0002621 0-3 
6 | 0-4 0-4'-0030121 | -0022408 | -0016495* | -0012014 | -0008658 | -0006173 | -0004354 | -0003038 | -0002097 | 0-4 
7 0-5 0-5 | 0024576 “0018217 ‘0013360  -0009695 -0006960 | -0004944 | -0003474 | -0002414 | -0001660 (0-5 
I 0-6 0-6 | 0019853 | -0014662 ‘0010713 ‘Q007745 0005539 =| -0003919 | -0002743 =| -0001899 | -0001301 0-6 
8 0-7 0-7 | OO15878 ‘0011682 “0008504 “0006124 “0004364 -OO003076 -0002144 “0001479 “0001009 0-7 
3 0-8 0-8 | 0012570 -0009213 ‘000668 1 ‘0004793 -0003402 “0002389 -0001659 “0001140 ‘0000774 0-8 | 
3 | 0-9 0-9 | QO09850 ‘0007192 | 0005196 =| -0003713 | -0002625 -0001836 | -0001270 | -0000869 |-0000588 | 0-9 
l 1-0 1-0 | 0007639 -0005556 “0003998 ‘0002846 | -0002004 ‘0001396 =| -0000962 ‘0000656 | 0000442 1-0 
1 1-1 1-1 | 0005863 (004248 0003045~— | -0002159 ‘0001514 ‘O0O1C51 -0000721 -0000489 | -0000329 1-1 
0 1-2 1-2 | 0004453 (0003214 0002295 0001621 -0001132 -QOOO7S82 “0000535 -0000361 “0000242 1-2 
8 1-3 1-3 | 0003347 -0002406 -OOOL711 -0001203 “0000837 ‘0000576 | -0000392 | -0000264 “0000176 1-3 
33) 1-4 1-4 | -0002488 ‘0001782 ‘0001262 -OOOO884 ‘Q000613 0000420 “0000280 “OOO0191 “0000127 1-4 
7 1-5 1-5 | 0001831 0001305 -0000921 -0000643 000443 -0000303 -(000204 “0000137 -00600090 1-5 
4 1-6 1-6 | -0001332 “0000946 -O000665 -0000462 0000318 -0000216 0000145 “0000097 -0000063 1-6 
i7 1-7 1-7 | 0000959 “000679 0000475 -0000329 “0000225 -(O00152 “0000102 -OO000068 “0000044 1-7 
iV 1-8 1-8 | -O000683 (0048 I “0000336 -0000231 -QOO0158 ‘0000106 ‘000007 I -OQOO0047 “0000030 1-8 
13 1-9 1-9 | 0000481 ‘(000338 -(000234 ‘OOOO161 “0000 L09 -O000073 “0000049 -Q000032 “000002 1 1-9 
31 2-0 2-0 -Q000336 -“QO000234 -0000162 ‘OOOOLTI -QOO00075 -QOO00050 “0000033 ‘0000022 “00000 14 2-0) 
93 2-1 2-1 | -0000231 ‘0000161 -QOOOOLLI -QO00075 ‘QO00051 -QO00034 ‘0000022 0000014 00000093 | 2-7 
2 Ay. 2.2 .QOOOLSS ‘O00 LO9 -OO00075 -QOO0005 | -OQO00034 “0000023 “QOOOOLS 00000096 | -00000061 | 2-2 
$9 2-3 OOOOLOG -O00073 “OO000050 -QO00034 -O00025 -QOOOOLS 00000097 | -09000063 | -00000040 | 2-3 
59 2-4 | QOOO0O71 -O00049 -(000033 -Q000022 ‘000015 -00000097 | 00000063 | -00000041 | -00000026 | 2-4 
40 2-5 2-5 | 0000047 ‘0006032 -0000022 ‘0000014 -00000096 | -00000063 | -00000041 | -60000026 | -00000016 | 2-5 
74 2-6 2-6 -OO0000380 “000002 1 “OO00014 00000093 | -00000061 | -00000040 | 00000026 | -60000016 | 00000010 | 2-6 
d/N for r “45 
/ | & | - k 

1-7 h=0-0 h=0-1 h = 0-2 h=0:3 h = 0-4 h = 0-5 h=0-6 h=0-7 h=0-8 
| 

0-0) -1757120 +|-1561980 |-1376688 | -12027 -1041466 | -0893558 “0639494 0-0 
0-1) -{561980 | -1384562 -1216724 *1059795 0914776 | -0782330 “0556144 0-1 
0-2 | -1376688 -1216724 -1065976 = -0925575 ‘0796341 -O678782 “0573101 “0479215 “0396794 0-2 
0-3 | -1202786 *1059795 “0925575 ‘O80 1067 “0686927 “0583523 “0490952 0409059 “0337468 0-3 
0-4) -1041466 | -0914776 | -0796341 ‘0686927 ‘0587040 | -0496929 | -0416600 | -0345840 | -02842507 | 0-4 
0-5 | 0893558 ‘0782330 | -O0678782 “0583523 0496929 “0419144 “0350104 “0289554 ‘0237083 | 0-5 
0-6 | 0759529 -0662783 “0573101 -0490952 ‘0416600 “0350104 0291344 0240040 ‘0195779 0-6 
0-7 | 0639494 “0556144 “0479215 “0409059 “0345840 “0289554 -0240040 “0197002 -0160044 0-7 
0-8 | 0533250 -0462137 “0396794 “0337468 “0284250 “0237083 “0195779 “0160044 “0129498 | 0-8 
0-9 | 0440315 ‘0380241 -0325291 -0275627 -0231280 -0192155* | -0158053 -O128686 ‘0103701 0-9 


‘0 | 0359976 -0309738 -0263994 





1 2 -0186265- | -0154146 | -0126°82 | -0102400 | -0082177 
1-1 | -0291344 -0249759 “0212069 ‘0178322 -0148467 *0122375 “0099846 ‘QO080629 “0064436 
1-2 | -0233403 | -0199337 | -0168606 | -0141220 | -0117108 | -0096136 | -0078114 0062816 | -0049987 
1-3 | -0185067 ‘0157451 ‘0132658 | -0110669 | -0091402 | -0074725~— | -0060464 ‘0048417 =| -0038363 
1-4 | 0145219 “0123069 -0103280 “QO85813 -QO70583 “0057464 “0046300 “0086916 “0029124 
1 
1 
1 
1 
1 


~ 
~ 
— 


‘5|-0112758 |-0095183 | -0079557 0065832 | -0053923 | -0043715* | -0035072 | -0027843 | -0021870 
‘6 | 0086629 ‘0072834 -0060629 “0049962 “Q040752 “0032896 “0026278 “Q020770 “0016242 






7 | -0065845* | -0055136 | -0045707 0037508 | -0030463 | -0024485* | -0019474 | -0015324 | -0011929 
‘S| 0049511 “0041288 ‘0034084 -0027852 -0022524 “0018025 -0014273 “OOLLISI ‘O008665 
9 | 0036827 ‘0030583 -0025139 “0020455 “0016470 “0013123 “0010345 -QOOS068 -0006224 


ee ee ee 
Gr 


2-0 | 0027094 -0022406 ‘0018340 ‘0014857 ‘OOLIS11 -0009448 ‘0007414 “0005756 | -0004420 2-0 
2-1 | OO19715* | 0016235 0013231 ‘0010672 ‘QOO8518 “0006726 0005254 “0004061 “0003104 2-1 






2-2) -0014188 “0011633 -Q009440 ‘0007580 | -0006023 “0004735 “0003682 “0002832 “0002155 2-2 
2-3 | QO1L0097 ‘0008243 ‘O006660 “0005324 “0004211 “0003295* | -0002551 “0001953 “0001479 2-3 
2-4 | 0007106 (9005776 ‘0004646 “0003697 0002911 “0002268 -QOO01747 -0001332 “QO0 L004 2-4 


2-5 | -00004945+ | -0004002 “0003204 ‘0002539 -OO01990 “0001543 “0001183 -O000897 “QO000674 2- 
2-6 | 0003403 ‘0002741 -0002185* | -0001723 “0001344 ‘0001038 “Q000792 -QO00598 “0000446 2-6 








h=0-9 


-0440315 





-0231280 


0192155" 


‘O158053 
‘0128686 
‘0103701 
‘0082700 
0065261 
-0050954 
‘0039359 


-0030075* 


‘0022732 
‘0016994 
‘0012565 
-QO09187 
‘0006643 
‘0004749 
‘0003357 
0002347 
‘0001622 
‘QOOLLOS 
-QOO0748 


“0000499 
0000330 


h 1-8 


‘0049511 
‘0041288 
“0034084 





‘(022524 
-OO18025 
‘0014273 
‘OOLLISI 
‘QOO8665 
‘0006643 


| Q005037 
‘0003777 
‘0002801 
“0002054 
‘0001490 


‘0001068 
‘QOO0757 
“000053 I 
-QOO0368 
-Q000252 


‘QOOOL70 
“0000114 
-O000075 
«0000049 
‘(000032 


“0000020 
-QOO0013 


Volum es 





h=1-0 


-0359976 
-0309738 
-0262994 
0222842 
“0186265 
0154146 
‘0126282 
-0102400 
‘0082177 
-0065261 
‘0051281 
‘0039867 
0030661 
‘0023326 
‘0017552 
0013063 
‘OOO9615 
“OO06998 
‘0005037 
‘OOO3584 
“0002522 
“0001754 
-QOO01207 





“QO00551 


-OO000366 
‘0000234 
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‘0036827 
‘0030583 
“0025139 
“0020455+ 
‘0016470 


‘0013123 
‘OOL03845 
“QOOSO068 
‘0006224 
‘0004749 


“O003584 
-QO002675* 
‘OOOL9TS 
‘0001441 
‘OOOL040 


‘(0000742 
-O00524 
“OCD0365 
“0000252 


‘QOOO172 


‘QO00116 
“QOO0077 
-QOO0005 1 
‘QOO000383 
‘QO0002 1 


‘QOOOO1L3 
“OOOO0O085 


-0291344 
-0249759 
-0212069 
‘0178322 
‘0148467 
-0122375 
‘0099846 
‘0080629 
“0064436 
“0050954 
‘0039867 
‘0030859 
-0023629 
‘OOLTS96 
0013406 
“0009932 
‘0007277 
“000527 
‘0003777 
‘0002675 


» 








-OOO1874 
0001297 
-QOOO888 
‘OOO060 1 
“0000402 


‘0000266 
-QO000174 


h 2-0) 


‘0027094 
-0022406 
‘OOT8340 
-OO14857 
‘OOLL9T1 


‘0009448 
-OO07414 
“OO05756 
‘(004420 
“0003357 


‘0002522 
‘OOOL 
‘OOOL 
-QOOLO00 
-QOOO718 





376 


‘QO005 10 
‘QO000358 
‘QO00248 
‘QOOO170 
-OOOOL16 


“<QOO00078 
‘QOO0005 1 
‘QO00034 
“QO00022 
‘QOO0014 


“QOQ000SS 
“QOOO00055 


-0233403 
‘0199337 
‘0168606 
-0141220 
‘0117108 


0096136 
-OO78114 
“0062816 
‘0049987 
“0039359 
-0030661 
“0023629 
‘0018012 
“0013581 
‘OOLOL28 


‘0007469 
“005447 
‘0003928 
‘0002801 
‘QOOL9T5 


‘OOO1376 
‘QOO0948 
‘O000646 
-O000435 
-QO000290 


-OOOO191 
-O000124 


d/N 


‘OO1L97T15 
‘0016235 
‘0013231 
‘0010672 
‘QOO8518 
-Q006726 
“005254 
-O004061 
“0003 104 
‘Q002347 
‘OO01754 
‘0001297 
-QO00948 
-QOO0O686 
-Q000490 


-0000346 
‘(000242 
-QO000167 
-O000114 
“QOO00077 


‘QOO005 | 
“OO00034 
“QO00022 
-QOO0014 
-QOOO00090 


‘QOO00057 
-QO000037 


d/N forr 


“0185067 
‘0157451 
‘0132658 
-O1L0669 
-0091402 
‘0074725 
-0060464 
‘0048417 
-0038363 
-0030075* 
-0023326 
-OOL7T896 
“0013581 
-OOLOL94 
-QO007567 
“00055 
“0004032 
-OO02894 
-O002054 
‘0001441 


‘OOO L000 
‘OOO0686 
“0000465 
‘0000311 
-Q0000206 





“OQO00135 
-QO00087 


‘0014188 
‘0011633 
‘0009440 
“QOOTSS8O 
-O006023 
(004735 
‘0003682 





‘0001622 


‘0001207 
-OOOOS88 
‘QO00646 
‘(000465 
‘0000331 
“0000232 
“0000162 
‘QOOO111 
-QOO0O75* 
“OO0005 1 


-QO00034 
‘QO000022 
-OO00014 
“QUQO00092 
‘QWO000058 





‘QOO000036 
“00000022 


of the Normal Surface 
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h 1-4 
‘0145219 


“0123069 
-0103280 
‘0085813 
‘0070583 


“0057464 
“0046300 
‘0036916 
‘0029124 
-0022732 
“0017552 
‘0013406 
0010128 
“0007567 
‘0005591 
‘0004086 
“0002952 
0002109 
‘0001490 
“0001040 


-QOOO7 LS 
‘QO000490 
‘0000331 
-Q000220 
00001457 


-OOO0095 


-QO0006 1 
“45 
h 2-3 


‘0010097 
-OO008243 
-O006660 
‘0005324 
0004211 


‘O0003295 
0002551 
‘0001953 
‘0001479 
-QOOLLOS 


‘QO0O820 
‘QOO060 1 
-O000435 
‘0000311 
‘0000220 


-OO00154 
-QO00107 
“0000073 
“0000049 
‘0000033 


-QO00022 
-OO000014 
“OOOO0092 
“QOO00059 
‘<QO000037 


‘QOO000023 
“OOO0000 14 


‘0079557 
“0065832 
“0053923 
“00437157 
-0035072 
‘0027843 
-0021870 
“0016994 


-0013063 
‘0009932 
“0007469 
-O0005555* 
‘0004086 
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‘0112758 
-009518 








‘000297 1 
-0002137 
-OOO1519 
‘OOO L068 
‘0000742 


‘0000510 
‘0000346 
‘0000232 
“0000154 
-QO00101 


‘0000066 
‘(0000042 


h 2-4 


‘0007 106 
‘0005776 
‘(0004646 
‘0003697 
0002911 


‘0002268 
-QOOL7T47 
‘0001332 
‘OO01004 
-QO00748 


“0000551 
-O000402 
“000290 
‘0000206 
‘0000145 


‘0000101 
“QOO0070 
“0000047 
‘QO00032 
‘0000021 


-O000014 

“QOOO009D) 
“OOOO005 
“QO000037 
-QOO00023 
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‘QO000014 
‘QOOQO009 
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-0086629 
-0072834 
-0060629 
-0049962 
-0040752 


“0032896 





8 


-002077¢ 
“0016242 
-0012565- 
-0009615— 
-0007277 
“0005447 
-0004032 
“0002952 


‘0002137 
‘0001529 
-QOOLO82 
‘QOOO757 
-Q000524 


‘-QO00358 
“0000242 
0000162 
“0000107 
-QO0CO0070 


‘0000045 
‘0000029 
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‘0004945 
‘0004002 
“0003204 
-0002539 
-OOO1990 


0001543 
-OOOL1LS3 
-QO00897 
‘0000674 
“0000499 


-O000366 
‘0000266 
-OOO0O191 
‘0000135 
“QOO0095 


-OO00066 
-OO00045 
-O000030 
“0000020 
-QOOOOLE 


-QOOO0O88 
“QOO000057 
“QOO00036 
“00000023 
-Q0000014 


“QOOO0009 
“QO000005* 





0065845" 
-0055136 
‘0045707 
‘0037508 
-0030463 
“0024485 
‘0019474 
“0015324 
‘0011929 
-O009187 


-0006998 
“0005272 
-0003928 
-0002894 
-0002109 


‘0001519 
“0001082 
-QOOO761 
0000531 
-QO000365 


-0000248 
‘0000167 
-OOOO1T1 
0000073 
“<QOO00047 


“0000030 
“0000019 
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-0003403 
-0002741 
‘0002 185" 
‘0001723 
‘001344 


‘OOO1L0388 
-OOO00792 
‘QOO00598 
‘000446 
“0000330 


-0000234 
-Q000174 
‘0000124 
“0000087 
-Q000061 


-0000042 
“0000029 
-OO00019 
-QOO0013 
‘QOO00085 


“QOO00055 
“QO000037 
“QOO000022 
“QOO000 14 
“QOO00009 


“QOOOQ0005 
-QOO00002 
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h 0-0 


- 1666667 
-1472109 
-1288543 
-11174438 
‘0959897 


-O8 16598 
-0687848 
-0573588 
-0473431 
-0386718 
-0312570 
-0249952 
-0197727 
-0154710 
“0119721 
“OO91615 
-0069322 
“0051861 
“0038356 
“0028042 


“0020265 
‘0014474 
0010217 
-0007128 
004913 


‘0003347 


0002253 


h=0-9 


“O386718 





“O157559 
‘0127561 
‘0102154 
‘OO80912 


0063376 


“0049085 
‘0037587 
“O028455 
0021294 
“OO15751 

‘OOLI51I5S 
‘0008319 
“0005940 
“0004190 
‘0002921 
‘0002012 
“0001369 
~MMOO20 
‘QOO06L1 
‘0000401 


“Q000260 
“0000166 


h = 0-1 


-1472109 
-1295818 
-1130216 
-0976550t 


| 0835700 


-O708178 
“0594141 
-0493418 
0405553 
-0329853 
-0265442 
0211319 
“0166407 
-0129603 
‘0099821 
“0076023 
“0057246 
0042617 
“0031363 
“0022814 
“0016403 
“OO1L1656 
-OOOS L85 
“QOOS5680 
-QOO03895 


‘0002639 


-0001767 


h 1-0 


-0312570 
“0265442 
-0223135 
‘0185637 
“0152821 
“0124469 
‘OLO0285 
‘OO79918 
‘0062984 
-OO049085 
‘0037823 
‘0028814 
“0021699 
-OO16152 
‘OOLLSS4 


‘0008641 
-0006209 
-0004409 
-0003093 
-0002144 


‘0001469 


0000994 
‘O000664 


‘000439 
-OOO00286 


“0000184 


‘QOO0117 


Volumes of the 


-1288543 
-1130216 
‘0982164 
“0845419 
-0720665 
-0608253 
“0508211 
‘0420282 
-0343956 
-0278526 


0223135 


29 


-0138601 
“0107439 
“0082354 
0062416 
“0046769 
“0034644 
‘0025367 
‘OOT8359 
“0013132 
“0009283 
-O006484 
‘004476 
“0003053 


-QO02058 
‘0001370 


h 1-1 


“0249952 
“0211319 
‘0176829 
-0146428 
-0119973 
-0097244 
“OOT7966 
‘0061823 
“0048478 
‘OO37587 
‘00288 14 
‘O02 1836 
‘0016357 
“0012111 
-OOO8863 


“Q006409 
“QO04580 
‘0003234 





“OOO L059 
-QO0007 13 
(000474 
-QO003 LI 
“QO000201 


-QO00129 
-O000082 


“005993 


h = 0-3 


-1117443 
“09765507 
‘0845419 
-O0724876 


“0615434 


-0517301 
“0430398 
-0354399 
‘0288762 
-0232782 
“0185637 
‘0146428 
‘0114231 
-OO88 123 
-0067219 
“0050694 
“0037796 
0027856 
“0020292 
‘OOL461L0 
-0010396 
0007310 
“QO05079 
-Q003487 
“QO002365 
‘OOO L586 
“OOO L050 


h 1-2 


‘O197727 


“0166407 
-O138601 


‘0114231 
“0093 142 


“OOT5127 





‘0047286 
‘O36890 
(YO28455 
‘0021699 
‘0016357 
OOL2Z188 





“0006532 


‘OO004698 


“0003339 


“Q002345 
“0001627 
‘OOOLLIDS 


‘QO00755 
“QOO00505 
“Q00033 

-QO00218 
-QO00140 


‘<QOO0O89 
“QO00056 


d/N for r = 


“0959897 
“0835700 
-0720665 
“0615434 
‘0520367 
0435548 
“0360817 
“0295794 
-0239929 
“0192530 





“0119973 
-0093 142 
“O07 1504 
“0054273 
‘0040726 
“00302 10 
*0022150 
‘OO16052 
‘0011497 





-QOOS8 138 
“QO005692 
-O003934 
-O002686 
‘OOOTS8 12 


“0001208 
“000795 


) for r 


h=1-3 


“0154710 
“0129603 
‘0107439 
‘QOSS123 
“O07 1504 
‘QO57388 
0045553 
“0035756 
‘0027751 
“0021294 


-OO16152 
“0012111 
“OOO8975 
-QO006574 
“QOO4758 


-QO03403 
-“QO02405 
‘OOO L680 
‘QOOLLS9 
“QOO00790 


000532 
“0000 
“0000232 
QOOOL5SI 
“0000097 





354 


“QO0006 1 
-JO00039 


“DO 


h 0-5 


-O816598 
-OTOS1L78 
“0608253 
“0517301 
0435548 
0362982 
‘0299375 
0244321 
‘0197268 
“0157559 
“0124469 
“0097244 
“0075127 
“QO57388 
0043340 
-0032357 
“0023879 
“OO17417 
“0012556 





“QOOS8S945* 


‘0006298 
‘O00438 1 
OO03011 
“QO02045 
-0001372 


“Q000909 
-Q000596 


-5O0 


“0119721 
‘0099821 
‘O08 2354 
0067219 
(W054273 
‘0043340 
‘0034227 
‘0026728 
‘0020636 
‘OO15751 





-OOLLSS84 
-QOOSS863 
‘Q0O06532 
‘QOO4758 
“003425 
‘0002436 
‘OOO1L712 
‘-QOOLLS9 
-QOOOS 15 
‘0000553 


‘QOO0370 
“QO000245 
OOOO L60 
“O00 103 
‘QO00066 


“QO00042 
“QO00026 


Normal Surface 


=~ 


0-6 


-O687848 
“0594141 
“O508211 
-0430398 
“0360817 
0299375" 
“0245803 
‘0199680 
-0160471 
-0127561 
-0100285- 
“0077966 
“0059935 
0045553 
“0034227 
“0025422 
“OOL8663 
“0013541 
“(0097 LO 
-QOO06S88 I 


“O04818 
‘0003334 
‘(002279 
0001539 
-QOO0 1027 


-QO00677 
‘000441 


h=1:-5 


“OO9T615 
“0076023 
“0062416 
“OO050694 
(040726 
“0032357 
“0025422 
0019748 
“OO1L5167 
OOLLSIS 


-OOOS641 
“O06409 
‘004698 
-“Q003403 
(002436 


‘QOOL723 
“QO0O 1204 
-QOO083 1 
-“QO00567 
-QO00383 


“O000254 
“0000167 
“QO00LO8 
“QOO0070 
“QO00044 


‘0000028 
“0000017 


h 0-7 


“0573588 
‘0493418 
-0420282 
‘0354399 
-0295794 
0244321 
“0199680 
“0161454 
“0129134 
0102154 


“OOT99IS8 





“0035756 
“0026728 
‘OO1L9748 
“0014421 
-OOL0408 
(007424 
“0005232 
“0003644 
“(YO002507 
<OOLT04 
001 144 
(WW00759 


-Q000498 
“Q000323 


h 1-6 


-0069322 
‘0057246 
‘0046769 
“0037796 
‘OO3802 10 
“~O23879 
-OO1LS663 
0014421 
“OOLLCL7T 
‘OOS319 


“006209 
(004580 
“Q003339 
“O02405 
“OOO1LT12 


0001204 
“QO00837 
(W005T74 
‘QOO0389 
0000261 


‘W00173 
‘O00113 
‘OO00073 
‘OO00046 
“QO00029 


“QOO00 LS 
“OOO001 1 


“0004409 


0473431 
-0405553 
0343956 
0288762 
0239929 


“0197268 


“0160471 


0129134 
-O102785* 
“0080912 
-0062984 
-0048478 
“0036890 
“0027751 


“0020636 


“0015167 
OOLLOLT 


“QO07909 


“005610 
“0003932 
-0002723 
“OOOT86. 
‘0001260 
-“QO00841 
“0005557 


“0000362 
“0000233 


h 1-7 


“0051861 
“0042617 
“0034644 
“0027856 
“022150 


“OOLTA17 
013541 
“OO L0408 
“W0T7909 
“Q005940 





“Q001680 
-QOOLLTSS 


“Q00083 1 
“QOQ00574 
000392 
-Q000264 
“QOOOLT6 


“OOOO LLG 
“QOO0075 
“Q000048 
“Q00003 1 
“QOO00019 


“QO00012 
“QO000072 








Ht Coto NS 


am 
o> Oy 


mn ~2 


]- 
]- 
]- 
]- 
]- 
]- 
]- 
]- 
]- 
]- 


= 








1-0 | 


1-1 


a ee eee 
Cr OOH 


‘0038356 
‘0031363 
-0025367 
-0020292 
-0016052 
-0012556 
-00097 10 
‘0007424 


} | 0005610 


‘0004190 


| 0003093 


| 0002257 


‘0001627 
‘0001159 


“OO008 15" 


“0000567 
-OO000389 
-0000264 
-OO00177 
()QOO0117 


“QOO0077 
“OO00050 


2 | -0000032 


“0000020 
-O00C0012 


“COOO00076 
“00000046 


h=0-0 


*1573139 
*1379225 
“1197565 
-1029553 
-O876156 
‘0737906 
“0614915 
‘0506918 
‘0413324 
‘0333271 
“0265696 
0209407 
‘0163136 
‘0125604 
‘0095566 
‘00718438 
“0053359 
“0039 150 
‘0028373 
“0020309 





“0014357 
“0010022 


| Q006908 


*O004702 
“0003 159 
“0002092 
‘OCO1L372 


) 
) 


“0028042 


| 0022814 


‘0018359 
‘0014610 
“O011497 


“O008945* 


‘OO0688 1 
“0005232 
“0003932 


| 0002921 


0002144 
0001556 
-O001115" 
-QO000790 
‘0000553 


‘0000383 
‘0000261 
‘0000176 
-OOOOLLT 
-QO00077 


*QOO00050 
“0000032 
“QO00020 
-QOO0013 
*OOO00079 


*OO000048 
“O0000025 


h 0-1 


*1379225 
-1204240 
-1041166 
‘0891146 
‘0754916 
‘0632813 
“0524796 
‘0430487 
‘0349227 
‘0280128 
‘0222148 
‘0174141 
‘0134918 
‘0103298 
‘0078148 


‘0058410 
-0043129 
‘0031456 
‘0022660 
‘0016122 


“0011327 





“0002429 


‘0001602 
‘O00 1042 


Volumes of the Normal 


-0020265- 
“0016403 
‘0013132 
-0010396 
‘0008138 


-0006298 
“0004818 
‘0003644 
-000272 


‘0002012 


‘0001469 
‘0001059 
“0000755 
-0000532 
-0000370 


-0000254 
‘QOOOL7T3 
-QOOOL16 
*QO000077 
*QO00050" 


-QUO000382 
‘0000021 
-QO00013 
-QOOO0008 I 
“QOO00050t 


“O0000029 
*QOOOO0OLS 


h = 0-2 


*1197565 
-1041166 
“O896199 
‘0763569 
‘0643803 
“O537065 
‘0443183 
“O36 1695 
‘O291896 
-0232900 
‘0183697 
0143206 
‘0110328 
‘008399 1 
‘0063174 


‘0046942 
‘0034455 
“0024979 
‘OOLT884 
‘OO12645 


“QOUS8829 
“QOOU6087 
‘0004142 
‘QOU2784 
“OOOL845 


“0001209 


‘OOO0781 


‘0004381 
-0003334 
-0002507 
‘0001864 
‘0001369 


-QO000994 
-0000713 
“0000505 
-0000354 
‘0000245 


‘0000167 
-QO00113 
“OOO0075 
‘QO00050 
“0000032 


‘O00002 | 
‘QOO0013 
-OOO00082 
‘-OO000051 
‘0000003 


“00000019 
-OOOO00011 


*1029553 


0891146 


‘0763569 
“0647508 
*0543306 


“0450980 
‘0370254 
‘O8300603 
-0241304 
-O191491 
*OL50202 
‘0116436 
‘OO89 192 
‘QO67507 
‘0050477 
‘0037284 
‘0027201 
“0019600 
‘0013947 
-OOO9800 


‘QOO6799 
0004657 
“O003 150 
‘0002103 
‘0001386 


“QOO00902 
“OO000579 





d/N for r = — 
h = 2-] h = 2-2 
0014474 | -0010217 
0011656 | -O0008185* 
-0009283 | -0006484 
‘0007310 0005079 
-0005692 ‘0003934 


“0003011 
‘0002279 
-QOOL704 
-0001260 
-0000920 


-0000664 
‘0000474 
-0000334 
‘0000232 
-Q000160 


-O0000108 
‘0000073 
-O000048 
‘(000032 
“O000020 


‘0000013 

‘OOOVOO82 
‘QO000051 
‘00000031 
“00000019 


-QOOO00L1 
*OO000007 


-O876156 
‘0754916 
‘0643803 
0543306 
‘0453610 
‘0374610 
“0305953 
‘0247076 
‘0197260 
‘0155672 
*0121420 
‘0093586 
‘0071273 
“0053626 
“0039859 
‘0029263 
‘0021218 
“0015195 
‘0010744 
‘0007502 
“0005172 
“0003520 
‘0002365 
‘QOO1L569 
‘0001027 


‘0000663 
“0000423 


Surface 

*5O 

h = 2:3 h = 2-4 
-0007128 | -0004913 
“0005680 =| -0003895— 
-0004476 -0003053 
-0003487 -0002365* 
-0002686 “0061812 


-0002045+ 
0001539 
‘0001144 
‘0000841 
‘0000611 


“0000439 
‘0000311 
-0000218 
-OO00151 
-0000103 


‘0000070 
“0000046 
“0000031 
‘0000020 
“0000013 


“0000008 1 
-O0000051 
-00000031 
“00000020 
‘00000012 


“OOO00007 
-OO000004 


‘0737906 
-0632813 
“0537065 
“0450980 
‘0374610 
‘0307756 
“0250014 
“0200805 
0159430 
0125110 
‘0097023 
‘0074347 
“0056287 
“0042098 
“0031101 
“002293 
‘0016353 
“0011637 
‘-OOOSL76 
-0005673 
-QOO03886 
‘0002627 
-Q001754 
‘0001156 
‘0000752 


‘0000482 
-0000306 


-0001372 
‘0001027 





“0000555 
“0000401 


-O000286 
“0000201 
-0000140 
-0000097 
‘OO00066 


“0000044 
-0000029 
-0000019 
-0000012 
“00000079 


*OO000050 
“0000003 I 
“00000019 
‘00000012 
-O00000007 


“QOO00004 
“00000002 


h= 0-6 


-0614915- 
-0524796 
‘0443183 
‘0370254 
-0305953 
“025001 4 
“020206 i 
‘0161344 
-0127378 
‘0099384 
-0076624 
‘0058368 
-0043925 
“0032653 
*0023975 
‘0017386 
“0012450 
‘OOO8803 
‘0006146 
0004237 
-0002883 
‘0001937 
-0001284 
-OO00841 
-0000543 


‘0000346 
‘0000218 





h = 2-5 


‘0003347 
-0002639 
-0002058 
“0001586 
-0001208 


“0000909 
-0000677 
-0000498 
-0000362 
-0000260 


-0000184 
“0000129 
-O0000089 
‘0000061 
-0000042 


-0000028 
-OO000018 
0000012 
-Q0000076 
‘00000048 


“~QOO00029 
“QO000019 
-OOO0001LI 
-O0000007 
“OOO00004 


“00000002 
“00000001 


h = 0-7 


-0506918 
-0430487 
“0361695 
“0300603 
0247076 
“02008057 
-0161344 
-0128143 
-O1L00586 
‘0078024 
“0059799 
“0045280 
“0033869 
‘0025022 


-OO1L8258 


“0013157 
-0009362 
‘0006577 
‘0004563 
-0003 125 





‘0002112 
-0001409 
‘0000928 
‘0000603 
‘0000387 


-0000245 
0000149 
| 


-0002253 
0001767 
(001370 


| -0001050- 
-0000795 


-0000596 
-0000441 
-0000323 
-0000233 
-0000166 


0000117 
0000082 
0000056 
“0000039 
-0000026 


“0000017 
‘0000011 
-00000072 
‘00000046 
-00000025— 


-OO0000018 
-OOO00011 
-O0000007 
-QOO00004 
“00000002 


“OO00000 1 
*QOQV00000 


h O-s 


‘0413324 
-0349227 
‘0291896 
*0241304 
‘0197260 
‘0159430 
‘0127378 
‘OLO0586 
‘0078495 
‘0060528 


“0046112 
-0034704 
‘0025798 
‘0018942 
-0013734 
‘0009834 
‘0006953 
0004853 
-0003345- 
“0002276 
“0001528 
‘0001013 
“0000663 
-0000428 
-0000273 


“0000172 
“O000 106 


























y . y ’ e . 
Volumes of the Normal Surface 29 
d/N torr “bd 
é' k k 5 k 
> . | ° “4 Z J ~ | 
) h209 | h=10 | h=2l | h=12 | h=13 | h=14 | h=15 | h=1E | h=17 | | 
0- a sae = ie a aes Ct ail pac nan. 
s 9 ; 0-0 | 0333271 | -0265696 | -0209407 | -0163136 | -0125604 | -0095566 | 0071843 | 0053359 =| -0039150— | 0-0 
oe 0-1 -0280128 -0222148 “0174141 -0134918 0103298 | -0078148 | -0058410 | -0043129 | -0031456 | 0-7 
) J 0-2 | -0232900 ‘0183697 0143206 “0110328 ‘0083991 “0063174 “0046942 0034455 “0024979 0-2 
) a 0-3 | -0191491 “0150202 =| -0116436 | -0089192 | -0067507 | 0050477 =| -0037284 -0027201 “OOL9600 | 0-5 
: “4 0-4) 0155672 0121420 =| -0093586 = | -0071273 0053626 | -0039859 | -0029263 = -0021218 =| -0015195— | 0-4 
‘ 4 0-5|-0125110 | -0097023 | -0074347 =| 0056287 =| 0042098 = | -0031101 0022693 =| 0016353) | -0011637 | 0-5 
L hae 1-6 | 0099384 -0076624 ‘0058368 | -0043925 -0032653 | 0023975 “O017386 | -0012450— | -0008803 | 0-6 
> » —— ~ 
3 0-7 0-7 | 0078024 “0059799 “0045280 “OO33869 (025022 -O018258 -0013157 “0009362 ‘0006577 0-7 | 
» aa 9-8 | -0060528 | -0046112 | -0034704 | -0025798 | -0018942 | -001373 009834 | -0006953 | -0004853 | 0-8 | 
D yd 0-9 | -0046393 | -0035129 | -0026275* |-0019411 | -0014163 | -0010205- — -0007260 =| -0005099 =| -0003536 | 0-9 
_ | 
> ; 1-0 | -0035129 | -0026436 = | -0019651 0014426 | -0010458 | -0007487 =| 0005282 =| -0003693 | -0002544 | 1-0) 
= 4 1-1 | 0026275 | -0019651 -0014515— |-0010588 | -0007627 “0005424 0003809 | -0002641 -Q001807 1-1) 
: 73 £2] -0019411 | -0014426 | -0010588 | 0007674 | 0005492 | 0003881 | 0002707 | 0001864 | -0001267 1-2 
‘0 1-3|-0014163 | -0010458 | -0007627 =| -0005492 | -0003905- | -0002741 “0001899 | -0001299 | -0000877 1-3 
6 I-4 1-4 | -0010205— | -0007487 9005424 “0003881 “0002741 0001911 0001316 | -0000894 000600 | 1-4 
. 1-5 1-5 | 0007260 “(005292 -O003809 “0002707 -OO001L899 “0001316 -O000900 “QOO00607 “QO00404 1-5 
l 16 1-6 | 0005099 -0003693 | -0002641 “0001864 0001299 | -Q000894 “0000607 “0000407 “0000269 1-6 
a ” pita 4 
fa : é 1:7 | 0003536 ‘| -0002544 -(001807 “0001267 -Q000877 0000600 | -0000404 =| 0000269 | -0000177 1-i 
= S b- 1-8 | 0002421 ‘0001730 ‘0001221 -QOOO850 “QOO0585 -QO003897 -QO00266 “NOOO LT6 (OOOLT5—~ | 1-8 
25-| 1-9 1-9 | 0001636 ‘0001162 -00008 14 “0000563 -QOO00385 “0000259 “(000172 ‘OOO0L13 -QO000073 1-9} 
df — - > 
18 é } 2.9.| 0001091 0000770 “0000536 -Q000368 “QO00250 0000167 “OO001L10 -QO00072 “QO00046 
11 I 2-1 | QO0O71S “0000503 ‘0000348 ‘9000238 -O000 160 0000106 -QO0007T0 -QO00045 “000029 
0% a 2 | 4000467 -O00032 -0000223 “QO00151 -O000101 -QO00066 0000043 -QO000028 -QO00018 2 
04 “ ‘ 3) .QOOO300 “0000207 -0000141 “0000095 -QO00063 -QO00041 -QOO00027 -“QOO00017 “0000011 9-3 
» { ~ 
U2 | <4 9.4 | -QOOO191 ‘0000130 ‘0000088 “QO000059 0000039 ‘0000025 “O000016 -“QOO0001L0 -00000065~—, 2-4 
Ol . : 2-5 | 0000118 ‘O00008 1 “0000054 “0000036 -O000024 -0000015* | 00000097 | 00000061 | 00000038 | 2-5 
OY ( 2.6 | QO00073 “O000049 “0000033 “0000022 (0000014 00000091 | 00000058 | -00000036 | -00000022 | 2-6 
3 | 
ad fi rr > | 
; 
k k — ss ———7 k 
8 h 1-8 h 1-9 h 2-0 h 2-1 h 2-2 h 2-3 h 2-4 h 2-5 h = 2-6 
| 
° | 
4 0-0 0-0 | -0028373 “(020309 -0014357 -0010022 “O006908 “0004702 “0003159 “0002092 “0001372 | 0-0 
7 0-1 0-1 | 0022660 ‘0016122 ‘0011327 -QOO7TS858 ‘(005382 “0003639 “0002429 -0001602 “0001042 | 0-1 
9 - - - = 
6 ON 0-2 | 0017884 | -0012645+ | -0008829 |-0006087 | -0004142 | -0002784 | -0001845+ |-0001209 | -0000781 | 0-2 
a4 | On 0-3 | -0013947 |-0009800 | -0006799 | -0004657 | -0003150- | -0002103 | -0001386 | -0000902 | -0000579 = | 0-3 
) O-4 0-4 -0010744 “0007502 ‘0005172 ‘0003520 “0002365 “0001569 “0001027 -Q000663 ‘0000422 0-4 
0) | 0 0-5\-0008176 | -0005673 | -0003886 | -0002627 | -0001754 | -0001156 | -0000752 | -0000482 =| -0000306 = | 0-5 
8 0-6 0-6 | -0006146 -0004237 -0002883 0001937 0001284 ‘0000841 0000543 “0000346 |-0000218 | 0-6 
G6 | 0-7 | -0004563 =| -0003125- | -0002112 | -0001409 | -0000928 | -0000603 | -0000387 | -0000245* | -0000149 | 0-7 
a) Os 0-8 | -0003345-— | -0002276 ‘0001528 -0001013 -(0000663 “0000428 -0000273 -OOOOLT2 “O000106 | O-S 
of — Co « . ~« 
8 | OY 0-9 | -0002421 -0001636 | -0001091 -0000719 | -0000467 “0000300 =| -0000191 ‘0000118 | -0000073 | 0-9 
12 1-0 1-0, -0001730 -0001162 0000770 -(0000503 -0000325 -0000207 0000130 ‘0000081 -0000049 
4 1-1 1-1 | 0001221 -00008 14 ‘0000536 ‘0000348 -0000223 ‘0000141 -Q000088 “Q000054 “0000033 | 
hed ]- 1-2, QOOO850 ‘0000563 0000368 ‘0000238 OQOOOL51 -QO00095 “O000059 “(000036 0000022 | 
12 1-3 1-3 | -0000585~— | -0000385-— | -0000250- | -0000160 0000101 -0000063 ‘0000039 ‘(000024 “Q000014 
? . 7 « - = | = . val ~ \ - 
> I-4 1-4 00003897 “0000259 | CoSeRes “0000 106 -QO00066 -NO00041 “00000257 | 0000015 “0000009 1 
I's 1-5 | -0000266 | -0000172 | -0000110 | -0000070 =| 0000043 | -0000027 =| -0000016 = | -00000097 | -00000058 
It 1-6 -0000176 =| -0000113 | 0000072 = | -0000045+ | -0000028 | -0000017 “0000010 | 00000061 | -00000036 
Lj 1-7 | OOOO1L15 ‘0000073 | -0000046 | -0000029 | 0000018 “0000011 “00000065—| 00000038 | -N0000022 
1:3 1-8 | -QOO0074 ‘0000047 -0000029 -QO00018 ‘0000011 ‘00000067 | -00000040 | -00000023 | -00000013 
of ¢ —_ > - 
19 1-9 | 0000047 “QO00030 -OOO00018 -0000011 -(0000069 | 00000041 | -00000024 | -00000015—| 00000008 
) 0». - - ~ 
5S 20 2+ | 0000029 -QOOO0018 -QOOO011 ‘00000070 | -00000042 | -00000025+) -00000015—) 00000008 | -00000005 
”». - ~ ~ « 
rhe 2+] | -QOOOO18 “OO00011 00000070 | -00000042 | -00000025*) -0000001.5—| 00000009 | -00000005— -00000003 
os 2-2) OOOOOLI 00000069 | -00000042 | -00000025+) -000000157—) 00000009 | 00000005) -00000003 | -00000002 
ab 2-3 00000067 | -O00000041 | -00000025+) -00000015-) 00000009 | -00000005*) -00000003 | -00000002 | -00000001 
73 2-4 2-4 90000040 | -00000024 | -00000015—! -00000009 | -00000005—| 00000003 | 00000002 | 00000001 | -00000001 
—. WS - ~- 
72 “ ‘ 2-5 00000023 | -00000015—| 00000008 | -00000005-) 00000003 | -000C0002 | -00000001 | 00000001 | -O0000000 | 2-5 
06 26 2.6 


‘00000013 | -00000008 | -00000005—| -00000003 | 00000002 | -QO00000T | -O0000001 | -QOO0Q000 2-6 
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meme RR 
he Os 


h=0-0 


*1475836 
-1282648 
“1103130 
“09385 
-O789 


84 






0657195" 
-0540578 
0439466 
-0353029 
-‘O2801L72 
-0219629 
-0170032 
“0129980 
“OO98099 
‘0073086 
“0053743 
“0039001 
‘0027928 
“0019732 
“0013754 
“0009458 
“0006415 
‘0004291 
‘0002831 
-OOO1L842 


‘OOOLISI 
‘0000747 


h=0-9 


‘0280172 
-0231352 
“OLS8757 
‘0152133 
“0121102 
“0095193 
-OO73878 
“0056599 
‘0042798 
‘0031938 
‘0023518 
‘OOLTO86 


0012246 


‘OOO08658 
-QO06038 


OOO4155 


‘OOO28 16 
‘OOOLS84 
‘O00 1242 
“QOOOSO7 


‘0000516 
‘0000327 
‘O000204 
‘QOOO1L25* 
‘QOO0076 


| QO00045" 
“0000027 


h=0-1 


-1282648 
-1109204 
“0949035 
“0803157 
‘0672130 
“0556079 
0454726 
‘0367452 
-0293361 
-0231352 
‘OLSO1L92 
-O138586 
“0105234 
-OO78883 
‘0058363 
‘0042616 
‘0030706 
‘0021830 
‘0015312 
“0010594 


‘0007230 
“OOO4867 
‘0003231 


‘OOO2 115" 


‘QO01365 


‘QOOO869 
“QO00545 


h=1-0 


-0219629 
-O1L80192 
“0146050 
“0116923 
“0092438 
“0072156 
‘0055604 
“0042294 
‘0031749 
‘0023518 
“OO17189 
“0012394 
‘QOOS88 16 
‘QOOGLS5 
‘0004280 


| 0002920 


-OOOL965 
‘QO01304 
‘QOO0853 


“QO000550" 


“0000350 
-QO00219 


“QOOO135* 


“QOOO082 
“QOO0050 


“QHOO00029 
“QOO0017 
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-1103130 
“0949035 
-OSO07649 
“0679724 
-0565592 
0465192 
‘O378115 
‘0303662 
“0240902 
‘OLSS757 
“0146050 
-O111576 
“0084147 
‘0062640 
“0046020 


“0033364 
‘023866 
0016843 
‘0011726 
‘O008053 


“0005455 
-Q003644 
-Q002400 
“OOO1559 
“0000999 


‘00063 1 
“00003893 


h 1-1 


‘0170032 
‘O138586 
“O11L1576 
‘OO887 14 
“0069649 


‘OO53984 
‘0041302 
‘OO3LISS 
‘0023239 
-OQOLT086 
‘0012394 
‘QOOS869 
-Q006260 
‘0004358 
“0002992 


‘O002025* 


‘QO01352 
‘QOOO890 
‘QO000577 
‘QO00369 


‘0000233 


‘OO00L45> 
“QOOOO90 


“Q0O00054 
‘QOO0032 


“QOOOOL9 


‘QOOOO LT 


“OOO1L385 
‘QOOO09 17 
“QOO0599 
‘QOO0385* 
“Q000245* 


“0938584 
-O803 157 
-0679724 
“0568800 
“0470515 


‘0384660 
“0310726 
-0247964 
-0195447 
‘0152133 
“0116923 
-OOS887 14 
-0066442 
“0049112 
“0035824 
“OO25784 
-OOL8309 
-OO1L2826 
-QOO8863 
-QOO6040 


-OO04060 
‘0002691 
‘OOO1L759 
-QOO1L134 
-QO000720 


‘OO0045 | 
‘0000279 


h 1-2 


-O1L29980 
“0105234 
‘0084147 
‘0066442 
“OO517T95 


“O039859 
‘OO380274 
“0022692 
‘OO1L6783 
‘0012246 
-OOO8S8 L6 
| QO06260 
‘QO004384 
-Q003028 
| QOO02062 


-OO000153 
‘OO000094 
‘QOO0057 
“QO000384 
“QOO00020 


-Q000012 
‘<QQO00067 


d/N 


for r 


‘0789827 
‘0672130 
-0565592 
“O470515" 
-O386867 
-0314321 
-0252301 
“0200039 
‘0156633 
“0121102 
“0092438 
“0069649 
“OO51795 
-OO38012 
‘0027526 
-OO19667 
‘OO13862 
-QO09638 
‘QO06609 
‘(004470 


“000298 1 
‘QOO1L961 
“QOO1L272 
-OO0008 13 
‘QO00513 


“00003 19 
‘QOOOL95* 


for r 


‘OO98099 
‘OO78883 
‘0062640 
“0049112 
‘OO38012 


-0029040 
“QO21894 
‘QO16288 
“OOLL956 
‘QOU8658 


‘OO06185 
‘0004358 
‘O003028 
‘0002075 
‘0001402 


| 0000934 
‘0000614 
‘0000397 
‘0000254 
‘0000160 


‘QO000099 
-QOO0060 
-O000036 
‘QO00022 
‘QOOO0013 


‘QOO000073 
“QUO00042 


“0657 195" 
-0556079 
-0465192 
‘0384660 
-0314321 
-0253763 
-0202375* 
“0159396 
‘0123970 
“0095193 






-0072156 
‘O053984 
-O039859 
“0029040 
-OO020875 





“0014803 
‘0010356 
‘0007 145+ 
-OOO4862 
‘0003263 
‘0002160 
-OOO14 10 
-QO00907 
-O000575* 
“0000360 


“0000222 


-O000135 
“60 
k= 1-4 


‘OO73086 
‘0058363 
‘0046020 
“0035824 
“0027526 
‘OO20875 
“0015621 

-OO1L1534 
“OOO8402 
“-Q006038 


“0004280 


| 0002992 


‘0002062 


| -GO01402 


“0000940 


‘0000621 
‘O000405 
‘0000260 
‘0000164 
‘OO0001L03 


‘0000063 
‘0000038 
‘QOO00023 
‘OOO0013 
-“QOQ000078 


“QOO00045 


“QO000025+ 


*0002025+ 
-OOO13! 
“QO000934 
‘0000621 


0540578 
“0454726 
“O378115 
-0310726 
-0252301 
-02023757 
‘0160328 
‘0125430 
-0096885* 
0073878 


“0055604 
‘0041302 
-0030274 
-0021894 
“0015621 


‘OOLO995 
‘0007633 





-0002350 
‘0001543 
‘QOO00999 
‘QO00638 
-OO00401 
“0000249 


“0000152 
-QOO00092 


0053743 


“0042616 
‘0033364 
‘OO25784 
‘0019667 
‘0014803 
‘OOLO995 
“OOO8057 
“OO05824 
‘0004153 


“0002920 





yr 


-O000407 
‘0000263 
-QOOO168 
“QOOOLO5* 
‘QOO0065 


-QO00040 
-QOO0024 
‘-QOO0014 
“OOOO0082 
‘OO0000048 


| 00000027 
‘QOOOO001L5* 


“0000263 
‘QO00169 
“QOOO1L07 
‘QOO0066 
-OO00041 








-0439466 
-0367452 
“0303662 
-0247964 
-0200039 
-0159396 
-0125430 
‘0097456 
‘0074754 
“0056599 


-0042294 
‘0031188 
“0022692 
-0016288 
“OO11534 


“OOO8057 
“QO005550" 
‘0003771 
“O0025: 
‘QOO L669 





-QOOLO87 
-OO00698 
‘0000442 
-Q000276 
0000170 


“0000103 
“QOO00062 


h=1-6 


“00389001 
-OO0380706 
“0023866 
-OOLS309 
‘OO1L3862 
‘0010356 
‘0007633 
*Q005550T 
‘000398 1 
‘0002816 
‘OOO 1965" 
‘0001352 
‘OO00917 


0000614 


“QO000405- 


‘QOO00025- 
‘QOO00L5— 
‘QOO00086 
“QOO00050* 
“OOO000029 


“QOO00016 
‘QOO00009 


-0353029 
“0293361 
“0240902 
-0195447 
‘0156633 
‘0123970 
“O096885* 
“0074754 
*0056935 
-0042798 


“0031749 
-0023239 
‘OOL6783 
“OO11956 
-O008402 





“O005824 
-QO0398 | 
-QO02684 
-QOOLTS84 
-QOOL169 


“QOO00755* 
-QOO04S | 
-QOO00302 
-QO00187 
‘0000114 


-QO000069 
-QOOG041 


h=1:7 


‘0027928 


‘0021830 
‘0016843 
‘0012826 
‘0009638 


‘0007145 
-0005226 
‘0003771 
‘0002684 
‘OOO1884 


‘0001304 
“QOOO890 
“QO00599 
‘0000397 
“0000260 


| QOOO168 
‘O000 107 
“QOO00067 
| QO00041 
‘QO00025* 


-OOOOOLS* 
“QOO00089 
‘QOO00052 
“QO000030 
‘QOOOO0O0L7 


“QO0000 10 
“Q0000005* 


He Go OS + 


fg Peng, Prem, Perey fh | Pm, Pm Pd 
~~ or 


2+] 








h 1-8 


‘0019732 
‘0015312 
‘0011726 
-QO008863 
-Q006609 





-(0002527 
-0001784 
-0001242 
0000853 
0000577 
-QO00385+ 
‘(000254 
0000164 


-QOOO L057 
-QO0C066 
-QO00041 
-QO00025* 
‘QOOOOL5* 


-QOO00009 1 
‘OOO0005E 
-QO00003 1 
‘QOOO0018 
‘QOOO00 LO 


‘OO000005+ 
00000002 


h 0-0 


-13738444 
-11814907 
-10044363 
‘08438644 
‘07004026 
-05741457 
“04647053 
“03712815 
“02927486 
‘02277480 
‘O1747795— 
‘01322869 
‘00987308 
‘00726479 
‘00526934 
00376692 
“00265370 
‘00184202 
00125967 
‘QOO84858 
“00056305 
00036794 
-00023678 
“00015004 
‘00009361 


00005750 
00003477 


h=0-1 


“0013754 
‘0010594 
-QO008053 
“0006040 
-0004470 


-0003263 
-0002350 
-0001669 
‘0001169 
-OO000807 


-QO000550+ 
-Q000369 
-0000245+ 
-Q000160 
-0000103 


-QO00065 
-OOOO04 1 
-QOO0025 
‘QOOOO15 
‘QOO0009 1 


“O000054 
0000003 1 


QOOOOOLS 


“QOO000 LO 
‘QOOO0006 


-QO000003 
“OOD00002 


-11814907 

-L0099015* 
‘08531418 
‘07120653 
O5870L05 
“O477 
-03839747 
‘03045178 
-02382912 
“01839480 


-01400509 
‘01051473 
‘00778314 
‘00567916 
‘00408430 
‘00289463 
“00202140 
‘00139071 
(0094254 
‘00062919 


‘00041367 
‘00026783 
‘00017075 
-00010718 
-00006624 


-00004030 
“00002413 
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t 
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“0009458 
-0007230 
-0005455- 
‘0004060 
‘000298 1 


“0002160 
“00015438 
-OOOLO87 
-O0000755* 
‘0000516 


-0000350- 
-0000233 
“0000153 
-QOO0099 
‘0000063 


-Q000040 
‘QOO0025 
‘QOOOOLS 
“OO00009 1 
“OOO00054 


“00000032 
-OOO000018 
“QO0000 10 
-O0000006 
-O0000003 


“OOO00002 
“00000001 


-10044363 
‘08531418 
-07159960 
-05935509 
“04858909 
-03926776 
-03132135 
-02465184 
‘01914109 
‘01465894 


‘01107066 
“00824328 
-00605076 
*00437757 
-00312109 
“00219265 
‘00151762 
‘00103476 
-00069494 
-00045966 


-00029941 
“00019205 
“00012128 
-O0007541 
‘00004616 


“00002781 
‘00001649 


‘0007! 
-00050483 
“00033082 


d/N for r 


‘0006415 
-0004867 
“0003644 
“0002691 
-0001961 


-0001410 
-Q000999 
“0000698 
-O000481 
‘0000327 


“0000219 
‘OO000145 
-OOO00094 
-OO000060 
-Q000038 


-Q000024 
“QOOOO LS 
“QOQOQ0089 
“QO000053 
-OO000003 1 


-OODO00018 
‘OOOO0011 
“OOOD00006 
‘QOO00003 
-QOOO0002 


“O000000 1 
“QOQVO0000 


‘08438644 
‘07120653 
“05935509 
‘04886063 
‘03971028 
‘03185499 
-02521607 
‘01969265 
‘01516933 
*01152332 
‘OO863094 
‘00637283 
“00463800 
-00332650* 
-00235094 
00163695" 
“00112284 





4 


“00021348 
“00013562 
-Q0008484 
-00005225 
-00003 167 


-OO0001890 
-QO0011L10 


h 9.9 


-0004291 
000323 1 
(1002460 
‘0001759 
-0001272 


-0000907 
-QO00638 
‘0000442 
“0000302 
“(0000204 


-OO000135 
-QOO00090 
-QO00057 
-Q000036 
-Q000023 
-QOO00014 
-QOOO0086 
“QOO00052 
‘0000003 1 
“QOOOOOLS 


-O0000010 
-OO000006 
-QOO000003 
‘(00000002 
-00000001 


“OVDDVOVO0000 


h 0-4 


-07004026 
“O5870105 
‘O4858909 
‘0397 1028 
‘03203489 


‘02550301 
‘02003120 
“01551943 
‘OLL 
‘00893361 


3795 





-00663515" 
“00485747 
“00350460 
“00249156 
“OO1L7452¢ 

-00120428 
“OOO8 1855 
‘00054797 
‘00036126 
-00023453 
“00014991 

-00009434 
“00005845 
00003565 
“00002140 


-00001264 
-00000735* 


“60 


“0002831 
-Q002115* 
“OCO1L55S9 
‘0001134 
‘QO008 13 


‘QQO0057TS* 
“0000401 
‘000276 
-QOOO1L87 
“OO001L257 


-QOOO0082 
“QO00054 
‘QOO0034 
-OO000022 
-QO00013 


“QOO00082 
“QOO00050 
“QO000030 
-QOOOO0OLS 
‘QOOO00 LO 


-OO000006 
“OOO00003 
“QO000002 
-QO000001 
-OO000001 


“QOODK0000 


“65 


h=0-5 


“O5741457 
“04778352 
‘03926776 
“03185499 
-02550301 
-02014534 
‘01569751 
‘01206339 
-00914128 
“00682912 


‘00502887 
“00364969 
‘00261009 
‘00183913 
00127665" 
‘00087293 
‘QOO58788 





“00025464 
“00016375 


-00010367 
‘00006462 
“00003965 
“00002394 
“0000142 


‘00000833 
“00000479 


h 2-4 


‘(001842 
“OO01365"* 
“2000999 
“(000720 
‘0000513 


“0000360 
“0000249 
-QOO00170 
‘0000114 
-QO000076 


-QO000049 
‘O00032 
-QO000020 
-OOOO0LE 
“QOO000078 


“QOO00048 
“QOO000029 
“QOOO0O0 17 
“QOO000 LO 
“QOO00006 


“QOO00003 
“QOODO00002 
“QOOOG00T 


OQOO0000 I 


“QOODO00O 


h=0-6 


-04647053 
‘03839747 
“03132135 
-02521607 
-02003120 
“01569751 
‘01213266 
‘00924691 
‘00694822 
00514649 
‘00375699 
“00270268 
‘OO191565* 
‘00133767 
-00092010 
‘00062335 
‘00041590 
-00027325* 
‘QOO1L7677 
“00011259 
00007060 
-00004358 
-00002648 
“00001583 
“00000932 


“QO0000540 
-Q0000308 


-OOOLIS1 
“OO00869 
-000063 1 
“0000451 
“0000319 
-0000222 
-QO00152 
-QO000103 
-QO00069 
-(000045+ 


-Q000029 
-QOOO00L9 
(000012 
‘KO000073 
-NO000045 


“(000027 
‘OO000016 
-QOOB0010 
OO000005 
‘QOO00003 


“QOO0O00002 
“QOO00000T 
“QO000001 
“GOQD0000 


h = 0-7 


-03712815- 
“03045178 
‘02465184 
-01969265* 
-01551943 
-01206339 
“00924691 
‘OO698838 
“00520632 
‘00382288 
00276623 
‘001972257 
“00138534 
“00095855 
‘00065326 
‘00043846 
“O0028980 
“-QOOLS860 
‘00012085 
‘(0000762 
-00004734 
-Q0002894 
-00001741 
-O0001031 
-QO00060 1 


‘00000345 
‘00000194 


h = 26 


“0000747 
“(0005457 
-Q000393 
-0000279 
-Q0001957 


-0000135- 
“0000092 
-Q000062 
-000041 
(9000027 


‘0000017 
‘QO00011 
-QO000067 
-QO000042 
-GO000025" 


“QOO00015* 
“QOOD0009 
“(YOO000005* 
“QO000002 
-QOO000002 


-O0000001 
“QOO00000 


“02927486 
-02382912 
‘01914109 
-01516933 
“011857957 
-00914128 
‘00694822 
“00520632 
“00384510 
“00279856 
-00200701 
-OO141806 


-OO098699 | 


‘00067663 
“00045685 
“000303757 
‘QOOL9886 
-QOO12819 
00008 135- 
-00005082 


-00003125- 
‘00001891 
-00001127 
-00000661 
-00000381 


-00000216 
“00000121 


0-5 


(- 


0- 


f 


3 


0-6 


0- 
)- 
0- 


‘ 


S 
9 














k sai | 
h=0-9 
0-0 | 02277480 
0-1 | 01839480 
0-2 | 01465894 
0-3 | 01152332 
0-4 | 00893361 | 
! 
0-5 | 00682912 | 
0-6 | 00514649 
0-7 | 00382288 | 
0-8 | -00279856 | 
0-9 | 00201873 
1-0 | 00143471 
1-1 | 00100446 
1-2 | 00069268 
1-3 | 00047045" 
1-4 | 00031466 
1-5 | 000207230 
1-6 | 000134377 
1-7 | -0°85786 
1-8 | -0°53913 
1-9 | -0°33352 
2-0 | -0'20308 
2-1 | -0°12170 
2-2 | -0'07178 
2-3 | 0904166 
2-4 | «0102380 


9-5 | 001337 


2-6 | 0100740 
| 
iad 
k 
h 1-8 
| 0-0 \ 00125967 
0-1 | 00094254 
0-2 | 00069494 
0-3 | 00050483 
0-4 | 00036126 
0-5 | 000254641 
0-6 | 000176773 
0-7 | 000120847 
0-8 | -0'81347 
0-9 | 053913 
1-0 | 035176 


-0'22593 
2 | -0°14284 
3 | -OA08888 
1 | -0'05444 


-01032808 


-6 | -0°019459 
7 | 09011357 
8 | -0°006522 
9 | 0003685 
2.0 | -01002048 


2-7 | 04001120 


2-2 | 04000603 
2-3 | 0000319 
| 2-4 | 040001661 
2.5 | 040000851 
2.6 | -010000429 


h=1-0 | 


-01747795 
-01400509 
‘01107066 
‘00863094 
| 00663515" 
-00502887 
| 00375699 
-00276623 
-00200701 
-00143471 


| -OO1L01035— 
| QO0070084 
-GO0047881 
-00032214 
-00021342 
-000139216 
-0°89405* 
“0156523 
-0'35176 
-0'21547 
“0912991 
‘007708 
-0'04501 
‘0702586 
-0'01462 
-(008 136 
‘(4004453 


h 1-9 


‘00084858 
“00062919 
‘00045966 
‘00033082 
‘00023453 


‘000163749 
‘000112592 


-0°76232 
| -OF50818 
| 0133352 
| 0121547 
| -0'13703 


(08577 
“(105284 


| 003204 


| 04019114 
| 04011222 


-0°006483 


| -04003685— 


-0'002061 


| (001134 


-(°000614 
-0000327 
‘040001712 
‘(40000882 


“'Q000447 
(10000223 


0! indicates that four zeros must be place 
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h=1-1 


‘01322869 
“01051473 
‘00824328 
37283 
“00485747 
| 00364969 
-00270268 
-00197225* 
00141806 
-00100446 


-Q0070084 
-00048 163 
-00032595* 
“00021722 
‘00014254 


-(92084 
-0°58564 
-0'36664 
*0'22593 
‘0413703 
“008180 
“(04805 
-0'02778 
“(4015800 
-0008843 





(004870 
‘(002639 


h = 20 


00056305" 
‘00041367 
00029941 
‘00021348 
‘00014991 
‘000103673 
“O' 70600 
‘0947339 
“(431250 

| (20308 


-0°12991 
“POSLSO 
“0'05069 
-0°03091 
“018554 | 


‘(O1L0958 
‘0006368 
-0'003641 
(4002048 
‘O'001134 | 
-0°0006174 
-0°0003307 
090001743 | 
«(40000903 
‘(40000461 


«04000023 1 | 
-010000114 


d/N for r = — -65 


-00987308 


-00778314 


“00605076 
‘00463800 


“00350460 


“00261009 


-OOL91L565* 


‘00138534 
‘OOO98699 
-00069268 
‘QOO047881 
-00032595+ 
‘00021851 
‘00014423 
“00009373 





(0159965 
0'37665* 
023411 
‘0714284 


‘0408577 


-0°05069 
-0°02948 
-0'01687 
“04009498 
“04005262 
«0002868 
‘(4001538 


d/N 


“0036794 
‘00026783 
-00019205- 
‘00013563 
‘00009434 
‘0'64618 

-0143579 

-0'28936 

“18914 

‘O'12170 | 
‘0107708 
‘0804805 
-0'02948 
“001780 
‘04010573 


‘006181 
-0°003555* 
-0{002012 
“04001120 
-0'000614 


-0°0003307 
‘(40001753 
‘040000914 
«00000469 
-040000237 
«0000117 
-0°0000058 


| OOO005845 


| «(0411267 


-00726479 
“00567916 
-00437757 
-00332650" 
‘00249156 
‘00183913 
-00133767 
“00095855 
-00067663 
-00047045* 
“00032214 
-00021722 
-00014423 
00009428 
‘QOO06068 
-0'38442 
0123972 
-0'14714 
-O'OS888 
-0'05284 
-0703091 
-O'O1789 
‘<POLOO81 
“005619 
‘(00208 1 





“001662 
“HOOOSS82 


‘-QO0023678 
‘QOOLT075 
‘OOOT2 128 
‘QOO08484 


-0'39647 


‘0126478 | 


“OA 1L7409 


‘07178 | 


‘0'04501 | 
002778 | 
01687 | 
01010081 | 
0005928 | 
01003430 | 
“04001953 
‘0001094 | 
-04000603 | 
-01000327 | 
‘(0001743 
“00000914 
-010000472 | 
-040000239 | 
-O400001L19 


010000059 | 
“40000028 


for r ¢ 


h=1-4 


-00526934 
-00408430 
-00312109 
“00235094 
-0017452¢ 


-00127665* 


-00092010 
-00065326 
-00045685 
-0003 1466 


“00021342 
‘00014254 
‘00009373 
-Q0006068 
‘00003867 
-0'24258 
-0714978 
“0409102 
“0105444 
-0403204 
“09018554 
“(4010573 
“(4005928 
-000327 1 


001775" 


‘000948 
-0'000498 


65 


h = 2°3 


“OOO L5004 


-OOOLOTIS 
‘00007541 
00005225 


| .QOQ003565 


-0'23944 
‘O*1 5835 
“0 LO308 
‘0106606 
‘0'04166 


‘002586 
“-O'O0 15800 


| «(2009498 


“0005619 
(003271 


‘0001873 


| 40010557 
‘0'000585+ 


“04000319 


“00000903 
‘040000469 
“(40000239 
“00000120 
«040000059 


«040000029 
-040000014 | 


“00013922 
| .00009208 
‘00005997 
-O00G03844 
-00002426 


| (0001661 
«(40001712 | 


-00376692 
-00289463 
-00219265 
-00163695+ 
| 00120428 





‘00043846 
-(0030375+| 
‘00020723 


-0°15067 
-0'09211 
“01055414 
-0032808 
| 01019114 


‘10 10958 
-O0618 1 
-01003430 
-0°001873 


-0°001006 


-01000532 
‘(000276 


h 2-4 


-00009361 
-(0006624 
‘00004616 
‘00003167 
(00002140 
-0'14233 
-0'0922) 
“406007 
‘0,038 11 
“002380 


-0'01462 

‘008843 
-0°005262 
-(°00308 1 
‘OOOLT7S* 





-0°001006 
‘(000561 
‘(000308 





‘40000882 


010000461 | 
-00000237 | 
-010000119 | 
040000059 | 
“040000029 


‘(10000014 
040000007 | 


d before the figures that follow. 





“00265370 
-00202140 
“00151762 
“00112 
-QO0818 





4 


55* 


‘00058788 
5-| 00041590 
‘00028980 
“00019886 
‘00013438 


“00008941 
‘00005856 
‘00003777 
-00002397 
-00001498 


-0°09211 

-0'05574 

-07033201 
-0'019459 
-0'011222 
“4006368 
“09003555 
‘0001953 
“0°00 1055+ 
-0'000561 
-04000293 
-0'000151 


‘OQO005 750" 


| QOO004030 


-QO002781 
-QOOOLS90 
-00001264 
-0'08327 
‘0405398 
-0103445+ 
-0°02164 
-0°01337 
-0°008136 
“(004870 
‘04002868 
‘(001662 
“(000948 
-04000532 
“01000293 
‘(4000159 
-0°0000851 


-0°0000447 


-0'000023 1 
“040000117 
“040000059 
“070000029 
‘040000014 


“040000007 
«040000003 


h 


-00184202 
“00139071 
-00103476 
‘00075864 
-QO0054797 


-O0038990 
‘000273257 
-OOOLS860 
‘00012819 
-Q0008579 


| 00005652 
‘00003666 
‘(0002341 
‘00001471 
-000009 LO 


-01055414 
-01033201 
“09019575 
-07011357 
-0°006483 
-(°003641 
-(002012 
«4001094 
-0'000585+ 
-0°'000308 


“000159 


‘00000811 


‘00003477 
‘(0002413 


“QO001649 | 


-OOOOLLLO 
‘QO000735" 


0°04794 = | 05 
-0°03077 | 06 
“0701944 07 
-0101209 08 
‘0100740 0-4 
| 
“01004453 | 1-0 
04002639 | 1+] 
04001538 | 12 
‘O4000882 | 13 
(1000498 | 1-4 
01000276 | 1:4 
‘O'000151 | 16 
“O4000081 1 | 1:7 
-040000429 | 1:5 
-0'0000223 | 1-4 
-00000114 | 2-0 
«070000058 | 2+1 
«040000028 | 2:2 
-00000014 | 2:3 
«040000007 | 2-4 
“0400000083 | 2+4 
‘040000001 | 2:6 


i 
== 


an Sea be tack tie Dian 
SD & Gr 
= 


_ 
= 


He Oo To S 


BW B BW BO 


Ke Coto S 
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Volumes of the Normal Surface 33 
i— —* —= Pee 
| d/N for r = — -70 
t 2. een ee ern o ————— — ~ —|k 
| h=00 | h=0-1 h = 0-2 h = 0-3 h=0-4 h = 0-5 h=0-6 h=0-7 h=0-8 
0-0 0-0 | 12659166 | 10745519 | -09004105+) -07445180 | -06072555* | -04884035+) 03872180 | -03025303 | -02328595- 0-0 
0-1 0-1 | -10745519 | -09052528 | -07526022 | -06172350+) 04991962 | -03979999 | -03127159 | -02420725—| -01845654 | 0-7 
0-2 0-2 -09004105*; -07526022 | -06205979 | -05046818 | -04046128 | -03196965*) -02488758 | -01908328 | -01440906 | 0-2 
0-3 0-3 | 07445180 | -06172350+) -05046818 | -04068415+| -03232451 | 02530494 | -01951290 | -01481720 | -01107722 0-3 
O-4 0-4 | -06072555*| 04991962 | -04046128 | -03232451 | -02544562 | -01973133 | -01506763 | -61132840 | -00838350—| 0-4 
0-5 0-5 04884035+) 03979999 | -03196965+! -02530494 | -01973133 | -01515204 | -01145612 | -00852612 | -00624477 | 0-4 
0-6 0-6 | 03872180 | -03127159 | -02488758 | -01951290 | -01506763 | -01145612 | -00857420 | -00631560 | -00457729 | 0-6 
0-7 0-7 | 03025303 | -02420725-| -01908328 | -01481720 | -01132840 | -00852612 | -00631560 | -00460324 | -00330076 | 0-7 
0-8 0-8 | -02328595-| -01845654 | -01440906 | -01107722 | 00838351 - -00624477 | -00457729 | -00330076 | -00234126 | 0-8 
0-9 0-9 | 01765282 | -01385649 | -01071087 | -00815108 | 00610548 00450030 | -00326355—| -00232799 | -00163320 | 0-9 
1-0 1-0 | 01317710 | 01024119 | -00783649 | -00590236 | -00437486 | -00319039 | -00228866 | -00161471 | -00112024 | 1-0 
]-] 1:1 | 00968298 | -00744980 | -00564202 | -00420509 | -00308372 | -00222456 | -00157836 -00110124 | -00075544 | 1-/ 
/2 1-2 | 00700303 | -00533269 | -00399647 | -00294702 | -00213784 | -00152536 | -00107028 | -00073838 | -00050078 | 1-2 
13 1-3 | 00498381 | 00375551 | -00278464 | -00203130 | -00145745+| -00102839 | -00071349 | 00048666 | 00032628 | 1-3 
| Jog 1-4 | -00348941 | -00260157 | -00190826 | -00137681 | -00097694 | 00068161 | -00046755—| -00031525+) -00020892 | 1-4 
13 1-5 | 00240314 | -00177243 | -00128591 | -00091753 | 00064376 | -00044408 | -Q00030113 | -00020070 | -00013146 | 1-5 
16 1-6 | 00162768 | -00118742 | -00085197 | -00060111 | -00041698 | -00028435*) -00019059 | -00012555—| -00008127 | 1-6 
1-7 1:7 | 00108407 | -00078212 | -00055490 | -00038709 | -00026545*| -00017893 | -00011854 | -00007717 | -00904936 | 1-7 
1:8 1:8 | 00070987 | -00050643 | -00035525~| -00024499 | -00016607 | -00011064 | -00007243 | -00004660 | -00002945—| 1-5 
1-9 1:9 | -00045695-| -00032232 | -00022352 | -00015237 | -00010208 | -00006721 | 00004348 | -00002764 | -00001726 | 1-9 
2.() 2-0 | 00028912 | -00020161 | -00013821 | -00009312 | -00006166 | -00004011 | -00002564 | -0*16104 -0°09935- | 2-0 
2] 2-1 | 00017978 | -00012393 | -00008397 | -00005591 | -00003658 | -00002352 | -0414854 -0°09216 “005616 2-1 
2.9 2-2 | -00010986 | -00007485+| -00005012 | -00003298 | -00002132 | -0413544 ‘0108451 005180 ‘003118 2-2 
+-| 9.3 2-3 | 00006596 | 00004442 -00002939 | -00001911 | -0°12207 ‘0107660 “(104722 “0702859 “001700 2-3 
2-4 | 2-4 | 00003891 | -00002589 | 00001693 | -0410876 -0°06864 -0°04255t | -0402591 “0401549 -0°00910 2-4 
2-5 2-5 | 00002255+! -00001483 | -0409579 -0406080 -0403791 ‘0402321 001396 -0°00825- | -0400478 2-5 
1| 26 2-6 | 00001284 | -0°08340 0905323 -0403338 002056 0101243 -0400739 -0'00431 -0°00247 2-6 
d/N for r 70 
| k k | — _ - _ a k 
i 
| h=0-9 h=1-0 h 1-1 h 1-2 h 1-3 h 1-4 h 1-5 h 1-6 h=1-7 
i | 00 10-0 | -01765282 | -01317710 | -00968298 | -00700303 | 00498381 | -00348941 | -00240314 | -00162768 | -00108407 | 0-0 | 
, Ol 0-1 | 01385649 | -01024119 | -00744980 | -00533269 | -00375551 | -00260157 | -00177243 | 00118742 -QO0078212 | 0-1 
» | 02 0-2 | 01071087 | -00783649 | 00564202 | -00399647 | -00278464 | 00190826 | -00128591 | -00085197 | -00055490 0-2 
» 103 0-3 | 00815108 | -00590236 | -00420509 | -00294702 | -00203130 | -00137681 | 00091753 | -QOO6O1L11 | -006 38709 | 0-3 
y+] Od | 0-4 | -00610548 | -00437486 | -00308372 | .00213784 | -00145745+| -00097694 | -00064376 | -00041698 | -00026545*| 0-4 
10:5 | | 0-5 | 00450030 | -00319039 | -00222456 | -00152536 | -00102839 | 00068161 | 00044408 | -00028435*) -00017893 | O-5 | 
| Of 0-6 | “OC 1326355-—| -00228866 | -00157836 | -00107028 | -00071349 | -00046755—| -00030113 | -00019059 | -00011854 0-6 
07 0:7 | -00232799 | -00161471 | 00110124 | -00073838 | -00048666 | -00031525%) -Ot 1020070 | -00012555—| 00007717 | 0-7 
08 0-8 | 00163320 | -00112024 | -00075544 | -00050078 | -00032628 | -00020892 | 00013146 | -00008127 00004936 | 0-8 
0-4 0-9 | -00112665-| -00076413 | -00050946 | -00033385+*| -00021501 | -00013607 | 00008461 -00005169 | -00003102 | 0-9 
y | 10 1-0 | 00076413 | -00051238 | 00033770 | 00021874 | 00013923 | -00008708 | -00005350+) -00003230 | 0419149 1-0 
wero 1-1 | 00050946 | -00033770 | -00022000 | -00014084 | -00008859 | -00005475*) -00003324 | -0*19824 0411612 | 1-1 
3 | 12 }-2 | -00033385+| -00021874 | -00014084 | -00008910 | -00005539 | -00003382 | -0#20287 -0°11952 006196 | 1-2 
, | 1d 1-3 | 00021501 | 00013923 | 00008859 | -00005539 | -00003402 | -0420522 0712161 = | -0°07078 0904046 | 1-3 
3 | Td 1-4 | 00013607 | -00008708 | -00005475*| -00003382 | -0120522 | -0412232 | -0*07160 | 0704116 | -0"02324 | 1-4 
5 | 15 15 | 00008461 -00005350+| -00003324 | -0420287 | 0112161 -0°07160 -0'04141 | “0402351 “01311 | 1-3 | 
| | 16 1-6 | -00005169 | -00003230 | -0'19824 | -0411952 | 0407078 -0°04116 -0'02351 =| -0°01319 -0°00726 1-6 | 
Lida 1-7 | -00003102 | 019149 | 0411612 | 0406916 | -0°04046 =| -0°02324 -0'01311 | -0°00726 =| -0*00395— | 1-7 | 
9 | 1:8 1-8 | -0418285- | -0*11152 | 0406680 | -0403930 | 0102271 | -0401288 =| 0100718 | -0400393 | 0700211 | 1-8 
3 | 1-9 1-9 | -0410587 -0°06378 -0°03774 =| -0°02193 -0'01252 -0°00701 ‘0100386 =| -0°00208 ‘O*001 L05* | 1-9 
56 
14 | 2-0 2-0| -0°06020 | -0'03583 | 0102094 | -0'01202 | 000677 | -0400375- | 0400204 , | -0°001086 | -0'000569 | 2-0 | 
58 | 21 2-1 | -0°03362 | -0401976 | -0°01141 0100647. | -0°00360 | -0°00197 | -0°001055—| 04000556 | -0°000287 | 2-1 
8 | 2:2 2-2|-0101844 |-001070 |-000610 | 0100342 | -0°00188 | -04001013 | -0°000537 | -0*000279 | -0°000142 2-2 
4\ 23) [23 | 0400993 | -0400569 | 0100320 | 0100177 __ | -0°000961 | -04000512 | -0*000268 -0°000137 | 04000069 | 2-3 
7 | 2-4 2-4 | -0400525- | 0400297 -0100165+ | -01000902 | -0000483 | -0000254 | -04000131 | -0°000066 -0'000033 | 2-4 | 
3 | 2:3 | 2+5 | 0400272 | 0100152 01000836 | -04000451 | -0'000239 | -04000124 | -0°000063 | -04000032 *04000015* 25 
| 26 26 | 0400139 | .01000766 | -04000415+ | -04000221 | -04000115* | -0'000059 | -0000030 | -04000015— -0°000007 | 2-6 
i 0! indicates that four zeros must be placed before the figures that follow. 
Biometrika xx11 3 








k ' 2 _ 

h=18 | h=t9 | h=20 | h=2l | h=22 | h= 23 

| | 

| 0-0 -00079987 | -00045695-) -00028912 | -00017978 | -00010986 | 00006596 

| 0-1 | 00050643 | -00032232 | -00020161 | -00012393 | -00007485+) -00004442 
0-2 | -00035525-) -00022352 | -00013821 | -00008397 | -00005012 | -00002939 
0-3 | 00024499 5237 | 00009312 | -00005591 | -00003298 | -00001911 
0-4 -00016607 | -00010208 | -00006166 | -00003658 | -00002132 | -0412207 
0-5 | 09011064 | -00006721 | -00004011 | -00002352 | -0°13544 -0°07660 
0-6 | 00007243 | 00004348 | -00002564 | -0414854 | 0408451 _—| -0°04722 
0-7 | 00004660 | -00002764 | -000016104) -0409216 -0°05180 -0402859 
0-8 | -00002945-| -0417259 -0109935-— | -0405616 -0703118 -0°01700 
0-9 | -0418285- | -0*10587 | -0406020 | -0403362 =| 0401844 =| -0400993 
1-0 | -0{11152 | -0406378 =| 0403583 =| 0401976 =| -0'01070 =| -0*00569 
1-1| 0406680 | -0403774 | 0402094 | -0401141 0100610 | -0400320 
1-2 | -0103930 -0°02193 -0101202 ‘| -0°00647 -0'00342 -0400177 
1-3 | -0'02271 =| -0401252 (400677 =| -0400360 -0100188 -01000961 
1-4 -0°01288 -0'00701 -000375~— | -0400197 -01001013 | -04000512 
1-5 | 0400718 -000386 -0100204 =| -040010557 | -04000537 | -04000268 
1-6 | -0°00393 -0400208 -01001086 | -04000556_ | -04000279 | -04000137 
1-7 | -0°00211 -01001105+ | -04000569 | -04000287 | -04000142 | -04000069 
1-8 | 04001111 | -04000575+ | -04000292 | -0°000146 | -04;000071 | -04000034 
1-9 | -0°000575* | -0°000294 | -04000147 | 04000072 | -07000035+ | -07000016 
2-0 | 04000292 | -01000147 | -04000073 | .01000035+ -04000017 | -04000008 
2-1 | -0°000146 | -04000072 | -04000035+ | -0000017 | 04000008 | -04000004 
2-2 (4000071 | -0°060035* | -04000017 | 04000008 | -0°000004 | -04000002 
2-3 | 01000034 | -0°000016 | -04000008 | -04000004 | -04000002 | -04000001 
2-4 -0'000016 | -0*000008 | -0°000004 | 0000002 -0°000001 
2-5 | 01000007 | -0°000003  -04000002 | -0000001 

| 2-6 | -01000003 | -04000002 . -04000001 

d/N forr 75 

k é odincacamees a” ee 

h=00 | h=01 | h=02 | h=03 | h=04 | h=0-5 
0-0 | -11502673 | -09601193 | -07895514 | -06393679 | -05096068 | -03996170 
0-1 | 09601193 | -07937492 | -06462260 | -05178732 | -04083268 | -03166336 
0-2 | 07895514 | -06462260 | -05206585—| 04127527 | -03218190 | -02466872 
0-3 | 06393679 | -05178732 | -04127527 | -03235663 | -02493843 | -01889056 
0-4 | 05096068 | -04083268 | -03218190 | -02493843 | -01899393 | -01421330 
0-5 | 03996170 | -03166336 | -02466872 | -01889056 | -01421330 | -01050393 
0-6 | -03081764 | 02413803 | -01858381 | -01405849 | -01044640 | -00762221 
0:7 | -02336334 | -01808359 | -01375392 | -01027567 | -00753871 | -00542947 
0-8 | 01740584 | 01330939 | -00999731 | -00737442 | -00534026 | -00379547 
0-9 | -01273898 | 00962023 | -00713469 | -00519483 | -00371236 | -00260314 
1-0 | -00915625* -00682714 | -00499785+*| -00359109 | -00253193 | -00175128 
1-1 | -00646129 | -00475554 | -00343554 | -00243550+) -00169384 | -00115543 
1-2 ° -00325055*| -00231690 | -00162018 | -00111127 | -00074745+ 
1-3 | 00304167 | 00217976 | -06°53259 | -00105695+) -00071483 | -0004740! 
1-4 | 00202812 | -00143271 | -00099416 | -00067606 | -00045077 | -00029464 
1-5 | 00132639 | -00092475-| -00063230 | -00042391 | -00027861 | -00017948 
1-6 | 00085066 | 00058481 | -00039422 | -00026052 | -00016876 | -00010713 
1-7 | -00053489 | -00036254 | -00024090 | -00015691 | -00010016 | -00006265 
1-8 | 00032970 | -00022028 | -00014426 | -00009260 | -00005824 | -00003589 
1-9 | 00019919 | -00013116 | -00008465+) -00005354 | -00003317 | -00002014 
?-0 | 00011793 | -00007653 | -00004866 | -00003032 | -00001851 | -000°1107 
2-1 | 00006841 | -00004374 | -00002740 | -00001682 | -00001011 | -00000595+ 
2-2 | 00003888 | 00002449 | -00001512 | -00G00914 | -00000541 | -0403138 
2-3 | 00002164 | 00001343 | -00000817 | -00000486 | -0402835+ | -0101619 
2-4 | 00001180 | -00000721 | -00000432 | -0102533 ‘0901454 -0{;00818 
2-5 | 00000630 | -00000379 | -0402237 ‘0701292 ~—| -0°00730 ‘0100404. 

| 2-6 | 00000330 | -0101954 | -0401135- | -0'00645+ | -0100359 | -0400196 


Volumes of the Normal Surface 

















0* indicates that four zeros must be placed before the figures that follow. 


d/N for r = — -70 


‘00003891 
“0002589 
-00001693 
-0*10876 
-0°06864 
-0404255+ 
-0102591 
-0°01549 
‘04009 10 
-(400525- 
-0°00297 
400165" 

| (4000902 
“04000483 
“04000254 


-(000131 
‘000066 
-04000033 
“000016 
“02000008 


-(4000004 
“02000002 
-0°000001 


-03081764 
-02413803 
‘01858381 
‘01405849 
-01044640 
-00762221 
*00545954 
-00383772 
-00264682 
-00179065 


-00000648 
‘0103434 
“001782 
-0'00905+ 
-0100450+ 


“0700219 
-0°001044 


| -00002255+) -00001284 |0-0 
00001483 | -0°08340 0-1 
-0°09579 -0°65323 =| 0-2 
-0706080 -0°03338 0-3 
-0°03791 -0°02056 | 0-4 
-0402321 -0°01243 0-5 
-0401396 -0400739 =| 0-6 
-0100825-— | 0700431 0-7 
-0400478 -0100247 0-8 
-0400272 -0100139 =| 0-9 
“00152 -(1000766 | 1-0 
000836 | -02000415+ | 7-1 
-01000451 | -0°000221 | 7-2 
-01000239 | -0°000115* | 7-3 
-01000124 | -0°000059 | 7-4 
-0'000063 | -0°0000380 | 7-5 
-04000032 | -0*000015— | 1-6 
-04000015* | 04000007 | 1-7 
-04000007 | -0°000003 | 1:8 
-04000003 | -04000002 | 7-9 
-01000002 | -04000001 | 2-0 
-0°000001 2-1 
2-2 
| 23 

2-4): 
| 25 
} | 26 

mea ee 
are’ oes 

h=0-7 h=0-8 | 

-02336334 | -01740584 | 0-0 
‘01808359 | -01330939 | 0-1 
‘01375392 | 00999731 | 0-2 
01027567 | -00737442 | 0-3 
00753871 | 00534026 | 0-4 
00542947 | 00379547 | 0-5 
00383772 | -00264682 | 0-6 
-00266155-| 00181066 | 0-7 
00181066 | -00121481 | 0-8 
-00120807 | -00079919 | 0-9 


-O00118805* 
‘00077289 
-00049291 
“00030812 
‘00018876 


-00011331 
‘00006664 
-00003839 
-00002166 
-00001197 








_ —- os — —} k 
h=24 | h=25 | h=26 | 











-00079032 | -00051544 | 1-0 
-00050687 | -00032585~| 1-1 
00031864 | -00020188 | 1-2 
-00019631 | 00012256 | 1-3 
‘00011851 | -00007290 | 1-4 
00007009 | -00004248 | 1:5 
00004061 | -00002424 | 1-6 
-00002305~| -00001355+| 1-7 
00001281 | -00000742 | 1-8 
-00000697 | -00000398 | 1-9 
-003716 -0402087 2-0 
‘0101939 ‘001072 2-] 
-0'00991 -0°00539 2-2 
| 0400496 0100266 = | 2:3 
| -0100243 | -04001280 | 2-4 
-01001163 | -04000604 | 2:5 
-04000545+ 


01000279 | 2-6 


~ 


He Oo 


te Ba Se Ea Ei Me Ban te! 
wa S COnaan 


BO FO BS &S & 








Volumes of ike Normal Surface 35 

















te we YW 


Ff 





0* indicates that four zeros must be placed before the figures that follow. 


on . cavideass 
| | | d/N few r = — -75 
k k — —— Se -|k 
| 
h=0-9 h=1-0 h=1-1 h 1-2 h = 1-3 h 1-4 h = 1-5 h 1-6 h 1-7 
0-0 0-0 | 01273898 | -00915625*| -00646129 | -00447528 | -00504167 | -00202812 | -00132639 | -00085066 | -00053489 | 0-0! 
0-1 0-1 | -60962023 | -00682714 | -00475554 | -00325055+ -00217976 | -00143371 | -00092475- -00058481 | -00036254 | 0-1 
0-2 0-2 | 00713469 | -00499785+| -00343554 | -00231690 | -00153259 | -00099416 | -00063230 | -00039422 | -00024090 | 0-2 
0-3 0-3 | 00519483 | -00359109 | -00243550+) -00162018 | -00105695*  -00067606 00026052 | -00015691 | 0-3 
0-4 0-4 | -00371236 | -00253193 | -00169384 | -00111127 -00071483 | -00045077 | -00027861 | -00016876 | -00010016 | 0-4 
0-5 0-5 | 00260314 | -00175128 | -00115543 | -00074745+ -00047401 | -00029464 | -00017948 -NOOLO7T13 | -00006265-—| 0-3 
6 0-6 | 00179065) -00118805*) -00077289 | -00049291 | -00030812 | -O00018876  -00011331  -00006664 | -00003839 | 0-6 
0-7 | 00120807 | -00079032 | -00050687 | -00031864 | -00019631 | -O0011851 | -00007009 | -00004061 | -00002305- 0-7 
0-8 | 00079919 | -00051544 | -00032585—) -00020188 | -00012256 | -00007290 | -00004248 | -00002424 | -00001355*) 0-8 
0-9 | 00051832 | -00032951 | -00020539 | -00012534 | -00007497 | -00004393 | -00002522 | -00001418 | 00000780 0-9 
1-0 | -00032951 | -00020645*) -00012675*)| -00007625-| -00004493 | -00002594 | -00001466 | -00000812 | -0°0440] 1-0 
1-1 | 00020530 | -00012675+*| -00007658 | -00004544 | -00002638 | -00001500-) -00000835—) -0°04552 -0702430 1-1 
1-2 | 00012534 | -00007625-| -00004544 | -00002653 | -00001517 | -00000849 | -0'04656 -G702500 (01314 1-2 
1-3 | 00007497 | -00004493 | -00002638 | -00001517 | -00000854 | -0404709 -0°02542 -0°01344 (00695t | 1-3 
1-4 | 00004393 | -00002594 | -000015007-| -00000849 | -0404709 “(102557 -0°01359 “0400707 “(00360 1-4 
1-5 | 00002522 | -00001466 | -00000835—) -0404656 -0°02542 “0701359 -0°00711 -0°00364 4Y001827 | 1-5 
1-6 | 00001418 | 00000812 | -0404552 “0402500 -0101344 -0°00707 -0°00364 -1001838 | -04000907 | 1-6 
1-7 | 00000780 | -0°04401 -0102430 0101314 -0°00695* | -0'00360 -0001827 | -0°000907 | -07000441 | 1-7 
1-8 | -0°04207 -0702336 =| -0401270 -0°00676 -0°00352 -0{001797 | -04°000896 | -04000438 | -0°000210 = 7-8 
1-9 | -0102220 -0°01214 -000650-— | -0°00340 -01001747 | -0°000877 | -0°000431 | -0°000207 | -0°000098 | 7-9 
| | 
2-0 | -0°01147 ‘0100618 | -0400325+ | -04001679 | -04000848 | -01000419 | -01000202 | -04000096 | -0°000044 | 2-0 
2-1 | -0°00580 -0700308 “07001596 | -0°000810 | -01000403 | -0°000196 | -0°000094 | -0°000043 | -0°000020 | 2-7 
2-2 | -0400287 -01001499 | -04000766 | -04000385* | -04000187 | -07000090 | -07000041 | -01000019 | -04000009 | 2-2 
2-3 | 04001393 | -04000715* | -0°000359 | -04000177 | -04000085+ | -04000040 | -0°000019 | -04000008 | -0{000004 | 2-3 
2-4 | -04000661 | -0°000334 | -0°000166 | -04000080 | -04000038 | -04°000018 | -04000008 | -01000004 | -0°000002 | 2-4 
2-5 | 04000307 | -04000153 | -04000074 | -04000035+ | -04000017 | -04000008 | -04000003 | -0°000002 | -0°000001 | 2-5 
2-6 | 04000139 | -0°000068 | -04000033 | -0°000015+ | -04000007 | -04000003 | -0°000001 | -0°000001 2-6 
d/N for r — “75 
k —-- - ~-— -- — ——_ —— | k 
| h=18 | h 1-9 h = 2-0 h = 2-1 h 2-2 h 2-3 h = 2-4 h 2-5 h = 2-6 
0-0 0-0 | 00032970 | -00019919 | -00011793 | -00006841 | -00003888 | -00002164 | -00001180 | -00000630 | -00000330 | 0-0 
0-1 0-1 | 00022028 | -00013116 | -00007653 | -00004374 | -00002449 | -00001343 | -00000721 | -00000379 | -0401954 0-1 
0-2 0-2 | 00014426 | -00008465+) -00004866 | -00002740 | -00001512 | -00000817 | -00000432 | -0°02237 “0701135 0-2 
0-3 0-3 | 00009260 | -00005354 | -00003032 | -00001682 | -00000914 | -00000486 | -0402533 0701292 -0'00645+ | 0-3 
0-4 | 00005824 | -00003317 | -00001851 | -00001011 | -00000541 | -0'02835+ | -0'01454 -0°00730 -0400359 0-4 
0-5 | 00003589 | -00002014 | -00001107 | -00000595+) -0'03138 -0101619 ‘00818 -0°00404 -0°00196 0-5 
0-6 | 00002166 | -00001197 | -00000648 | -0°03434 “O'01782 -0100905+ | -0°00450* | -0400219 -0'001044 | 0-6 
0-7 | 00001281 | -00000697 | -0°03716 ‘0101939 -0°00991 -0'00496 -0'00243 -0°001163 | -0°000545* | 0-7 
0-8 | 00000742 | -0°03976 “0402087 ‘0401072 “0100539 “0100266 ‘04001280 | -04000604 | -04000279 = 0-8 
0-9 | -0'04207 0402220 -0'01147 -0700580 (0400287 -01001393 | -04000661 | -0°000307 | -04000139 | 0-9 
1-0 | 002336 -0'01214 -0'00618 “O100208 -0001499 | -04000715~* | -0°000334 | -0°000153 | -0°000068 | 7-0 
. 1-1 | 0401270 -0100650 -000325+ ‘01001596 | -04000766 | -04000359 | -0°000166 | -0°000074 | -04000033 | 7-7 
| 1+ 1-2 | -0'00676 -0'00340 “01001679 | -0°000810 | -04000385 © | -0°000177 | -0°000080 | -04000035* | -07°000015* | 7-2 
| 1. 1-3 | -0400352 “01001747 | -04000848 | -0°000403 | -04000187 | -04000085* | -0°000038 | -0°000017 | -0};00C007 | 1-3 
]- 1-4 | -0°001797 | -0°000877 | -04000419 | -01000196 | -04000090 | -0!000040 | -0°000018 | -0°000008 | -04000003 | 7-4 
| 1-5 1-5 | -0°000896 | 07000431 | -04000202 | -0'000094 | -04000041 | -04000019 | -C4000008 | -04000003 | -04000001 | 7-5 
1-6 1-6 | -0°000438 | -04000207 | -04000096 | -01000043 | 04000019 | -0'000008 | -04000004 | -04000002 | -0'000001 | 7-6 
17 1-7 | -04000210 | -04000098 | -04000044 | -0000020 | -0!:000009 | -04000004 | -04000002 | -0°000001 1-7 
1:8 1-8 | -0°000098 | -04000045- | -04000020 | -04000009 | -0°000004 | -04000002 | -040C0001 1-8 
1-9 1-9 | -0'000045-| -04000020 | -04000009 | -04000004 | -04000002 | -0°000001 1-9 
2-0  -04000020 | -04000009 | -0!000004 | -01000002 | -04000001 2-0 
2-1 | 04000009 | -0'000004 | -04000002 | -04000001 2-1 
| 2-2 | -04000004 | -04000002 | -0°:000001 2-2 
2-3 | -0!000002 | -04000001 2-3 
2-4 | -01000001 2-4 
2°5 2-5 
2-6 2-6 
| 











A THEORY OF THE SAMPLING DISTRIBUTION 
OF STANDARD DEVIATIONS. 


By T. KONDO. 


Section I. MoMENT COEFFICIENTS OF THE STANDARD DEVIATIONS OBTAINED 
IN SAMPLING IN TERMS OF THOSE OF VARIANCE. 


(1) Introduction. 


The standard deviation is one of the most important statistical constants, and 
with regard to it numerous researches have been made. 


Suppose that from an infinite population, in which a character is measured by a 
variate x, samples of size V are drawn randomly and that this process is repeated 
indefinitely many times, then the standard deviation o of the variate x will vary 
from sample to sample. I propose to consider here the distribution of ¢ in such cases. 
Concerning this problem several researches have already been made*, but some of 
them are only for a particular, not a general, parent distribution, and in others the 
degree of approximation in the results is not close enough for many purposes, 
I want here to deduce some general formulae for the sampling distribution of o to 
a degree of approximation higher than that already obtained from a new point of 
view and by a different method of deduction. 


Now any distribution law of a variate # ¢an be defined by the moment co- 
efficients for this distribution. If we can find the first four moment coefficients or, 
in the usual notation, y’ about a fixed origin and pe, us, wy about the mean, then 
we have as a rule enough information to define the distribution of frequency with 
sufficient accuracy for practical purposes. 

The deduction of formulae for mw,’ and yu, (r= 2, 3, 4) of o in sampling is the 
primary object of this paper. 


(A) The first Method of Deduction. 

(2) Let ¢(«) be the probability function of a continuous variate x, dX, the sth 
semi-invariant of the distribution of x, and py,’ the rth moment coefficient about a 
fixed origin; then the d’s are defined by the identity+ with respect to w 


x r 
$s Aro 


e” 1 rl =| “da pa 1 » 
= OO GR. vasciaweses Rano senewatd (1). 


* See “Student,” Biometrika, Vol. v1. (March, 1908); K. Pearson, Ibid. Vol. x1. p. 277 (Nov. 1918); 
C. C. Craig, Metron, Vol. vir. No. 4 (Dec. 1928). 
t Originally due to Thiele, 
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Expanding the right-hand side, we have 
ee Aree 
| d (x) e* daz = = = (x) x'dx 
— fa0' 91) = 
ie) ! 
5 3a wie 
Equating the coefficient of the same powers of w, we get the following well- 
known equations between the 2’s and p’’s, 
pi =Ay, Me =Aat+Ay’, 
Ms = Ag + BAgAy + AY’, 
oe eee eS nee (2), 
and so on. 
Now let us choose the origin at the mean of x; then since py’ =, =0, we have 
Ma=Ne, Ps=Ag, Ma=Agt 3A, 
Ms=Ast+t1OAsrAe, pe =Ag t+ L5AgAs + 10A37 + 15A,Q3, 
[iy = Ag + QW Ago + BSAgAg + LOSAZAL, 
bg = Ag + 2ZAgrs + FSEASAs + B5Ag™ + ZLOAAAD? + 2BOAS* AD + 1LO5AS!, 
bg = Ag + BGAzAs + B4AGAg + 12GAZAq + B7SAZ5Ag™ + LAGOAGASZAs + ZBOA® + 1260AZA3° 


ere) (3), 
and so on. 
(3) Let us consider the case where « is the standard deviation o; then 
~ Ay! - “1 
= — +e 
» 1 
er=1 7: =| DIPPED cccencticemmniincael (4). 
J-@ : 


But the frequency of o is the same as that of the variance yy. Therefore, if fg be 
the mean of ps in samples, y the deviation of u2 from f,, and P(y) the frequency 
function of ue, then since 

. (a) do = P(y) dy, 


2 dw" 
s Seem 








—— io garg ™ 
we have er TT) = ONT Ee cesincisvecnsnnscntoal (5). 
\1 
i —— ‘(ib t [i 14 ¥ 7 
And 4) (y) e” sis ry dy = | @p (y)e s ( i.) dy 
~ -~@O ~ -@® 
vr y \'/2 
" . co (fia) (1 +2) 
= | P(y)\ > — at dy 
-2o i=0 v: ” 
© we (i i/2 oo / i/2 
i 9 
= 2, = (y) (1 + H) dy. 
i=0 a: —~ oO 

F - vf ; f +00 a i/2 . 
Therefore if we write a=| PD(y) (1 + ¥) ivietiiyissiccersupennin’ (6), 

J-@ \ Me 

2 i,w" : . 

i © «; (do)? w* 
then er= 7 ;= EL (7) 
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Differentiating the identity (7) with respect to w and equating the coefticients 
of the same powers of w, we have 
(4 (iz) = 4,  afig = Xo + Aa (e2)4, 
(tg (jlg)® = Ag + 2ayr2 (jaz)? + d2X4 fe, 
ty (fi2)® = Ag + Bay As (fi2)* + Bag ro fe + Aga (Pe)?, 
E  -uateteuy San eeaneue ante conauannhebtens Cem aaa ertey sh euekiea Jae sceeeuen (5). 


We shall assume that it is justifiable to insert into the 
expansion of the binomial*. Then 


p\'2 hy y\? y\* 
fs 2 an alata cde x... 
fiz fiz ve fiz 


where c;, is the coefficient of the (r+ 1)th term of (1 + x)’, or numerically 


integral (6) the 


l i Li 7 
ass "16° 4 — Tog” ~%8™ O56" 
21 33 429 

C16 1024? OL? = 9048’ 8 — 39768" 
C22 = Co.3>= =0 

; 1 3 
Ca2=9, % ee “3.4 = 798° “3.5 ~ 956 

"7 9 99 
6 = 1094” a = 2048’ = 32768’ 
Reg h, Cas Cie = 05 Oe RU BOON. Sacsces ccc dhenctesseese (9). 


Now let 2M, be the pth moment coefficient about the mean for the distribution 


of ug due to random sampling, and let us write 


M,, 
Oi at es ans Sas aos! a arene we cided ee een anol (10) 
2? fg! 
x L£ y i/2 
then a;= | D(y) (I + ~ ) dy 
R L Be 
oo C;, ° L 
= | = | @(y) y"dy 
1 (pe) J rear 
Ci.y 1 
=] > —~l, 
r=1 (P2)’ 
=1+% 2” c; mM, 
y=] 


But .M,=0, consequently m,=0. Therefore 


= 1 + 4¢;2me + 8e;.3m3 + 16c,474 +... (*=1,2,3,4,...). 


This condition is discussed later, see Art. (16). 
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If we eliminate the X’s from the equations (2) and (8), we get 
~_ fom 
fa = 4 V pe, 
He’ = U2 Me, 
’ — \3 
Bs = d3 (Me)*, 
jug OS, (CN atta RM ata crams NOUR etn < caekanee (12), 
where the yw’’s are the first four moment coefficients of ¢ about ¢ =0 in sampling. 
Now, for simplicity, let us put 


, 
=a, ag=at+a ; 


then from the equation (11) 


1m A Mm 5 | 7 21 33 429 + 
¢e= 2 = — Mig T = Wg — = Me TT > Ny > ig > 
2 2 5 3 36 16 128 
-— ..% 8 & ‘ 
a =2ZM2— My + My — 4 Ms + 4 Mg — rs M7 + 8 eg ee oe (13), 


and since d3= 1, a44= 1+ 4mg, from the equation (11), the equations (12) become 
ja’ =aV iis, pe = jira, 
ps = (a + a’) (fi2)?, 

and ie, 64 RE ceeeen tht (14). 


But if ¢ is the standard deviation of the parent distribution and N is the size of 
repeated samples, it is well known that 


p2 = Mean p22 = ———_ 8, 
Therefore the above equations for zs become 


fy = cs as, 
ji, = & a i (a+a’)&, 


N—1\* ae ’ 
and pe’ = ( V Y (1 + 4g) & iad RAIA SERS AOUES OR ERNE (14°). 


Now the mean of o and the first three moment coefficients By(o) about the 
mean can easily be deduced from the equations (14) or (14’) by the well-known 
equations connecting p,’s or w,'s, and the following equations are the results 
obtained *: 


. PSE 
Meano = G=@Vp2.= / ac 


N-1 
N 


pe(o)=(1 — a) fig = 


) (1— at) a2 ction Sete Mocs siekon (26 b), 


* Cf. Craig, loc. cit. 
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3 (c)= [a’ — Ze () — a*)| Neri 


) ee i ee, 6 se nome (15), 


(N-1 
N 
fa (oe) = [4 (me — aa’) + (1 — a?) (1 + 3a?)] 2? 


i € >) [4 (rms — ae’) + (1 = 8) (1 + B08) 4 bee erenal’ (15 d), 


and consequently 


= 8D. of o 


ne ager. =~ 3 
=VG-m=,/ VF cetrrseeeeeesees ..(16 a), 

2 , [a —2a(1—a?)P ; 
Bi(c) = ps (oP? eta a 2)3 ae (16 b), 

-— ey 

1+ 3a? Ny — acer’ : 

B2(o) = pa (oc) be (oc)? = 2 +4 - ~ rat, Cwiginween sav oeN (16c), 
l—a@ (1 — a*)* 


where fg and 2M, are the mean of the variance pg and the rth moment coefficient 
of wz in sampling, further: 
m, = oM,./(2" fis") 


while @, @’ are given by the equations (13). 


The equations (15) and (16) give respectively the first four moment coefficients 
for the sampling distribution of ¢, its standard deviation, also the 8,, and f, of o 
in terms of mg, a, @ and fg, or in terms of 2M,. They will all be exact expres- 


re 


° ° . y\s . ‘ . » —— “2 
sions provided that the expansion of (1 + --} within the integral of (6) is justified, 
He 
a condition which is discussed later*. 


(B) The second Method of Deduction. 

(4) We can deduce the equation (15) and consequently (16) also from another 
point of view. 

Since o=Vu2= Vie + Sus, 
where dye is the sampling deviation of yg from its mean, if do is the deviation of 
o from V fie, not from the mean, then 

o = V pio + So = (fiz)? V1 + Sus) jae ; 

therefore So = Vig {(1+A)}~ 1} 
where A stands for d9/ fe. 


: | Oleg : ; 
Assuming <1 as before*, we have 


do = V pe (AQ, A + ag A? + agA?+4+...), 


9 9 


where a, = ¢;,, (7 =1, 2, 3,...) and is given by the equation (9) in Art. (3). 


See Art. (16). 
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Now let v,’ be the rth moment coefficient of ¢ about o = Viz, and let us use 
brackets [ ] for “mean in repeated samples”; then 


vy’ = Mean 80 = Vis ( Sas [4"]) 
r=] 


= Via (= 2 [(8y2)'1) 
r=1 Pe 
= V pe ( p> 2" C1, 5 ;) 


therefore ie OGD) icciccearsemviieeitn tan (18 a). 
Also from the equation (17), if we find (éc)" (r = 2, 3, 4), and write as follows: 
(dc)? = fig {bz A® + bg A® + by A*+...}, 
(Sc)* = (fia)® {cg A? + cyA* + 054° + ...}, 
(do) = (fiz)* {dg A* + ds A> +d, A*%+...}, 


then, after calculation, we get the following values of the coefficients : 


b= 4. b=— 5, dim Gy. b= — 355° 
n- 21 4-38 4 429 
512’ “7 1024’ *~ 16384 
1 3 9 7 ._ 45 297 
ot i ie ee i 
7 ‘ 65 
da= iq: ds=— 75) “= 138° y=, ds= saa 7 


Now if we find the mean values of (8c), (&c)* and (dc)*, we get 


ve = Mean (80)? = fig & (b, [A*]) 


=ja( > 2rb, my) RC re be einen ee mre Crd (18 b) 
Similarly vs = Mean (dc)? = (ji)® ( a 2c, my) scoemkienaceueaee (18 c). 
vy = Mean (dc)' = (fi2)* ( S 2°d, my) cnewan saacanavee (18 d). 
r=4 / 
But 
se es + 5 7 + 21 33 ‘ 429 ) 
1g) = lg 1Me— —= Ms Me — Ny + —— Mg —...} 
Va = Ha }Ms— M+ 7 M4— 7 Ms + | Me— My + TE Ms 
~~ me, ms 5 7 21 33. 429 \) 
= jig 12—2(1-— i an == (lp =a= tg +... IF 
2} l 5 +. 9 g Ma + 3-6 Mg + 16 My 128 Mg i 


Or uate wes ARG Ab UR eNOS ot hdceaxtnttelnmtiaiaziaona 
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Similarly we can transform the equations (18c) and (18d) into the following 
forms : 
vy! = (jig)! [a’ + 4 (G—1)}........ccccrecccccecceeeseees (18c’), 
Vg = (fi2)® {4meg+ 8 (1 —@) — 4a’)... ee eee (18 a’). 
Hence we can find the mean o and the first three moment coefficients about the 
mean in the sampling distribution of o. 
In fact from the equations (18a), (18 b’), (18 c’), (18d’) and well-known formulae 
connecting v’’s and p's, we get 
Mean o = (fiz) +’ =aV jie, 
Me (o) = ve’ — 1)? = fig (1 — a”); 
similarly 
ps (a) = (V jig)? fa’ + 4(a — 1) —3 (a — 1) (2 — 2a) + 2 (a — 1) 
= ( Vie)! fa’ — 2a (1 — a@*)}, 
and fa (o) = (fio) |4amg + 8 (1 — @) — 4’ — 4 (@ — 1) [e’— 20 (1 — @?)] 
— 6(@—1) (1 —a*)—(a@— 1)" 
= (fiz)? {4 (meg — aa’) + (1 — a?) (1 + 3e?)}. 
These equations are the same as (15 a), (15), (15 c) and (15 d) respectively, already 
obtained in Art. (3). 


SecTION II]. MOMENT COEFFICIENTS OF o IN TERMS OF THE CONSTANTS 
OF THE SAMPLED POPULATION. 
(5) Now if repeated random samples of size N be drawn from an infinite 
population which is specified by the standard deviation ¢, and the constants 
Bs, Be; --- Byes «++, Where 


Fe 2r+iKs 
Ber-2 = Ss » Bera= as ay ’ 
(2) (p2)' ‘ 


then it is well known* that the first four moment coefficients of the sampling 
distribution of the variance are given by 


2M,’ = Mean pe = K y . a, 
(N-1%/5 ., 2N \x 
oM, = N3 (As —ot+ | ae ‘) Cc. 
1 ess, Keon eas ~ 
alls = Wa (Hs — Wty x) ad 
M,= yi (in +O -T8 + = - + ‘:) SL (19), 


* See A. A. Tchouproff, Biometrika, Vol. xm. pp. 193—4; A. E. R. Church, Ibid. Vol. xvm. 
pp. 79—83. { 
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kg = 384 — 2182 — 188, + 26 


kz = Bs == 3Be = 6A, + 2, 
ky = 38 — 3382 — 228; + 54, 


where 
kas = Bs — 1582 — 108, +30; 
kya = 3 (B2—1)%, 
kas = Bg — 48a — 2483 — 1583? + 488, + 968, — 30, 
kus = 485 — 408, — 9683 — 548,? + 33682 + 5288, — 306, 
ks = 685 — 9684 — 17683 — 1028.7 + 92482 + 12328, — 1044 
kag = 48, — 8881 — 16083 — 95822 + 105082 + 13608, — 1395, 


ky => Bs _ 288, _— 5683 _ 358s" oh 42082 + 5608; _ 630. 
Therefore if the approximation is good enough up to 2M4, we can express py’ and 
He, M3 and py at once in terms of ¢ and the #’s, i.e. in terms of the constants of the 


parent distribution. 
Suppose further that we neglect terms of higher order than N-*, then 


M, mg 5 ——" 
a=l1-—- t= 5 Ma, a@ =2me— Mg + ma, 
oM,. l \ ~ 2N } 
where NM, = — = »—-3+ 
a "a= goa an \-?+* Wai} 
l /Aa—1, 1 
2N ( r* on)” 
1 5 2A we) ) 
Ms = sN2 B1—382— 6814+ 2} eee cccccccccceccccetocesee (20), 


$(4,-1F ,_ N-1., 
ma=—T 6 v2 and fi2=- 7 s2. 


Substituting these values of a, a’, Zz and the m’s into the general and fundamental 
equations (15) and (16), after transformation and simplification, we get 


Moon x fq b2t3 , 881-158? + 1482 — 486, — 55) P 
Mean o =G@ i — “ev +- 128N2 [reese (21a), 
Ta sr 48, —78:? + 108, — 248, — 23) =_— 
Me(o) = in |Aa— 1-— — SN [oseesesees (21 b), 
33 " " : 
Mg (o)= igv? pea BT — Fae FB} ness woiinssccvecsseceveqnsinned (21 c), 

/ 3 a 2~4 91d) 
and Ha (o)= Faye (Ba— DPE A lewble ue senate sob enn ee ackaas eoeeeeeeueee (21d); 
consequently 

48,—782 + 108, — 248, — 2% 
= OE + ES eg ....<aod 


oc 1, /P=1 = - 
ws V i 16(82—1)N 
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In the cases where the parent distribution is normal; since 
Ai=0, Be=3 and &=15, 


3 7 2s 
we have Mean o = (1 -o.~ soy) 3G, 


1 1 
= — 52 
be(o) aN (1 in)? : 


ae: WP dara 99 7) 
Hs(o) = a3 e, pa(c)= a2? ee nee (22 a), 
1 i. 
and Ce= Jan (1 — gy) G, 
1 i i} we 
Ri(o)=sy, B2(o)=3 ! + su} bce daimcembhehan (22 b). 


Some of the equations (21) and (22) have been already deduced by Prof. 
K. Pearson *. 

Now we must notice that the above approximate formulae have been obtained 
by neglecting terms of the general equations (15) and (16) in two different ways. 
Firstly we neglected the moment coefficients ,M, for r>4, and secondly we 
neglected those terms of order higher than V-*. 


But such a double method of approximation cannot be carried through correctly 
unless we know the order of 2//,. 


(6) Now if X, be the semi-invariant for the sampling distribution of the 
variance pz, and N the size of the repeated random samples, in the semi-invariant 
theory, it is known that (i) X,(r=2, 3, 4, ...) is independent of the origin, and 
(ii) X, (r= 2, 3, 4, ...) is of order r--1 in N-}, and from the general equations (3), 
we have 

aMe=de, 2M,= Ag, 
oMy=Agt3A%, oM5=As + 10Agrz, 
o Mg =e t+ 15AgrAe + 10Ag? + 153, and so on ......... (238). 


Thus we can find the order of the coefficient .M,. 


For instance, if we can assume that the approximation is good enough only up 
to the order N-*, since 2M, (r2 5) is of order N-* or higher, we can neglect these 
2M, and at the same time we can neglect those terms of m, (r= 2, 3, 4) of order 
higher than V-. 


This is the case treated in the foregoing article as an example. 


Secondly, if we can assume that the approximation is good enough when we 
include terms up to the order N-* only, we may neglect 2M, (r= 7, 8, 9, 10, ...) 
and at the same time those terms of m, (r <6) of order higher than N-*. 


* See Biometrika, Vol. x11. p. 277 (Nov. 1918). See also Craig, loc. cit. 
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This is the case treated by Dr C. C. Craig. His results are given as the semi- 
invariants of the sampling distribution of o in terms of those of the parent 
distribution, but his final results correspond to those which will be obtained by 
neglecting the highest order terms in N- of my general approximate formulae, 
given in Art. (9). 

The formulae, obtained in these two cases, give us good estimates of the mean oc, 
He(o) and o, if NV be not very small, and also of y3(c) and A;(c) if N be large, 
but we cannot get good estimates of 44(o) and 82(c) unless N be very large. 

Thirdly, if it be necessary to proceed to a further approximation and include 
terms up to the order V~, we can neglect 2M, (72 9), for they are of order N- or 
higher, and at the same time we can neglect those terms of m,(r=2, 3, ..., 8) 
of order V~ or higher. Such an approximation is necessary for the calculation of 
B2(o), and with such approximations I shall now deal. 

In this case we have 

aMe= ra, 2Ms= As, 2Mg=2rgt 3A22, 
2M; = rs + 10A3Aq, 
2Mg = 15rA4r2 + 10X37 + 15A,* (approximately), 


2M, = 105A7A3 ( ” >. 
and 2M,= 105).2' ( mx Bah bh ache (24), 
‘ } 5 rg 21 33 429 
Me Mg ) ( v4 ID < ™ 
alin ey ee Bei. : — ' — : 9: 
And also a=1 5 978 my + 3 M5 — 76 Ms ~ ig” [ag Ms vee (25 a), 
’=2 ig +m : mi mie 7. 25 b) 
a = Zim, — Mz Ne— =| mM, Ng — > M7 = FG wcccccccccccces 29 0 
ite aE ee a ee ee ( 


Now the equation (24) suggests that to get this degree of approximation we 
have at first to find .M/; or the corresponding semi-invariant As. 

The values of 2M; or A; for the sampling distribution of ug were not known until 
recently, but they have now been found by R. A. Fisher and published with many 
other valuable results in an important paper*. 


(7) R. A. Fisher’s “cumulative moment function” «, is the same as the usual 
semi-invariant X,, introduced by Thiele, but his “k-function” is a new function 
defined as follows: 


1 
ky = V $,= Mean a, 
N 1 s? 
ky= , Sie (s . v). 


To 


(W—1)(N—-2)” 


be. N?2 38: S, . Qs,° 
"wona=y|*- N +5): 


and so on, 


* R. A. Fisher, Proceedings of the London Mathematical Society, Ser. 2, Vol. xxx, Part 3 (Dec. 1928). 
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where s, = S(#") is the power sum of order r for any variate 2, and 


[yr = ¥ S (a — Mean «)* 


as usual. 


Fisher uses « (2°) to denote the fifth cumulative moment function of k2, due to 
sampling, and his expression for « (2°) is as follows: 


95) — 10 40 Kg ko n 80 (N — 2) xzK3 ‘ 40(5N?—12N +9) wg nq 
— N* N*(N—1) N*(N-1> N?(N—1)8 
Pe 16 (N —2)(6N?2—12N +17) «2 + 480K, Ke" ‘ 1280 (N — 2) «5x3 ke 
N*(N—1) N?(N—1>¥ N?2(N—-1¥ 
‘ 320 (4N?2 —9N +6) Ka" Ke Ps 480 (2N2—7N + 6) wy x32 + 19204 K3° 
N?(N —1)4 N?(N —1)4 N (N-—-1) 


1920 ( N- 2) Ks? Ke" 4 384K2° 
N (N-1)* (N —1)*’ 
where «, is the sth cumulative function of the parent distribution. In this equa- 
tion if we neglect terms of order V~-* or higher, we have 


: l a ‘ 
K (2°) => vi {19 + 40 kg Ko + S07 K3 + 200 Kg K4 + 96«5" + 480K Ko” + 1280«; K3KkKo 





+ 12804? Ke + 960«4K37 + 1920 «4x2? + 1920? xo” a 384K9°} 


J 
= yi To)", say 
If we transform the above equation into terms of the 4’s of the parent distribution, 
we get 

47) = Bs — 58, — 408; — 108s (Bz — 2) — 308 (A3/ 81 — 16) 
+ 3082 (A2+ 128, — 2) — 15608, + 24......... (26). 

(8) Now, by the definition of «,, « (25) is the coefficient of _2 in the following 

: 5 § 
identity 
$ (ke) em dle. 


x 
r ba. o -& 
N 

And since ky = 


v1“ and consequently the frequency of k, is the same as that 


of He, we have 





‘@" ia o( > 1 ) My 
: «r( ,) =log > (M2) pa 
r=1 r: a 
N—-1) 
therefore he (ja) = Vr (2°), 
: ; N-1¥ 
and in particular Xs (a) = yi FN si arian (27). 


But A5 (Me) = 2M; — 10.oMs.2Ms. 
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N-—1) : 
Therefore 2M; = 10. 2Ms . oMs = — K ( 2°) 
AT, ni ° 
= 10.,M...M,+ ya o” (approximately) ...... (28). 


Now we can find the expressions for m’s in terms of @’s which are necessary for 
our present purposes, and consequently can find the expressions for the mean o and 
by(o) (r= 2, 3, 4) up to the order N-4, 


(9) Let us next proceed to find expressions for all the m’s up to the order 
N~*, which are necessary for our present purposes. 





ar _(W-1P/3 .. 2N ; a N-1., én 
Since 2M. =~ v3 (8: —3+ — ) co, fe = Wo ces (29), 
Me 1 (&-—! zz 
= ——_ = ye 22 A. : 
ee ape 2N\ 2 “DN = 
1 1 . 
= IN { pt A + v2 + v3) (approximately ) ...(30 a) 
where p=} (Bo <n WD cnc dcusemennecdeugnects SaoeneaNaee (31) 
Similarly from the equations (24) we have 
0M: = 24p—8 4(6p—A,)) : 
ma= Bo = ane 2 —6p+ = a ( a 1 | (approximately) (30b), 
where q= a 6A, =m EY scawakieacagieersnenswiaaneSeean (32), 
3M a ne” 2q + Sp? — 26p + 5) , 
— lia! = 4N2 Pr + 7 re as i an } (approximately) (30c), 
where 83 = 34 |B, — 244; +728, — 4q — 12p? + 36p — 1}, 
oM Xs Mo. od 
Ms5=> — = "= + i= — — I 
32p2? 32M” 32 Me” 
a" w+ 120p? — 70p + 5q + L( roximately) 
= re 4< g- 2Up* — oC T) > (approx ately 
gs ‘ith 1 »p ia pp (Up 7 0 ppre nately) 
s\wacawen (30 d), 
me 34 (36ps3 + g? —12p : (approximately) (30 e) 
Ne = =e S¢ F => Le Se QQ" — L200 )P < “OX BUCLY JP cvccecece e 4X 
m6 = sys \"P an? pss Pq j PI : 
105p? (q — 6p) ; ; ee 
M, = 39 Na (OPORIMAATCEY ) oc osscieescessvevnsesinarccenssneees (30), 
105p4 , 
and Mg = rave (approximately) OT ee eT eee (Si) gq). 


If we substitute these values of the m’s into the expressions (25 a) for @, and (25 b) 
for a’, after simplification, we have 


PP ny TB a on a 33 
saci 4N 32N? 128N*® 2048N4 — 
1 To, T3. ~ ) 
é Y= —- eg “4 MTT T CTT Tere 33 b), 
und c=N (p + gy * 39N2* 956N8 —) 
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where 
T2 = 15p? + 12p — 2g +8 
=1(— 8, + 1582 — 68, + 488, + 31), 
Tz = 6053 + 315p* — 70p (q — Gp) — 64 (8p — 1) + 382 
=1 (408, — 2808, Az + 1208, — 9608; + 1680828, + 3158.5 — 22582 
— 26382 + 21608, + 1061), 
74 = 1260p (Ay — 2483 + 7281) — 22475 + 45045p — 13860p?g + 68040p* 
+ 26160p? — 10080pq + 4204? — 13612p + 800g + 5124, + 5312, 
= 1 {— 896 (Bs — 4085) + 11208, (982 — 5) + 2688083 (83/ Ai — 982 — 7) 
+ 45045! — 441004,? + 10080, (338.2 + 228, + 24) — 47708.2 — 665962, 
RE I canis coci corntdanreteme esd awn an (34a) ; 
and 
tT; = 6p?+ 6p—q+8 
1 (38.2 — 28,+ 128, + 15), 


Il 


28 — 4883 + 1448, + 105p* + 126p? — 25pq — 24p — 8q + 62 


74 = 
=1(168, — 38483 + 368, — 1008, 82+ 10583 — 6382 + 6008.4, — 18582 
+ 9368, + 70), 
Ts, = 210p (Bg — 2483 + 7281) — 4079 + 6930p! + 10710p3 — 2205p%q + 4296p? 


— 1680pq + 70g? — 3170p + 184q + 1288, + 1216 
=1{—80(A— 408;) + 4086 (212-11) 
+ 28, (280A, — 22058.? + 14508, — 33608, + 531) 
+ 48083 (583/81 — 4282 — 38) + 1808, (1478.2 + 1064, + 1126,) 
+ 3465 Ay! — 315085 — 7388.2 — 88948, + 493728, + 18613} 


Substituting these values of a, a’ and mg into the general equations for the Mean‘c, 


H2(o), w3(o) and py(c), and neglecting terms of order N~* or higher, after long 
transformations and simplifications I have obtained the following results : 


—_ ( _pt+2_t2—4p+4 T3 — 272—4p +8 T4— 8 (73+ 72) — 32p + 80) . 


4. 32N2 128.3 - - 2048Ne ~—SCOS ® 

- (35 a), 
; Lf T2—p*—8p | T3—pt2—4(T2— p*) 
pa(2)= ay P+ sy ——— 


T4— 4(p + 4) T3 — T2(T2— 16p) a ae 
+ 5122 PP icaiesn’ (35 b), 
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T2) — p* (p+ 15)} 


1 2 vs 
—- [Ts — 73 + dpTt2— 0 (Te 


4N 


l , 3 
b3(o) = SN 2 {rs — Te, + Sp? t+ 
| o. ” 5) .) ’ —_ a) ’ 

+ 642 [274° — 74+ 12pts — 24 (73 — 3) + 372? — Gp* re + 24 (T2’ — Te) 
eS Te 
— T2pte+ 24p? (p+ 3)] ” i ee 


3 — 2p (t2—T2) —8 (t2— 272’) + 3p* — 32] 


’ — 22+ 9p?) 


fi BY ow 
t4(o)= T2 — 272 +8+4+ Tz — 27. 
2 4? |"? “8 ay ls 
I ’ ? , 29 Der,’ 9 9 
+ 642 [t4—474' —8p(t3— Ts ) — 32 (Tz — 27g ) + 2ZT2(2T2 
; : ai a Fe — 
+ 64p (T2— Te’) + 64 (72 — 272’) — 3p? (p + 32)]} G......... (35 d), 
) 
where p=} (B2— 1), and the 7s, 7’’s are given in (34a) and (345). 
To find o,, 8,(c) and 82(c), in particular numerical cases, it is most convenient 
to use the general equations (16) directly after the calculation of mg, a and @’. 
(10) Now let us consider the special cases where the approximation is adequate 


up to the orders N~ and V~. 
In the first case, neglecting terms of orders N-* and N- in the general approxi- 
- o o o 


prt 2 2 ) 
32N? 


mate equations (35), we 
To 
Mean o=a\{1 : 
_Ff T2 — p> —8p 
pao) = a5 (p+ 3 
a+ | 
bs (o)= ya (72 — Ta + Bp") 
+4 

Oe STE 4S) so cvicccnawncateceabtevetesmeest (36) 


and 

But 1 (p + 2)=—1(82+3), 
t2— 4p + 4=— } (88;— 1582 + 148; — 488, — 55), 
3,— 782+ 1082 — 24h; — 23), 


=—4$(461- 
382—128,+1), 


Te—2Te +B= F(Bg—1)® ....ccreeeer cceccesceresceesecsecceceeees (87). 
If we substitute these expressions in the equations (36), we get a set of equations 
4 


and 
for the mean o, pg(o), 4g (o) and pa(o) which are the same as the equations (21), as 


we should expect. 


Biometrika xx11 
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In the second case, neglecting terms of order N~ in (35), we have 








7 = pt2 t2-4p+4 13—272.—4p+8) 
sistant { ~ 4N ~” 32N® ~~ 128N8 Sf? 
, vp a T2 —p- Sp = pte: 4 (T2 —P)\ 
Ke (c) — 2N |p 7 SN + 2N2 2 
=% Fade — ee 18 
Hs(o) = = ee oe. oe Sate es is ee > 
8A { “4N i 
o* ( ’ i Seay 273 — 2p (tT2— 72’) —8(T2— 272’) + 3p? — 32) 
= ro 2-2 fe) en. = = = = — 
Ma (c) 4N 2 ia T2 = > 4N 
Meets ge oe Sw eee (38). 
u 
13 — 272 — 4p + 8=4 {408 — 84; (3582 — 19) — 96083 + 3158.3 + 168082 A, 


— 2858.2 — 2558, + 19686; + 1017}, 
— pt2—4(72—p?)= 4 (108, — 48; (1782 — 11) — 24085 + 758.8 — T7982 

— 67 Bz + 408828, + 456A; + 213}, 

73. — T3+ 3pt2— 6 (Te! — T2) — p? (p+ 18) =4 {— 248, + 128, (1382 —9) + 5768 
— 1668,? + 1748.2 — 936828, + 1868, — 10808, — 474}, 
73 — 273 — 2p (T2— 2’) — 8 (72 — 279’) + Bp? — 32 = 1 (88, — 841 (92 — 5) — 1928 
+ 4328.8, + 908. — 1268,? + 1988, + 3368, — 138}......(39). 

Therefore, from the equations (37), (38) and (39), we have 


] ~ “ a ra 
Meano=¢ {1 _ gy (As 2+ 3) 4+— (88, — 1582 + 148. — 488, — 55) 


1282 
1 * a a ie ss 

10243 [4084 — 88, (3582 — 19) — 96085 + 31582? + 168082A1 

— 2858.7 — 2558. + 19688, + 1017}. 


Pea 0 te 
pa (o) = /|Aa-1- pie: 24/3, — 23) 





a” 
4N 
+ a9 ya (104s — 444 (1 ~11)— 2404, + 756.3 — 798.2 — 67 Ae | 

+ 40882 A; + 456A; + 213}} . 


a ~ 


fy —~ 262_198 1 “QAA 9A 2p _ 
Hs(o) = 16N2 1° 284 — 382 126,+1—- ign L2486— 1264 (1382 
— 57 


683+ 1668, — 1748.2 + 936828, — 1868, + 10804; + 474]! : 


 t. oe . a ia 9 Mas re oe 
and p4(o)= 16N2 \(8:- 1)’ + oy7 [86 — 84s (982 — 5) — 19283 + 43 2828; / 
+ 908, — 1268.7 + 1988, + 3368, — 138]! Rceisal (40) 


) 
These special formulae (40) correspond, when expressed in terms of semi-invariants, 
with Dr Craig’s formulae for X,(o) (r=1, 2, 3, 4)*. 


* See Craig, Metron, Vol. vir. No. 4, p. 56, also Biometrika, Vol. xx1. pp, 287—293. 
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(11) Now let us consider the case where the parent distribution is normal. 


In this case hi =83=As=...=9, 
6.=3, Bi=15, By=105 
and By = 945. 


ay (her taer) =i,(1+2 A 
=" oF NN? ws)? "8H ‘ + yt ye)? 


cae (1+: 6 1 5 
‘=i V * N2)? ms SNs 
«6 105 
Me = 5 v3 ( 3 WT) My 4Na 
105 
a 1-5 ye (41), 
and also =) = ae 7 __19 __—si0l 
ici ¢="*~ 4N 32N2” 128N3” 2048N2” 
i, 3 17 49 
a 2 9 
a y(! +79 says iaaws) eT Oe (42) 
Consequently, from the equations (14’), we have 
3 7 9 59 
A se — G = = 7” = a <LEL, En | 6@ORCOCOOSE ‘ 
nee e (1 aN ~ 3227 1283 aN) (48a), 
a 1 38 @ 
Be ( c)= IN (1 — 4N — sy? — says! Ji66eush46eebens eeneeed (43 b), 
a? 3 11 
‘ =—_ {1 - eat... via sie Mee omek pea weeanmaneas 43 c), 
Hs (2) = gya (1 + gy + say) pores 
3a l ae 
= —_.. {| —-~_——-— Sill...’ Sc, cas qreeGnccewaweteeseneees 43 d). 
Ha(o) av? ( 2N ~ 16N3) acai 


If we find the values of p, 7’s and r’’s in this case we have: 
p=1, te=7, t3=19, t4=101, te =6, Ts =17 and 7,’ =98. 
Substituting these values into the general approximate formulae (35), we can also 
deduce the same equations as (43) directly. 
Now, from the equations (43), if we find the expressions for o,, 8;(a) and §2(c), 
we get 


e # ] 3 27 \3 
= -—- 7 SS ae eee 44 
ve VON . 4N 8N? 64 ) see) 
a 25 241 
a ~~ ( ~ 8N 128N2 1024N") 
9 
Ai(7)= sy w(i+ + ys i) Seduce edaiettivc eae (44.5), 
and Be (o)=3+ sys EE re Py Be er Tee (44c) 
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(12) Special cases (continued). 


Finally let us consider the case where the parent distribution is of the form of 


Pearson’s Type III curve, i.e. 
ay\re . be 
Y = Yo (1 + ey, ccamsndaees ca seneaees (45), 
which is a skew distribution, and also the case of the exponential function (known 
as Pearson’s Type X curve), 
ER oe atincssavetavndeyelcdotes sis ceed eewd (46), 


which is a special case of the distribution (45). 








- 
je st 5 4, 
In these cases Be = 3 (Bi + 2 ), i= 
yat+] 
9 
2mv+1.~ a 
and generally Bam = ——>— {Bam-1 + 2Bem-a}; 
Bom 2 = (m + l ) {8 Bam + of meas eee e cece ee reseeereneeees (47 ). 


From the equations (47) we get 
As=38P+104, Ar= 3 (382 +138, + 6), 
Bs mG LA? + 7782+ 70/4), 
Bo ia i (458; 7 26162 + 3408, + 60), 
B; = 3156,!+ 200783 es 330482 + 12604, 
Bs = 2 (6308; + 43298, + 843542 + 49004, +420) ........ (48), 


On substituting these values for @,, into the expressions for p, and the 7’s and 
7’’s, we get, after simplification, 


p=}(8A,+4), t2=— +4 (10562 + 3446, — 112), 
tT! =—1 (3382 + 1044, — 48), 
T3 = gly (850583 + 3,78628,? + 1,63048, + 1216), 
73 = gy (391583 + 1,74848,? + 79528, + 1088), 
T4= — yhy (654,22356;4 + 3489,9984,6,? + 3571,92008,2 + 313,77928, — 2,5856) 


and 14’ =— yt, (126,56704\! + 680,73608,3 + 716,153682 + 71,47528, — 2,5088) 
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Now, from these equations and the equations (35), we can deduce easily 


341+12 , 1056; + 3928, — 112 


= | 
Mean o =¢ 41 — — antes 
Meano=ca IGA 5122 
8505;3 + 3,870082 + 1,8864, + 576 
- 8192N5 
z 654,22356,! + 3517,21448,3 + 3691,72808; + 362,16324, + 1,5104 
52,4283 .N4 ' 
fm i 4 5782 + 2328,+16 | 22058,3 + 1,02848,2 + 58088, — 192 
be(o) = . - \961+4— TBs a > ms Ps = Pa 
8N | 16N 128N? 


83,1915442 + 451,58884,3 + 489,14248,? + 55,57768, + 6912 
= 4096.3 ; 
1) i ee Z 278183 + 1321282 + 8304, — 192 
Ma(o) = Gave ro © ee 16N : 
. 108,8955 4! + 596,02088,3 + 663,70888,? + 87,8848, + 2816) 
a 512N2 )’ 
# (2 . 4958.3 + 174082 — 2408, — 192 
= ~ 197 8,8 + 725, + 48 — 
Halo) GAN? | 7Py  < Bit + SA 
162,3348,! + 864,6336 8,3 + 878,01608,2 + 67,89128, + 2,1504) 
ii eas 1024.2 


These results correspond to those given by Craig*, except that in each formula 
I have proceeded to one degree higher approximation. 
5 5D 
Further, if the parent distribution (45) reduce to the particular form 


a 


2 y=Yoe *, 
then the @’s become 
Bi=4, B.=9, Bs=88, f:=265, 8;=3708, &,=1,4833, 
8B, = 26,6992, 8,=133,4961 ; 
consequently 
p=4, t2=—184, 7’=—112, 73=1,9008, 73’ =8800, 
t= —1754,8608, 74’ =— 342,6176, 
and, from the equations (50), we have 
ii (1 _ 3 sd 49 > 2421 + 1 ore 5 
2N  8N* 16N% 128N4 ; 
| 21 14,2207\ .,. 
halo) = (2 ont V2 gs \ 2 
1 , 825. 18,79738\ .. 
piti\< wi (12 + st — oe) a eer aici means (51); 
which give us the Mean ag, p,(c) (r= 2, 3, 4) in sampling when the parent distri- 
bution is of the form of Pearson’s Type X curve. 


* Biometrika, Vol. xx1. p. 292, equation (17). 
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Section III. DEGREE oF APPROXIMATION. NUMERICAL VERIFICATION. 
(13) If the parent distribution be normal and infinite, it is well known that 
the sampling distribution of o is theoretically given by 
no? 
le OR Ne ib ice ds iets cvesevlogetnminianiand (52), 

where x is the size of repeated random samples, i.e. 

n= WN in foregoing articles, 
and if M be the total number of samples 


M f2 Fi i ie 
A= ey "a 5) 31 = ( if n 1s even, 


Jn, 
M o\~@). ’ 
or < > ( ) if n is odd. 
(n— 3)(n—5)... 4.2 \/n 
We may now compare the moments calculated from the equations (43) with 
the true moments obtained from the distribution law (52). 
If 2’ is the mth moment coefficient of (52) about o =0, then 


oo no” 


ao” +n—2 9 Se QG2 dao 


M pm!’ =A 


~ 2 no?> « : a 
St oe 
=-—A ( ) \| +m—3 9 | —(n+m-— 8) [ gmtn—4 o~ 38 deg 


Wy 0 J0 





~e, p@ no” | 


‘ ao” ~ 528 
= A(m+n-—8) ( ) | omin4te 2% da 


" 0 
G22 no 
=A (n+m-—3)(n+m-—5) ( | amin oe” 26 dg. 
\n/ Jo. 
Similarly, after integrating by parts k times, we have 
, (n+m—3)(n+m-—5)...(n+m—2k—-1)/e \**"4H 
kn = a UT oe 7 ( / ) 
(n—8)(n—5)...8.1 47!” sled 
h—-o R— Dy cee D- , 
or 4.2 
po no" 
x | ot im-te ee 2 do ....c20s: (53), 
0 


according as n is even or odd. 
From this general formula we can easily deduce 
» (n—2)(n—4)...3.1 /* sit — 
= oe 5~ ¢ i nm 1s odd, 
Pa (n—8)(n—5)... 4.2 V Qn 


(n— 2)(n—4)... 4.2 


or ~~ - ——— & if n iS EVEN...........00ceee. (54a), 
(n—3)(n—5)...3.1V 7/2 
/ 1 1 
e=(1— z '=( - ey _coccompincussemeaee 5 
be ( -) a, ile . 3) Co (54)), 


and ps3 = F* uy’ WeWe dag aair Coed euigweesacwaseauenenat (55), 
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which correspond to the special case of my formulae (12) whea the parent distri- 
bution is normal, i.e. 


‘ a n—1\t - 
py = 2=( ee soca daaeeowere ewan (56 a), 
Wt 
am i. sa 
Pe = d2p2 = Farad | igh ee ere ee b), 
dt 
i — m—1\3 ple ies 
Ms = As (fe)? = ( ) CF PS ca csccnsacscescaee (56c), 
n 
” eo n—1\2 ~4 oe 
[ba “Ve | : ) CE gO coc csxtsnseveuss (56 d), 
2 
her l 
where ma= Fin)’ 
nd 1 1 7 19 101 
an a=1—-—- — —__ — —__-_. 
: 4n  32n? 128n® 2048n4 
gethia t. *, ® i ) 
— N \ 4n 32n? 128n3 a Ne 


as we found already in Art. (11). 


Now, since the equation (56 d) can be transformed into 


we can see that my formulae for pe’ and jy’, when the parent distribution is normal, 
are identically equal to (546) respectively, and we have only to examine the 


accuracy of py’ and ys’ in (56). 


Now if we insert the expressions for @ and @’ into equations (56 a) and (56 c), 
retaining terms up to the order n~4, we have 
ms ” 
Pm ae. 9 i 59 ) 
. 4n 32n2 128n> 2048n4 


~ 


Oo, 


r—(] i! 1+ 3 x 17 + 49 | 683 Vas 
i aie n ( 4n * 32n2" 128n3 * 20484 
9 td ( AC 
= - . 9 59 ee emer (57), 


1—;--—- =— _ + —— 
( 4n 32n? 128n> 2048n4 
therefore fs = 7 yy. 
Accordingly, as far as terms of order n-4, my formulae also lead to the relation (55), 
holding between the first and third moment coefficients of the distribution law (52) 
about o=0. Thus the accuracy of my formulae, for the special case of normal 
Rare bas : ; 
parent distribution, depends mainly upon the accuracy of the formula for py’. 
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Now, from the equation (54a), we have 





| /n Mis 
Q"-3 (5 -1):| Jz 


- & if n 13 even, 
(n—2)! nT 


i 
M1 = 


n—2)(n—3)! Jone. . 
or aden ha a Js ir OEE  sicsncxeciedes (58). 


> 5 
gn-3 ("="): =n 
a) 


If we apply to these expressions Stirling’s formula 





1 + l 139 571 + \ 
12n  288n? 5,1840n® 2488320n4 ~~" /’ 


/ 


ei 
ni=n"e-"™V2an (1 +. 
after calculation and simplification we obtain 


‘ io 9 59 \ 
yn! = & (1-7 


a 
_— -+ oe 
4n 32n? 128n> ~ 2048n4 ‘ 
which shows us how far my formula for py’ is accurate. 
(14) Finally let us examine the accuracy of the formulae (43) for the moments 


of a, and (44) for o,, 81(c) and §82(c), numerically for various values of », the 
size of sample. 


Now if we write the equation (54) as follows: 


Mean o = py’ = ua, 


l aioe 
then be(o) = |—-— u®) o*. 


which correspond to my formulae (43 a), (43 6) and (44a). 





The numbers in Tables I, II and III are the values of G, u2(c) and o, respec- 
tively, obtained from the equations above and my corresponding formulae. 

For instance, in Table I the “accurate values” are those of the Mean o, given by 
equation (54a), and the values in the third column are for @ given by the formula 
(43 a). 

The values in the fourth and fifth columns are for G, given also by the formula 
(43 a) when terms of order n~ and terms of order n~* respectively are neglected, 

ie. by 


; , 3 7 w Nc 
o= _ — oa —. | 6, 
4n 32n? 128n3 
j 3 7 
and o¢=(1-— _— C. 
4n  32n? 


The second of these equations is a special case of the formula (21 a) in Art. (5) 
when the parent distribution is normal, and the first is the special case which 
corresponds to Dr Craig’s formula for 44 (oc) in terms of semi-invariants. 
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Comparing the values, given by my formulae, with the corresponding accurate 
values in these tables, we can see that my formulae up to the order n 
accurate, even when n< 10. 


are very 


TABLE I. 


oe 
Values of =. 
. € 





: eee 





Approximations, given by my formulae, 
including terms of order 


n size of Accurate 
| sample values $$ —_——— Ty — - 
| 
| | } at | A 1)n? 
| 
am | | | 
| 5 | °840 7487 ‘840 7336 | ‘8406875 | °841 2500 
7 | -888 2029 8881999 | -8881879 | -8883929 
| 9 | -9138749 | -9138740 | 9138696 | 9139661 
10 922 7456 9927451 | -922'7422 ‘9 
15 ‘949 0O76 “949 0075 ‘949 0069 “949 0278 
| 96 ‘961 9445 9619445 | -9619443 | “9619531 
25 969 6456 | ‘969 6456 ‘969 6455 | -969 6500 
30 ‘974 7544 ‘974 7544 ‘974 7543 ‘974 7569 
| 50 ‘984 9119 9849119 | “9849119 | ‘9849125 | 
75 ‘989 9609 | -9899609 | -989 9609 ‘989 9611 
100 ‘992 4781 | -992 4781 992 4781 ‘992 4781 
150 | -9949903 | -9949903 ‘994 9903 994 9903 
200 | -996 2445 996 2445 ‘996 2445 996 2445 








TABLE II. 


Values of Ha(c) ‘ 
: o 





| n size of 








Approximations, given by my formulae, 
including terms of order 


Accurate 





sample | values —___. — 
i 
| | 1/n4 L/n | 1/n 
=o rom | | | 
| | | 
5 | ‘0931417 | :0931625 | -093 5000 095 0000 
7 | -068 2385 068 2431 068 3309 ‘068 8776 
| 9 | 053 7216 053 7230 | 053.7551 | -0540123 
10 | 048 5405 | 048 5414 | 0485625 | -048 7500 
5 | |} 0327181 | -032 7222 032 7778 
20 | °024 6627 024 6641 024 6875 
25 | ‘019 7875 | -019 7875 019 7880 | -019 8000 
30 | -0165206 | +016 5206 016 5208 016 5278 
50 | -009 9485 009 9485 | -009 9485 009 9500 
| 75 | 0066440 006 6440 | 006 6440 006 6444 
| 100 | 004 9873 004 9873 0049873 | -0049875 
150 | 0033277 | °0033277 | °003 3277 003 3278 
200 | 0024969 | -0024969 | -002 4969 ‘002 4969 
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TABLE IIL. 


Values of o4/¢. 





} Approximations, given by my formulae, 
| including terms of order 

















| nsizeof | Accurate | 
|} sample values } 9 SS ee 
| 1/n2 | 1/n? 1/n2 | 
| 
| | a > ee ae = | 
5 | "3052 3053 3059 3083 
| 7 +2612 2612 2614 2625 
| 9 2318 ‘2318 | 2319 2324 
10 2203 +2203 *2204 *2208 
15 “1809 -1809 | “1809 ‘1811 | 
j 20 *1570 *1570 *1570 °1571 | 
25 ‘1407 *1407 *1407 | *1407 
| 30 *1285 "1285 "1285 | "1286 
50 ‘0997 ‘0997 } ‘0997 | 0998 
75 | ‘0815 0815 | 0815 “0815 | 
| 100 | ‘0706 0706 0706 | ‘0706 
150 ‘0577 “0577 | 0577 0577 
200 -0500 } “0500 | 0500 -0500 | 
| | 


3 7. ks 


— a3) €, 
4n 32n? 


/ 
@=(1- 


= Fe 6 
Hl = 9), t 7 in) 





L f/f 1 
me 1— iP ravhsorsntaesteetee emaeeate 22 bi: 
a V2n ( za) a (22 bis), 
ga(1 3 7 9 ~ 
— \ 4n 32? 128n3) 7 
1 1 3 
¢ . ° = _ wae + | 
and also \ Hale) an (1 in <3) a", 
l Il 25 \ 
= L— _ Be fe arcane ween cedesnoRt 5$ 
“e /2n ( Sn 128n?/ ? ( . '), 


give us good estimates when is not very small, as we can see in the tables, and 
we may therefore use these simple formulae in the calculation of G, ue(c) and ag, 
provided n is not small. 

Next, let us examine the values of ys(o) and py(c). From the equations 
(54), (55) and well-known relations between p,’ and y,, moment coefficients about 
the mean, we can deduce 


a ( ~4 2npia(o)| 


Halo) =~ | ae (o> 
{5 _1 (4 _ 3) (, _ 2mpa(o)\ _ 3 ~ may or 
and = ya(c)= lan? on (4 =} 1 za ) 4n2 (1 o2 Tc AGO)", 


* These non-approximate equations were first deduced by K. Pearson; see Biometrika, Vol. x. p. 526. 
They were used to table the accurate values of 8, (c), 8,(c) for various sized samples. 
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which correspond to my formulae (43) for ws(o) and py (co), i.e. 


bith 143 =) 
M3\9, ~ An? \ 4n $2n?/’ 

3a4 1 7 ee 
pa(oc) = 42 a — on _ aa) Ce ovecsoceceseneesoes (43 bis), 


as already found in Art. (11). 


I have calculated the values of y3(o) and ya(c) given by (60), and also those 
given by (43 bis), and they are shown in the second and the third columns of Tables 


IV and V. 
We can obtain also two degrees of approximation more, as before, according to 
:; ; : : 1 ‘ 
whether we neglect terms of the equations (43 bis), of order 4» or also those of order 
: n 


Sow : ; : ; 
3- These values are given in the fourth and five columns of Tables IV and V. 
n ; 
It will be seen that the complete formulae (43 bis) give us very good approxi- 
mations, even for quite small samples, while the approximation which neglects the 
terms in n~ will often be quite adequate. 


But the simplest formulae 


— 1 ~s 
bs(o) “2 oC 


9 


o 


and Es 4 
unt ba(o) 4 


56 
n* 
do not give good results unless n is very large, and when it is the distribution of 


o has become practically a normal curve. 


TABLE IV. 
Values of ps (o)/e*. 


Approximations, given by my formulae, 
including terms of order 
| m size of | Accurate 





sample values | —————s l ss l eee 
1/nt 1/n' 1/n* 
| | | 

5 | °0115323 | ‘O11 6375 0115000 | -0100000 
7 | -005 6669 | -0056845 | -0056487 | -005 1020 
9 | 0033521 | -0033567 | -0033436 | -003 0864 
10 002 6934 | °0026961 | -0026875 | -002 5000 
15 001 1680 | ‘001 1684 001 1667 | °001 1111 
20 “000 6489 | 0006490 | -0006484 | -0006250 
25 000 4122 | ‘0004122 | -0004120 | -000 4000 
30 000 2848 | 0002848 | -0002847 | -0002778 
50 000 1015 | “000 1015 000 1015 | “0001000 
75 0000449 | 0000449 | 0000449 | -000 0444 
100 000 0252 | 0000252 | -0000252 | ‘0000250 
150 0000112 | 0000112 | -0000112 000 OF11 
200 “000 0063 | 000 0063 | 000 0063 000 0063 
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TABLE V. 
Values of ba(o)/ o* 

















Approximations, given by my formulae, 
including terms of order 
n size of Accurate 
sample values ine l 
1/nt 1/n | 1/n? 
ane) SF ace ae es =e ee! te ee 
| 5 026 541 026 475 “027 000 “030 000 
7 ‘014 O86 ‘014 076 Ols 213 015 306 
9 ‘OOS 697 | “O08 695 “008 745 | “009 259 
10 ‘007 094 | -O% 17 O92 007 125 ‘007 500 
15 003216 | 003216 003 222 ‘003 333 
20 ‘001 826 ‘001 826 ‘001 828 ‘O01 875 
| 25 001 175 001 175 001176 | ‘001 200 
30 000 819 ~=| ‘000819 (000 819 | ‘000833 
50 ‘000 297 | “C00 297 ‘000 297 | ‘000 30% 
75 000 132 “000 132 000132 | 000133 
| L100 ‘000 O75 ‘000 O75 ‘000 O75 | 000 075 
150 ‘000 033 ‘000 033 “000 033 “000 033 
200 00019 | -o00019 | 00019 | -000019 
| 


Finally, let us examine the values of 8,(o¢) and §2(c). From the 


(59) and (60) Prof. K. Pearson deduced 


* aa* / 2nps(o)\2 
’ Pele}* =; a = ~ ’ 
e n* U2 (o)* a? |} 
oe rm 


and 


= a "i. «* a. 2 
Bs(o) = ea (° an (4 =) (1 . 


which give the values of the second columns of Tables VI and VII 


My corresponding formulae are 


2n 


l 
Pi(o)=s5-—- (14 


as already found in Art. (11). 
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equations 


(44 bis), 


These expressions for §’s lead to the figures in the third columns of Tables VI 


and VII, while the fourth and fifth columns result from the equations (44 bis), 


neglecting (i) the terms of the highest order in n-, and (ii) also the next highest 


oraer terms. 


It will be seen, from these numerical values, that if n is not very small the 


accuracy of my full approximation for 8i(o) and §2(o), as far as four decimal 


places, is very satisfactory. But the other less accurate approximations are not so 


and, especially, are quite inadequate for 82 (oc) when n is small. 
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TABLE VI. 
Values of Bi(c). 





Approximations, given by my formulae, 
including terms of order 


Accurate 


; m size of 


| sample values edie a —- 
| L/n 1/n l/n 
| | 
| | 
5 | *1646 "1605 *1450 *1000 
7 ‘1011 “1000 “0944 ‘O714 
9 | “0725 0721 “0694 “0556 
10 | “0634 “0632 | ‘0613 “0500 
15 0390 0389 0383 0333 
20 “0281 “0281 | ‘0278 "0250 
25 0219 0219s 0218 ‘0200 
30 “O180 | “0180 | “0179 “0167 
50 *O105 j “0105 “0105 *OL00 
75 0069 | -0069 | -0069 0067 
100 “0051 | “0051 “0051 *0050 
150 “0038 “0038 “0038 *0033 
200 “0028 ‘0028 ‘0028 “0025 } 
| } 








TABLE 
Values of 


Approximations, 








VIL. 


Bs (a). 


given by my formulae, 














: including terms of order | Ream 
n size of Accurate = a ee ee Gunals | 
sample values — - (62) 
1/n? 1/n (1/n) | 
= en 2  aeneenas 
5 3°0593 3°0300 3°0000 3°0000 | 3°0488 
7 3°0251 3°0153 3°0000 3-0000 | 3°0221 
9 3°0136 | 3°0093 | 3°0000 3°0000 | 3°0125 
10 3°0106 3°0075 3°0000 3°0000 3°0098 
| 15 3°0042 | 3°0033 3°-0000 30000 | 3-0040 
| 20 3°0022 3°0019 | 3°0000 3°0000 3°0022 
| 25 3°0014 3°0012 |  3°0000 3-0000 | 3°0014 
30 3°0009 3°0008 3°0000 3°0000 3°0009 
50 3°0003 3°0003 |  3°0000 3°0000 | 3 3°0003 
75 3°0001 | 3°0001 3°0000 3°0000 | 3°0001 
100 3°0001 3°0001 | 3°0000 30000 | 3°0001 
150 3°0000 | 3°0000 3°0000 3°0000 3°0000 
200 3°0000 | 3°0000 3°0000 3°0000 | 3°0000 | 
{ J ad 


Note.) From our approximation we cannot find the term in n-* for 8z(c) exactly, 
PI . 
but if in expanding (u2(o))~ when using (43 b) to caiculate 82, we retain one more 


term in our calculation, we get 


3 25 > 
9 =3 + : eS So" } ovecccs wees eeeccceseses ee 62) 
Ba(o)=3 An? \ + Sn ( 
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If we use this equation for the calculation of B2(o), we get more accurate values of 
B.(c), as indicated in the sixth column of Table VII, when the parent distribution 
is normal. But, from these results only, we cannot assert that this incomplete term 
in n~* of Bz(c) should always be retained *. 


(15) The numerical examination we have carried out in the foregoing article 
gives us some idea of the accuracy of the general approximate formulae (35), for 
if in the special case when the parent distribution is normal we get good results, 
we may anticipate a somewhat like adequacy in the more general result although 
the convergency is usually less satisfactory in non-normal cases. 


Moreover, I may remark that calculations by the formulae (43) and (45) are all 
much simpler than those by the formulae deduced from the distribution law 


no” 


y= Ao™1¢e 26, 

Accordingly formulae (43) and (45) are themselves of value not only as special 
cases of the general formulae (35), but also for their adaptability to simple calcula- 
tions. Thus they may be useful even in the case when the sampled population is 
normal but the Table+ of the constants of the o distribution is not at hand. 


(16) The general equation (15) was obtained subject to only one condition, 
1 


> 


. » U 
namely that the expansion of (1 + y 


Be 


) under the integral in a series of ascending 


powers of y was justifiable. This would be true if 


p 
Es <i or NG  Ragudeswmessbetecesnesos .(63). 
He Ke 
Let us consider more carefully what this implies: Since pw, 2 0 and fig= a? (N —1)/N, 
the condition (63) may be written as follows : 
N-1 N-1 
e— (1—€) F< psy <—y— (1 + €) @....... sevesesense 63’) 
y ‘ eS a said 
where € is a positive quantity, less than 1, but 1 —¢ may be as small as we please. 
This means that our expansion would be justified if we exclude values of 2 whose 


deviations from the mean, Zz = ~ 6", are numerically greater than 


Suppose /, and /, are the lower and upper limits of y= — fz in sampling, 
1, will presumably be — fg while /, may for certain theoretical distributions at any 
* [To calculate the true term of 8, (c) in n~* requires us to find y,' to the fifth order term, or another 


term, that in n-°, in Stirling’s Theorem. A better approximation than (62) is: 


1 1 ‘ 
p.(o)=3 (1 + ae + 3) Ep. ] 


n 


+ Biometrika, Vol. x. p. 528. 
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rate take the value o, but practically /, is finite; then in the equation (11), 
a;(t=1, 2, 3, 4) may be written 
«= | “&(y)(I +e) ays ee (y) (1 +1)" dy+ [* b(y)(1+2 ay 
ue be J -€ity Tey J ia ; Be 
REPT accctcir ninierserinnetinicicniomp ance (64), 
and, with the restriction (63), we retain only the second integral fy for a;. 
Thus we have first to consider the convergence of /2. 


7 , rs C; r Go » 
Now faH=l+ tr = WEN cksisaisianictmed (65) 
y=1 Mo J -€M, 
and ®(y) is always positive and in most cases limited. 

Hence if M be the upper limit of ®, then 


1 [et f ey 2Mp : 
—— | _ B(y)y"dy< 2 My'dy< =F ne (66), 
Me’ J - elt, eel B 77 : r+1 


r 
. oo 


and therefore the first expression in (66) decreases as r increases. Further C;., (7 < 4) 
is less than 1 for finite values of 7, becomes alternatively positive and negative and 
is such that Lim C;, y,1)/C;,,=1. Hence we can see that the series (65) for fg is 
T3?.o 
convergent. 
Secondly, if /,, /2 lie within the interval (— efig, efiz), then since ® (y) = 0 always 
in the intervals (— ee, 1) and (efe, le), 


Ai=fs= 9, 


and the equation (11) becomes quite exact. If J, is out of the interval (— ef2, ef2), 
as 1 —e may be as small as we please, /; must be — fi and 


fi=|_“"@(y)ytdy>0 as e>1. 
J — Bs 


Therefore we can say that /, is always negligible as compared with fe. 
Now 2M, being the rth moment coefficient about the mean of pe, 


> 


rly f — chin fei rl, 
2M, = , Py)ydy= I P (y) y’dy + | _ B(y)y’dy +] _ B(y)y"dy 
“4 “4 + — Eg J Eg 


jks 


=s,+ [ _ Bly) yo dy + 8 , BAY .....cccvesereverersesesens (67). 

J —€My 
But we can easily show that s, is negligible compared with the second integral as 
before. 


Accordingly 2M,= an D(y)y" dy + eh eee -Waabhwesrateeen (67’). 
o> Eby 


It will be seen therefore that the justification of my equation (11), expressing 
a; (t= 1, 2,3, 4) in terms of m, or 2M,, is based upon the assumption that the integrals 
fs in (64) and s,’ in (67) are negligible compared with fz and 2M, respectively. 
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If l2< «fig, this assumption becomes needless. Generally speaking the question 
whether the condition be satisfied or not must depend for its answer upon the form 
of ®(y), but to obtain the general form of ®, for which s,’ and f3 are negligible, is 
not an easy problem. We may note, however, that in usual cases for | y| > efi2, P (y) 
is very small, and since 





N-1 ~ ie ’ 
oy = = af Ba-3+ a o*—>( as N “a. 


® will tend steadily to zero as the sample size is increased. The results, given in 
Art. (14), suggest that at any rate fer populations in the neighbourhood of the 
normal, where we have a direct check, the formulae I have developed on this 


assumption provide good approximations to the moments of the standard deviation. 





A STUDY OF SEVENTY-ONE NINTH DYNASTY 
EGYPTIAN SKULLS FROM SEDMENT. 


By T. L. WOO, Px.D. 


1. Source of the Material. In the winter 1920—21 the British School of 
Archaeology in Egypt, directed by Sir Flinders Petrie, excavated a large cemetery 
at Gebel Sedment. This site is 70 miles south of Cairo and it overlooks the 
Fayum. A report on the excavations has been published*. Graves of various 
dynasties ranging from the Ist to the 19th were examined. The majority of the 
interments belong to the 9th dynasty and 71 well-preserved skulls of that date 
were kindly presented to the Biometric Laboratory. These form the subject of the 
present paper. As far as is known the crania preserved were not selected in any 
way except that preference was given to complete specimens. The grave furniture 
did not suggest that any foreign elements were present in the population 


represented. 


2. The Nature of the Series anew kemarks on Individual Crania. The series 
from Sedment consists of 71 skulls of which the majority are well preserved and 
almost complete. There are 62 more or less complete mandibles. Several specimens 
which were damaged in transportation have been repaired. In general appearance 
the skulls do not differ markedly from those belonging to other dynastic Egyptian 
series and they appear to belong to a single racial type. There is no reason to 
believe that the sample is more heterogeneous than normal ones representing 
a single cemetery and a restricted period of time. Only one skull (No. 28+) possesses 
Negroid features. 


There are 69 fully adult specimens. One (No. 20) is juvenile and no use was 
made of its measurements. Another (No. 64) is not quite adult as the basal suture 
is open, although all the 3rd molars are fully erupted: its measurements were used 
in computing the ¢ means. The series was sexed anatomically by Dr Morant and 
he distinguished 40 males and 30 females. These sexes could be compared with 
ones given in the archaeological report in 28 cases: there is agreement in 25 and 
the evidence of the skull alone was accepted in the other 3 cases (Nos. 12, 45 and 
67). Several / specimens are exceptionally massive and muscular (especially Nos. 


7 and 39) and one ¢ is unusually small and feeble. 
* Sir Flinders Petrie and Guy Brunton: Sedment. British School of Archaeology in Egypt and 
Egyptian Research Account. 27th year, 1921. 2 Vols.’ London, 1924. 
| The skull numbers given in the text are the serial ones which were marked on the specimens in 
the Biometric Laboratory. The corresponding grave numbers are given in the tables of individual 
measurements (Appendix I), 
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Remarks on individual crania are given in the tables of measurements 
(Appendix I). The condition of the coronal, sagittal and lambdoid sutures was 
examined and, unless otherwise stated, it may be assumed that these three at least 
are all open. In order to obtain a rough estimate of the age constitution of the sample, 
division was made into the three groups for which frequencies are given in the table 
below. The divisions between them are not precise but a clear sexual difference is 
indicated. It is known that sutural closing normally begins at an earlier age for 
male than for female skulls*, so this is no evidence of a sexual difference between 
the mean ages at death. Individuals at different adult stages of development are 
evidently represented. 


Condition of coronal, sagittal and 


i Males Females 
} lambdoid sutures Lale F ale 
| 
| ——— _ - 
All open eee eee eee wae 6 (15°0° 16 (534 
}ecinning to close or partly closed 9 (47 “ein 
B t | | tl: ] | 19 (4 10 (33°3 
All closed or nearly closed Ses 15 (37°5 1(13°3 


Thinning of the calvarial walls due to age was noted in the case of 1 ¥ skull 
(No. 71). In the present series the majority of the skulls show the sutures closing 
in a definite order, the sagittal being first, the coronal second and the lambdoid 
last. A few specimens show the coronal closing before the sagittal. The lambdoid 
suture frequently closes before the coronal in the case of Western European crania. 
Three specimens have a complete metopic suture, contact being made between the 
right frontal and left parietal bones in 2 cases (Nos. 22 ¢ and 48 ¥) and between 
the left frontal and right parietal in the other (No. 67 2). Faint traces of the 
frontal suture were als+ found on 2 other skulls (Nos. 19 # and 52 ¢). The 
frequency of this anomaly (43°/) is almost exactly the same as for the Badari 


Egyptians} (5°1'/) but not a single instance of it was found among 47 skulls of 





the Ist Dynasty {. Metopism is more frequently met with in European series, as 


several have provided percentages ranging between 7 and 10. 


It is commonly found that one cr more wormian bones are present in the 
lambdoid suture in considerably more than 50°/ of the specimens forming an 
unselected European series. Judging from the small samples which have been 
examined, these supernumerary bones are less frequently met with among 
Egyptian crania. Of the 40 ¥ skulls from Sedment, 15 have wormians, and of the 
30 ¢ skulls there are also 15 with one or more wormian bones. The following 


ossicles we: 2 found in other positions, the sexes being pooled: 7 of the lambda, 3 in 


See J. Frédéric: ‘‘ Untersuchungen iiber die normale Obliteration der Schiidelnihte.”’ Zeitschrift 
fiir Morphologie und Anthropologie, Band rx. (1906), S. 373—456. See especially S. 439 and 
S. 442—443, 

+ B. Stoessiger: ‘‘A Study of the Badarian Crania recently excavated by the British School of 
Archaeology in Egypt.” Biometrika, Vol. xtx. (1927), pp. 110—150. 

t G. M. Morant: “A Study of Egyptian Craniology from Prehistoric to Roman Times.” Ibid. 
Vol. xvi. (1925), pp. 1—52, 
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the sagittal, 2 in the coronal suture, 3 at the right asterion and 1 at both asteria. 
There are no ossicles of the bregma. Inter-parietal bones are also lacking and only 
2 skulls (Nos. 59 and 65) show traces of the transverse occipital suture. Traces of 
the suture between the ex- and supra-occipital bones were also found in 2 cases 


(Nos. 30 and 49). There is one $ specimen with fronto-temporal articulation on 
the right side (No. 51) among 67 which could be examined for this feature. 
Epipteric bones appear to be unusually common: 9 cases of one or more epipteric 
bones on one or both sides were found among 32 ¥¢ specimens and 12 cases among 
25 2 specimens. One “? skull (No. 63) has a large protruding ossicle above the 
right parieto-mastoid suture (see Plate V B). 

In general the teeth are in a remarkably good state of preservation. A large 
proportion of the skulls, including ageing and aged specimens, was found with 
dentition complete and free from disease. Most of the teeth are markedly worn. 
A few cases were noted of adult skulls with no 3rd molars in one or both jaws. 
Three carious molars were the only diseased teeth found. 

The frequency with which palate bridges occur was not observed, as experience 
has shown tha: they are often broken before the skull is examined in the laboratory 
and it is not possible then to tell whether the original bridge was complete or not. 
One unusual case of multiple bridges (No. 65) may be noted. 


The existence of single or double precondyles on the basi-occipital was recorded. 


We found 5 cases of double and 3 of single precondyles. 


There is one case of marked calvarial asymmetry (No. 26) and one of asymmetry 
of the facial skeleton (No. 58). The sizes of the jugular foramina were compared: 
JR denotes that the right is the greater, JZ that the left is the greater and 
J = that no difference can be discerned between the sizes of the two. The following 
frequencies are given: 


Male Female 
IR 24 14 
J= 3 7 
SL, 8 ( 


Every cranial series which has been examined in this way has shown that the 
right jugular foramen tends to be larger than the left. The question of calvarial 
asymmetry is discussed in the section on contour measurements below. 

All cases of tympanic perforation have been recorded. There are 11 with 
perforation of the plate on both sides and 6 others with perforation on one side or 
the other. The percentage frequencies appear to be unusually high. 

Few uncommon anomalies of particular interest were observed. One skull 
(No. 33) has a small exostosis on the supra-occipital, another (No. 10) has an 
excrescence behind the left condyle. One ¢ specimen (No. 65) has a markedly 
retreating frontal bone, a prominent superciliary ridge and also a basi-occipital 
incisure on the left side (see Plate V A). 











68 Seventy-one Ninth Dynasty Egyptian Skulls from Sedment 


3. Comparison with other Series by the Method of the Coefficient of Racial 
Likeness. 

Measurements of the series were determined according to the technique used 
by previous workers in this Laboratory and the usual index letters are employed *. 
The ¢ and 2 mean measurements are in Tables I and II respectively and the 
individual measurements in Appendix I. As the sample is a small one, all the 
standard deviations were not calculated, but comparison is made below between 
male values for six characters and the corresponding standard deviations which have 
been given for the series of 900 # Egyptian skulls of the 26th—30th Dynastiest. 


B H' |} 100 B/L 100 1'/L 100 B/H’ 


from Sedment 
26th—30th Dynasty) | 
Egyptians from 5°72+°09 | 4°76+°08 | 5°03+°08 | 2°68+-06 | 2°944+°05 | 4°30+-06 
Gizeh 


$ Jynasty | 
th I ynasty ee | r : oes . ee a 
Egyptians 5°85 + 44 | 3°98 +°30 | 49364 °39 | 2°714°20 | 2°994°23 | soot 27 
| 


This comparison suggests that the Sedment series is not more variable than the 
Gizeh one and the latter is known to be more homogeneous than most cranial series 
available. 

Professor Karl Pearson’s method of the coefficient of racial likeness was used to 
determine the racial affinities of our sample. This is defined for practical purposes 
to be: 


—S — x r —-1l+ + 67449 
ne L Oo." NetrNs ne \ m 


1 (M,—M'.P rn’, 7 [2 


where M, is the mean based on nv, skulls for the first series, WM’, and n’, are the 
corresponding constants for the second series and m characters are compared. The 
o's of the long 26th—30th Dynasty Egyptian series were used throughout { and the 
coefficients were calculated for the 31 characters usually employed, or for as many 


of them as were available. The coefficient may be written: 


l * 2 
S(a)-—1+— + 67449 / 
d 


et ” N m 7 
( VW, — M’,; N_Nn' 
where a= 7 x -° 
oo. Neo tN g 


The mean number of skulls available for the characters used is denoted by 7, in 
the case of the first sample and N' . in the case of the second sample and these 


sizes” of the samples are usually unequal and may be of very different orders. 


The values of the coefficients are largely determined by the “sizes” of the 


s 


Definitions of the measurements will be found in any recent volume of Biometrika. 

ft Karl Pearson and Adelaide G. Davin: ‘‘On the Biometric Constants of the Human Skull.” 
Biometrika, Vol. xv1. (1924), pp. 328—363. 

t Ibid. Vol. xv. (1924), pp. 338 and 339. 
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Mean Male Measurements of the Sedment and related Series. 





Characters 


#4 


SSA RRDRRRRE 


~~ 
ns 


—- 
100 BIL 
100 W/L 
100 B/ H’ 
100(B— H 
100 GH'GB 
100 VB/ NH 
100 O, 0; 
100 G Gi, 


100 fib! find 





4th and 5th 
Dynasty 
Egyptians: 
Deshasheh 
and Medum 
(Thomson and 
Maclver) 


9th Dynasty 18th 


Egyptians: 
Sedment 
(Woo) | 


Modern 
Cretans* 
(v. Luschan) 





20th 
Dynasty 
Egyptians: 
Thebes 
(Stahr) 





Middle 
Dynastic 
Egyptians: 
El-Kubanie 
North 
(Toldt) 











Modern 
Egyptians *: 
Cairo 
(Schmidt) 


1426-9 (3: 0 (50 1355°0 (27 1348-0 (47 
179°6 (40 183-0 (30 
181-9 (40 184-9 (54 180-2 (53 183°5 (57 176°1 (47 
138°3 (40 39°3 (54 139°4 (53 137°3 (5 137°6 (46 | 
92-6 (40 96°1 (52 94-9 (50 94°3 {47 
138-2 (38 36-0 (46) | 
137°4 (38 136°0 (50 137°5 (52 133°7 (54 135°9 (35 134°6 (46 
115°3 (39 114°1 (56 11671 (36 
100°8 (37 101°8 (47 101°5 (40 101°9 (56 101°6 (34 100°9 (46 
314°9 (39 313°5 (52 312°9 (46 
373°8 (36 372°1 (51 364°8 (46 
129-0 (39 125°7 (54 | 
129-9 (40 129°8 (50 | 
115°0 (37 114°7 (54 
113°3 (39 111°9 (56 
115°6 (40 116°1 (52 
98°6 (37 96°71 (54) | 97-3 (30 95°4 (46 
11°7 (40 512°6 (54 505°6 (35 901 °3 (46 
71°5 (38 71°3(19 9°1 (49 70°71 (56 70°71 (29 69°8 (46 
93°9 (37 95°5 (54 94°9 (29 94°8 (43 
127-2 (29 1 (16 129°7 (51 128-6 (53 125°5 (26 27°9 (44 
51°4 (38 52°0 (44 50°7 (49 50°8 (56 19°8 (37 5O*2 (46 
24°5 (39 25°1 (43 24-2 (49 25°3 (53 24°8 (36 24°8 (45 
21°2 (32 21°6 (48 21°1 (52 23°4 (34 — 
9°5 (37 10°8 (52 
R)39°7 (35 38°3 (59 38°1 (35)r | 
R\ 33-3 (40 32°8 (53 32°3 (35) 32°5 (46) | 
16°7 (36 2! 16°6 (41 
10-1 (31 10°3 (39) | 
96°O (37 96°3 (42 97°5 (45 
35°9 (37 35°0 (46 | 
30°1 (38 9° (46 | 
76°1 (40 {75-4 (50 (78-1 (46)} | 
70°5 (38 i72°6 (50 {76°4 (46 
i 100°9 (38 102°4 (50)} £102°3 (46 
) 3 +-0°6 (38 4+1°8 (50 {+1°7 (46)} | 
76°3 (36) | 73°7 (41) | 
17°7 (38 {48-2 (44 19°4 (45 } 
R) 84-1 (35 | 
85°6 (30 7°O (36 
84:1 (37 83-0 (46) | 
64°0 (37 | 
65°°1 (36 64°°6 (19)! 66°°7 (45)} 
72°*4 (36 73°°4 (19 {72°°3 (45)} | 
42°°5 (36 42°-0 (19% {41°°O (45)! 
30° °6 (36) 
11°°9 (36 
84°°4 (37 


The means of these series calculated by Dr 
+ The indices and angles in curled brackets w 
instead of from individual values. 
t O,=40°8 (36). 


t 


Morant have not been previously published. 


re obtained from the means of the component lengths 


Modern 
Abyssinians: 
Tigre distric 

(Sergi) 


183°7 65) 
36°3 (65 
94°6 (65 
133°5 (64 
112°6 (65 


99°8 (64 
309°8 (65 
372°7 d58 
130°2 (65 
128°9 (65 
113°7 (57 
112-9 (65 
114°9 (65 
95°8 (57 
513°0 (65 
69°1 (65 


9°5 (64 
39°4 (65 
33°2 (65 
39°0 (61 
95°2 (64 
36°1 (57 
29°5 (59 
74°3 (65 
72°7 (64 

{102-1 (64 
{41-5 (64 
3°9 (57 


84°3 (65 
{SL °7 (57)! 
62°0 (57 
{65°°4 (64) 
{73° °2 (64)! 
{41°-4 (64)! 
{30°*4 (64)! 
'11°°O0 (64)! 
84°°2 (65 
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TABLE II. 


Mean Female Measurements of the Sedment and related Series*. 


| — i a 
: 18th—20th 6th—12th | 12th—15th 18th Dynasty 
9th Dynasty irnhaky Modern Modern Dynasty | Dynasty Egyptianst: 
Characters | Egyptians: | Exyptians t. Egyptians ae Abyssinians t: | Egyptianst: | Egyptians?: “Abydos 
Sedment Phsher Cairo Tigre district Denderah Hou & Abydos (Thomson and 
(Woo) (Stahr) (Schmidt) (Sergi) (Thomson and | (Thomson and Maclver) 
| | Maclver) Maclver) 




















C 3°5 (25 |} 1284°8 (43 1211-4 (26 1318-4 (23 | 
F 173°1 (30 174°6 (149 174°9 (88 176°8 (67 
L 172°9 (30) | 171°2 (26 175°1 (24 174°8 (149 175°3 (88 177°5 (67 
3 133°5 (30) | 131°3 (26 129-4 (24 130°3 (147 13174 (88 134°5 (67 
3” 87°4 (30 91°7 (26 89°8 (24 
H 131-7 (30 128°8 (26 
H’ 130°A (30 27°9 (43 126°7 (26 22 129°5 (147 127°7 (88 128°1 (66 
OH 110-4 109-2 (45 23 | — | 
LB 7 97°1 (46 96-0 (26 22 96°3 (141) | 95-0 (88 95°8 (65 
@ 5 99° (44 29671 (26 23) | 
S 354°9 (41 351°6 (26 22 
S; 121-0 (42 24 | 
So 124°3 (42 24 
No 110°0 (45 22 
iS,’ 106°5 (42 24 
S. 111-2 (42 24 | 
Ss 93°8 (45 91°4 (26 22 
U 194°2 (46 184°9 (26 4 
GH 66°3 (46 63°5 (26 24 66°4 (136 67°3 (88 67°D (66 
GB 91°7 (43 92-9 (26 1) 
J 121°2 (43 120°6 (26 13 118.3 (121 118°8 (82 121°4 (64 
Vi 48°6 (45 15°3 (26 24 $8°5 (138 48°4 (87) | 19°2 (67 
NB 24°3 (43 24°6 (26 24 24°9 (137 24°4 (87 } 25°1 (67 
DCU 21°1 (42 23 
Nt 10°6 (39 9°3 (23 
O(R 
0; (L) 
0) (R 37°1 (45 38°5 (20 
0, (R 33°0 (46 32°5 (26 32°7 (23 
0, (L 
G bd 
Gy 16°O (24 
Gs i8-O (39 38°7 (24 
GL 92°3 (44 95°0 (26 92-4 (138 90°3 (88 91°7 (65 
fl 34°1 (43 33°5 (26 } 
fmb 98°7 (45 27-0 (26 
100 B/L 75°5 (44 {76°7 (26 74°5 (147) {75-0 (88)! {75°8 (67 
100 H'/L 72°6 (39 i740 (26 74:1 (147) {72°8 (88)! {72-2 (66)! 
100 B/H’ {104°1 (43 103°6 (26 | 100°6 (147 {102°9 (88)! {1050 (66)} 
10OO(B-H'\/L {43-0 (39 +2°7 (26 1-7 (22)! 0-5 (147 $49-] (88)! f43-65 (66 
100 G’H/GB 71°9 (37 68°5 (26 71°8 (20 } 
100 VB/ NH’ 50°3 (40 54°6 (26 51°7 (24 {51°3 (137)} {50°4 (87)! | 51-0 (67)} 
100 0./0, R 
100 0,/0, (L 
100 O2/0,/ (2) | | 88°7 (45 85°3 (20 | 
100 G,/G, 
100 G./Gy 84°4 (24 
100 finb/fml {84°2 (43 81°0 (26) | {81°6 (21) 
Oc. 1 63°4 (45 61°7 (22 
Nz {65°°7 (44)! 69°°6 (26 {66°°2 (22)! {66°°1 (136 9 (88) 165° °3 (60 
{2 {73°°2 (44)! 71°°5 (26 {72°-4 (22)! 72°°7 (136 1 (88)! I72°"5 (65 
PL $1°°1 (44)! 38°°9 (26 {41°*4 (22)} 41°°2 (136 7 (88)! {49°*2 (65 
6; 28°°9 (44)! {28°-9 (22 
é 412°°2 (44)! {12° (22)} | 
F's. 85°°4 (45 84°°9 (22 | 





The ¢ mean measurements of the El-Kubanieh North and South series compared in Table III are 
given in Biometrika, Vol. x1x. (1927), Table II facing p. 117. 
+ The means of these series have not been previously published. 
t The 


+ 


indices and angles in curled brackets were obtained from the means of the component lengths 
instead of from individual values. 
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samples which happen to be available, and some method is. needed to eliminate 
this factor as we wish to obtain, as far as possible, a measure of the absolute 
divergence of the types compared which does not depend on the numbers of skulls. 
The correction needed has been given by Professor Pearson in a recent paper*. 


¥ 


‘*Note on Standardisation of Method of using the Coefficient of Racial Likeness.” Biometrika, 
Vol. xxB, (1928), pp. 376—378. [I am by no means satisfied with this so-called correction or reduction, but 
was urged to it by the criticisms of Dr Morant and Professor Mahalanobis as possibly the best at present 
available. The coefficient of racial likeness as originally proposed by me was a measure by which we 
might roughly judge the likelihood that two cranial series were samples of the same population. 
I, personally, should lay no weight on any ‘‘crude”’ coeflicient of the order three or less obtained from 
not more than 50 crania in each series as indicating a racial difference. Crania from two adjacent 
London burial places of the same period will give coeflicients of this order. Such coefficients may 
easily arise from the differences in personal equation of two measurers, or from differences of class or 
environment of the two populations under consideration. We have also to remember the neglected 
correlation terms of our expression for the C.R.L. It is not alone the error of random sampling 
which has to be weighed. 

Suppose three series A, B, C, then if the C.R.L. of A and C be much larger than that of 4 and B we 
are justified in supposing that to the extent of the information derivable from the given data (and beyond 
that we cannot get) C is racially more remote from A, than B is. To this Dr Morant and Professor 
Mahalanobis reply: ‘*Yes, but the C.R.L. increases when the numbers of one or both series of crania 
increase, and therefore it is dependent on the numbers used, as well as on racial divergence.” To 
illustrate this I take the 18 cases of Mr Woo’s Table III and rank them (a) in average number of 
crania measured, (b) in order of crude coeflicients, (c) in order of reduced or corrected coefticients. 
If p be the correlation of ranks we have: 

Pab = "71832, pg, =*2239, 
and accordingly for the variates approximately : 


r -7972 r 


ab "> ac 





The reduction has therefore very sensibly reduced the correlation between the numbers of crania used 
and the magnitude of the coefficient. Thus far the argument in favour of the reduction seems valid, but 
we have to consider how the changes in rank which lessen the correlation between the C.R.L.’s and 
the numbers of crania used have been achieved. 

The series with the lowest numbers are: 18th Dynasty Egyptians (23-9), Bronze Age Spanish (24-2), 
Middle Dynastic E; Egyptians (33°6) and 4th—5th Dynasty Egyptians (39°9), 
giving the “‘crude” coeflicients 2°74, 4°58, 2-74, 6-24 and 1°95 respectively. These occur in the ranking 


ryptians (33°1), lst Dynasty 





of the crude coefficients in the 3rd, 9th, 2nd, 12th and Ist places. In ranking of the reduced coefficients 
they occupy the 8th, 15th, 3rd, 17th and Ist places respectively. There is thus for the series with the 
fewest crania an average change of 3:4 places in the ranking. If we take the five series with the largest 
numbers of crania, i.e. 26th—30th Dynasty Egyptians (885-4), Modern Portuguese (494-0), 17th and 
18th century Maltese (439°4), the 6th—12th Dynasty 





igyptians (168-6), and the Naqada series (66:1), 
their ranks in the crude coefficients are 17th, 16th, 18th, 14th and 15th and these obtain with the 
reduced coefiicients the ranks 14th, 10th, 16th, 9th and 18th or an average loss of 3°8 places. If we take 
the 6th—9th ranks in numbers, we find without regard to sign an average change of one place only, and 
if we take the 10th to the 13th as the next highest series of numbers the average displacement in rank 
is again one. Hence it would appear that, not only as we should expect are the series with lowest and 
highest numbers most changed in magnitude of coeflicient by the correction, but it is these series which 
are also most changed in their ranking. It is, however, in the values for the high numbers of crania 
in the crude coefficients that we are most sure of the order of significance, and it is the coefficients with 
the least frequency in the data, of which we are most uncertain, which are brought into high places in 
the series. The average number of crania compared with the Sedment series is here about 147. Mr Woo 
reduces to 100. I chose 75 because it seemed a fair average of the series then before me and it is 
desirable to raise the reduced coeflicients as little as possible above the crude. The present note is only 
one of warning. What counsel can we draw from it? I think it is: Be moderate in the emphasis laid 
on the order of ‘‘reduced” coeflicients, and lay no, or very little, emphasis on series with coefficients 
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The coefficient is first calculated by the formula above, this being known as the 
crude coefficient, and it is then reduced to the value it would have if all the means 
of both series in the comparison were based on 100 individuals. This reduced 
value is: 

list i’. 


9° 
50 x = 7 | | S (a) — l + . + ‘67449 / 3) a 
mm m 


N.XNs m 


Both crude and reduced coefficients are given below for all the comparisons made. 

In a paper published in this journal in 1925 Dr Morant gave the mean 
measurements of a considerable number of early Egyptian series calculated from 
the data provided by a number of different anthropologists*. He suggested that two 
extreme forms of skull could be distinguished—known respectively as the Upper and 
Lower Egyptian types—but these extremes could be linked together by a number 
of intermediate types so that all the material then available formed a fairly 
continuous series. A close resemblance could be found between every sample and 
one, or more, of the other samples. A map given (loc. cif. p. 3) showed the 
distribution of the sites from which the series were obtained. The majority of 
them are in Upper Egypt and these range from Early Predynastic to Roman 
times. There are only four from Lower Egypt, ranging from the 4th Dynasty to 
the Ptolemaic Period. Sedment is more southerly than any other of the sites in 
Lower Egypt, but it is nearly 130 miles from the most northerly of the Upper 
Egyptian sites (Qau). I endeavoured to find the closest relationships, Le. the 
lowest reduced coefticients of racial likeness, between the Sedment series and any 
others available, whether Egyptian or not. In dealing with European and Egyptian 
types it has been repeatedly observed that the most significant differences are 
almost always found for the length, breadth and height of the calvaria and the 
three major indices derived from these chords. Facial measurements are generally 
far less differentiated. By taking this fact inté account, it is possible to select at 
once the series which will certainly not provide low coefficients of racial likeness. 
The following arbitrarily fixed ranges were suggested by Dr Morant and they were 
derived from his study of the inter-relationships of 39 European and 2 Egyptian 
cranial series*. 


L B Et’ 100 B/L 100 H'/L | 100 B/H’ 
Sedment 4+ Mean IS1°9 138°3 137°4 76°1 75°5 100°9 
Ranges 175°4—188°4 | 131°8—144°8 | 132°9—141°9 | 71°6—80°6 72°0—79°0 | 95°9—105°9 | 


| | | ft hai 
below three, or on those containing fewer than 40 to 50 crania, Above all it is desirable on the earliest 
possible opportunity to take numerous samples of 20 to 60 individuals from a long series of skulls 
like that of the 26th—30th Dynasty Egyptians, and find their coefficients of racial likeness with each 
other and with the entire parent population. It would be a long task, but would throw much light on 
present difficulties, Hprror. | 
“A Study of Egyptian Craniology from Prehistoric to Roman Times.” Biometrika, Vol. xvm. 
(1925), pp. 1—42. 
t “A Preliminary Classification of European Races based on Cranial 


Measurements.” Ibid. 
Vol. xxB, (1928), pp. 301—375. 
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If the ¥ mean for any series falls outside the range indicated for any one, or 
more, of the 6 characters then it will be safe to assume that there is no close 
relationship between it and the Sedment series. Comparison was made in this way 
with about 80 ~ European and 24 ¢ ancient and modern Egyptian types. All except 
23 could be excluded on account of the aberrance of one or other of the 6 measure- 
ments compared, and it was only thought necessary to calculate the coefficients of 
racial likeness with ten predynastic and dynastic Egyptian, three modern Egyptian, 
eight European, one Abyssinian and one Canary Island series. The reduced values 
of these twenty-three coefficients range from 5°07 to 42°72 and the eighteen values 
less than 20 are arranged in order in Table III. We may feel confident that com- 
parison is made there with all the series available which are most closely related 
to the Sedment one. All the coefficients which could be calculated with the 
$ Sedment means are also in Table III. Male means of the most closely related 
series are in Table I and female means in Table I1*. Comparisons are made in 
Table III between the # Sedment series and 18 others. The coefficients of racial 


likeness are given for the standard set of 31 characters, or as many of them as 


The comparative material used in the present paper was derived from the following sources: 

(i) Thomson, A. and Randall-Maclver, D.: The Ancient Races of the Thebaid. Oxford (1905). Use is 
made of five series for which individual measurements are given in this work. The ¢ means of these and 
of all the other ancient Egyptian and the Abyssinian series are given in Biometrika, Vol. xvu. (1925), 
pp. 14—36. 

(ii) Stahr, Hermann: Die Rassenfrage im antiken Aegypten. Kraniologische Untersuchungen an 
Mumie nkipfe n aus Theben. Leipzig (1907). 

(iii) Toldt, C,: ‘*‘ Anthropologische Untersuchung der menschlichen Ueberreste aus den altiigyptischen 
Griiberfeldern von E]-Kubanieh.” Denkschriften der Akademie der Wissenschaften in Wien, Math. -natur- 
wiss. Klasse, Band xcvt. (1919), S. 593—672. 

(iv) Schmidt, Emil: Die anthropologischen Sammlungen Deutschlands. Leipzig Catalogue (1887), 
also published with Archiv fiir Anthropologie, Band xvm. + 

(v) Sergi, Sergio: Crania Habessinica. Contributo all’ Antropologia del? Africa Orientale. Rome 
(1912). 

(vi) Oetteking, B.: ‘‘ Kraniolog 
(1909), S. 1—90. The sexes of the skulls used in computing the ¢ means are given by Schultz in ibid. 


ische Studien an Altigypten.” Archiv fiir Anthropologie, Band xxxvi. 
Band xutv. (1918), S. 72—79. 

(vii) Pearson, Karl and Davin, Adelaide G.: ‘‘On the Biometric Constants of the Human Skull.” 
Biometrika, Vol. xvt. (1924), pp. 328—363, 

(viii) Faweet, Cicely D.: ‘A Second Study of the Variation and Correlation of the Human Skull, 


with special Reference to the Naqa la Crania.” Ibid. Vol. 1. (1902), pp. 408-—467. 

(ix) v. Luschan, Felix: ‘ Beitriige zur Anthropologie von Kreta.” Zeitschrift fiir Ethnologie, 
Jahrgang xtv. (1913), S. 307—393. 

(x) Lajard: “ La race Ibére. Crines des Canaries et des Acores.” Bulletins de la Société @ Anthro 
pologie de Paris, 1v° série, tome 111. (1892), pp. 294—326. 

(xi) de Macedo, Francisco Ferraz: Crime et Criminel. Essai de synthétique @ observations anatomiques, 
physiologiques, pathologiques et psychiques sur les délinquants et morts selon la méthode et les procédés 
anthrop jlogiq ues les plus rigoureux. Lisbon, 1892. 

(xii) Buxton, L, H. Dudley: “ The Ethnology of Malta and Gozo.” Journal of the Royal Anthropo 
logical Institute, Vol. um. (1922), pp. 164—211. 

(xiii) Siret, H. and L.: Les premiers dges du métal dans le sud-est de VEspagne. Antwerp (1887). The 
skull measurements are given in the section on Hthnologie (pp. 267—396) by V. Jacques. The means 
are for the pooled Argar, Gertindia and Puerto-Blanco series. The ¢ means have been given already in 


Biometrika, Vol, xx®, (1928), pp. 374 and 375. 
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could be used in a particular comparison, and for the 12, or fewer, indices and 
angles which form part of the total 31. The orders given by the two kinds of 
coefticients are not in good agreement and this may be supposed due to the 
fact that the values for indices and angles are not all based on the same number 
of characters. It is known that the average contributions of the individual 
characters to the coefficients are far from being constant and the omission of a 
few measurements may have a marked effect if the total number compared is 
small. Female data for 13 of the 18 series are available and the corresponding 
Jd and 2 reduced coefficients are in fair agreement with one another. The Sedment 
and several of the other series are short ones and the errors of random sampling 
are probably large enough to account for most of the sexual differences of this kind 
observed. The most marked divergence is found in the comparisons with the 
modern Egyptian series from Cairo, the ~ reduced coefficient being 8°39 and the 
: 26°85. The disagreement in this case is almost certainly due to the fact that the 
gf and $ samples from Cairo do not represent the same racial population *. The mean 
indices and angles for the two sexes (cf. Tables I and IT) have differences which are 
too large to be attributed to random sampling. The ( and $ mean indices and 
angles of the Sedment series are in close agreement and there is every reason to 
believe that they represent the same race. The relationships of that type will be 
measured most accurately by the ~ reduced coefficients of racial likeness for all 
characters given in Table III. It is extremely satisfactory to find that the closest 
connection is with the 4th and 5th dynasty series from Deshasheh and Medum, since 
Sedment is closer to these two than to any of the other Egyptian sites represented, 
and the time interval between the series is also small. 


The reduced coefficient of 
5°07 indicates : 


very close degree of resemblance and it will be of interest to com- 
pare it with the closest connections which have been found for other Egyptian series. 
In Morant’s paper all the lowest crude coefticients of racial likeness are given for 
23 closely related ¥* series, omitting the Aeneolithic Egyptian one which is of an 
aberrant type. These are all Egyptian of periods ranging from early predynastic to 
Roman times except in the Abyssinian series (Tigre district) which is modern. The 
coefficients were reduced and the distribution of the lowest values for each series is 
given below. 


| Lowest Reduced Coefficients | 2 10 7 3 | l 


The lowest reduced coefficient in Table III is 5°07, so the Sedment series 
must be supposed less typically Egyptian than any of the 23 previously described. 
The fact that its second closest connection is with Modern Cretans again suggests 
foreign admixture. Seven series of the Egyptian type, of which one is a modern 


The ¢ and ¢ indices and angles of this series are in bad agreement. Judging from the nasal index 


and angle the ¢ series is predominantly of Negroid origin ; though the same is not true of the ¢ series. 
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series from Cairo and another is of modern Abyssinians, follow, then the Portuguese, 
and other Egyptian, North African and European types. The only European 


populations represented are ones from the Mediterranean area. The feature of 


the relationships observed which is most unexpected is the fact that the Sedment 


sample bears a closer resemblance to modern Cretans than to all except one of 


the available Egyptian types. To throw further light on the point the coefficients 
of racial likeness were computed between all pairs of the seven series which were 
found to be most closely related to the one from Sedment. Crude and reduced 


RELATIONSHIPS or SERIES RESEMBLING THE SEDMENT SERIES. 
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values are given in Table LV, and the diagram below shows all the closest 
connections. The arrangement given by these means corresponds closely with the 
geographical distribution of the types since Sedment, Deshasheh and Medum 
are in Lower Egypt, while El-Kubanieh is south of Thebes. The Sedment series 
appears to be distinguished from all other early Egyptian ones by bearing a 
peculiarly close resemblance to both modern Cretans and modern Egyptians from 
Cairo. The earlier and later populations of Lower Egypt are represented by the 
4th and 5th dynasty series from Deshasheh and Medum and by the 26th—30th 
dynasty series from Gizeh. Neither of these is so closely related to the modern 








Sedment Series (Male and Female). 
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Cretans. The ranges of the coefficients on which the diagram above is based are for 
g readings. There are no adequate ? means for modern Cretans and the 4th and 
5th Dynasty Egyptians from Deshasheh and Medum. The ¢ coefficients between 
the remaining six series furnish a scheme of relationship which is closely similar to 


the one already considered except in one particular; the Sedment and modern 














| 








series from Cairo have 2 means which are much further removed than the 
corresponding g/ means. 
TABLE V. 
Values of “a” between the Male and Female Sedment and other Series. 
} 
{th and 5th . } , 
| nN , om 
| Dynasty | Moder 18th—20th | oe 18th—20th Peso 
Egyptians: | ee Dynasty "ie ti ae Meana for | Dynasty R ‘bare ohesy 
> retans 7 . igyptians: “feet “ih igyptians: 
Races Deshasheh a Egyptians: |, Sypsan 18 Series | Egyptians: | ,, Gyptians: | 
(von a ‘ El-Kubanieh } ,.; see ad El-Kubanieh 
and Medum es Thebes Nort} (No. of a’s) Thebes Nort} 
(Thomson sa (Stahr) gba ‘Stahr) Aah 
and Maclver) (Toldt) | (Toldt) 
| | | | 
| | | 
Sex t $ | $ | ¢ 
| | | 
| | 
| i | 39:9 i790 | 528 33°] | 43:7 | 186 
| 
| 
100 H’'/L 1°01 1°62 18°53 1°35 17°85 (18 3°66 
Oc. I. 22°35 L56 16°28 (7 3 
100 B/L 151 6°22 5°40 15°42 15°37 (18) | 12°02 
Q' “45 12°99 (6) | 
O/' (or 0; | 15°44 16°07 11°95 (9 “00 
df 16°89 7°18 5°67 | 11°38 (13) | 388 
| CG, 3 Lit} 8 
| H' 1°66 Ol 12°07 b’G2 9°84 (18 “15 
| 100 G2/G,' (or G2/G)) | | 8-77 (4 
100 GIH/GB 1°86 3°76 | 8°23 (9) | 7714 | 24 
| B | ‘98 | 121 | 1°03 14-26 | 7°54 (18) | 07 | «3-01 
| 100 02/0,’ (or Oo/0,) | 1-76 “44 746 (9)| 1:53 | “90 
00 VB/NH' * | 
| : r “i ob \ °35 0°00 11°49 6°14 | 7°O8 (18) | 2°32 | “O06 
| ) 4 Did | | | 
| GH ‘03 715 2°58 1°88 5°75 (16) | “80 03 
L 6°32 0] 1°83 “06 | 5°19 (18 9-03 13 
| J 0°00 5°53 1°76 1°89 5°07 (18 12°52 | 05 
OU “09 3°66 £95 (11 1°89 Ov 
100 B/H’ 2°63 31 3°90 1°77 |} 4°78 (18 3°46 "85 
NB 2°35 63 £58 4 | 4°29 (18 3°15 18 
} NH (or NH "56 1°22 95 5°62 | 1°18 (18 1] 77 
| Oz | 1°55 5°11 | 3°96 (12 “49 56 
Ss 1°04 8°15 159 1°24 |} 2°60 (15 “14 57 
n é *29 5°01 71 Ol 2°39 (15 2°38 3°52 
Gi (or G, 13 2°18 (6 2G 
| fmb “78 3°04 2°16 (11) | 10 00 
C 93 “61 2°13 (7 1°94 LO 
PL, | 1°35 2°18 1:99 (7 1°98 2°53 
| S - *38 14 1°63 (11) | 72 3°04 
ful | 1-80 81 | 1°47 (11) | 55 “36 
LB 1°30 | “60 171 ‘73 *95 (17) | 8°44 1°84 
| 100 fmb ful *O7 “Ol 92 (11 “02 | “17 
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4. A Comparison of Single Characters. The @’s found in computing the 





coefficients give a convenient measure of the significance of the differences between 
single mean measurements. The difference may be supposed to be definitely 
significant if the @ is greater than 10. All values available for the 31 characters are 
given in Table V for the 4 # and 2 ¢ series which most closely resemble the 
Sedment type. The mean a’s are also given for the 18 series with which comparisons 
are made in Table III. As is usually found, the average contributions which the 
characters make to the coefficients vary greatly. Mean @’s have been given based 


on 820 comparisons between 37 European and 4 North African series*. The value 
for the cephalic index is almost twice as great as that found for any other character, 
— and next in order are Bb, 100 B/H’, L and O,. The characters 100 H’/Z, the 


weal TABLE VI. 


13 Series 











(No. of a's Male Means of Egyptian and other Series*. 
L | B H' | 100 B/L 100 H’/L Oc. I. | B' 
7 : = | :  Eeaeree 
| | 
: gyptians: 9th Dynasty) 
Bi vt 31+ 38°3 37° 76° Tho 34° 92°6 | 
— Sedment j 181°9 138 13774 671 dD 64°0 )2°6 
Modern Cretans 180-2 | 139°4 137°5 775 763 | 9671 
— Modern Egyptians (Cairo 176°1 | 137°6 134°6 78°1 76°4 94°3 
___Fgyptians: 4th and 5th | 
| Dynasties (Deshasheh 184°9 | 139°3 136-0 75°4 72°6 — - 
16°14 (13) and Medum | 
6°44 (5) Eoyptians: 18th—20th ) oe raps eae : s ae ‘ 
15:08 (13)] Dynasties ‘Thebes f L6B"S | 137°3 | 133°% 74°8 (2°8 | 60°7 949 | 
1°07 (3) Rgyptians: Middle Dy- | | 
won ie 5 2 = s J. 99 | 2 ) Bh 73°7 "7 }°7 | >} of 90° 
5°03 (7) hasties (El-Kubanieh N. j 182°2 134°2 135°9 | io" ea 61°9 I0*4 
22°94 (9 | | | 
Coo | - - —— 
| Tipp “9 [ther Egyptian | Range | 181-4—185-8 | 130°3—129-2 | 130°7—135°1 | 71-°7—76°0 | 71-3—73°9 | 59°9—61-9 | 91-1—96°2 | 
a res: predynastic No. of 1G 16 16 16 1G - 
| 10 6 \’ Roman times? | Series _— ‘ ‘ ‘ z ” ‘ | 
| §°00 (18 . im 
7°48 (\}— —_—_______—__ ee aie icon — ees =o a 
742 occipital index (Oc. I.), H’ and B’ are nearer the middle of the range and hardly any 
3°06 (13 significant differences were found for V Z, A Z, NB,100 N B/N H’ and 100 fmb/fml. 
|} 13°46 (13 ) ‘ ‘ . . : 
| 8°76 (13 In the present comparison the indices 100 H’/Z, Oc. I. and 100 B/L are the most 
| 7°93 | variable characters, and these are the ones most likely to distinguish the Sedment 
5°09 (13 . ‘ aia . : os 7 ° 
BeTO 1 from all the other series. The height-length index is the only character showing a 
| 2°97 (1: significant difference in the comparison with the 4th and 5th dynasty Egyptians 
| 1:98 (9 ; me . . 
| 1-38. from Deshasheh and Medum and the minimum frontal diameter is the only on¢ 
8°33 (1 which differentiates the Cretans from the Sedment series. Mean values for some 
6°33. «4 : : —_ 7 - om y I 
1-68 7 of the characters which differ most significantly are shown in Table VI. The length 
x0 be ~ 
| 1:39 | of the Sedment type is slightly greater than the smallest mean recorded for a 
“O4 (6) bs 
oe } 
ay Biometrika, Vol. xxB. (1928), Table XVI, facing p. 336. 
| “10 ° ° 
a“ 1 + All the means in this table are based on 30 or more skulls. : 
| 1-04 R + The means of these series are given in Biometrika, Vol. xvit. (1925), pp. 14—36 (Fouquet’s 


| measurements being excluded) and Ibid, Vol. x1x. (1927), Table I, facing p. 117. 
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uynastic Egyptian series; the breadth is a millimetre less than the largest of these 
means and the cephalic index is 0°1 greater than any other recorded for this group 
of closely allied racial types. Both the basio-bregmatic height (#7’) and the height- 
length index (100 H’/L) are more clearly differentiated from the continuous series 
given by previously measured early Egyptian samples. In the case of all five of these 
characters the tendency to diverge, or the actual divergence, of the Sedment 
constant from the inter-racial range is in the direction of the still more divergent 
mean for modern Cretans. The evidence of these measurements is not independent 
evidence, of course, since they are known to be quite highly correlated with one 
another both intra- and inter-racially. The high mean value of @ found for the 
occipital index (Oc. J.) is seen from Table VI to have been occasioned by the fact 
that the Sedment value is appreciably higher than any other found for an Egyptian 
series. Means of this character have been given for a considerable number of racial 
types*. They range from 58°0 to 68°8; all the lowest values are for Western 
European and fill the highest for African Negro races. The highest as yet found 
for European jaces are for Rumanians (62°7), Serbo-Croats (62°8), Greeks (62°9) 
and Turks (63%). The occipital index is unfortunately not available for the modern 
Cretans. It may be suggested that the high means found for the Sedment series 
(f 64:0, 2 63°5) indicate Negroid admixture, but a comparison of characters 
which are better criteria of the Negro skull, such as angular measurements of pro- 
gnathism and the nasal index, fails entirely to substantiate that view. Minimum 
frontal breadths (B’) are also compared in Table VI and the Sedment mean falls 
within the range furnished by other early Egyptian types. The same has been 
found for every other character measured, including a number which are not used 
in computing the coefficient of racial likeness. The nasal breadth, index and angle, 
however, are almost as low as any of the other means. The distinctiveness of the 
Sedment type is thus seen to depend on very few of the characters which may be 


compared, 


5. Type Contours. The ~ and ¢ type contours for the Sedment series were 
constructed from the mean measurements of the individual contours in the way 
usually employed in the Biometric Laboratory+. They are given in Figs. I—VI 
and the means themselves will be found in Tables VII—IX. A number of chords 
and angular measurements of the types should agree very approximately with 
absolute mean readings and a check on both is thus obtained. Comparisons were 
made in the case of the auricular heights of the transverse section and a number 
of measurements taken on the sagittal figures. The maximum difference between 
the readings obtained by the two methods was 0°5 mm. for chords and 0°-4 for angles. 
This is a satisfactory agreement f. 

Biometrika, Vol. xv1. (1924), pp. 334 and 335. t See Ibid. Vol. xiv. (1923), pp. 227—244. 

{ Perfect correspondence between all the absolute and contour measurements which are usually 
compared is not to be expected, even if the personal equations of both measuring and drawing were zero, 
owing to the methods employed in tracing individual and constructing type contours. For example, the 
eraniophor auricular height is the maximum projective height from the auricular axis, but the highest 
point on the transverse type is obtained from the mean of the vertical heights bisecting the auricular 
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The transverse vertical contour is drawn through the auricular points—the 

“porions ” of Martin—perpendicular to the Frankfurt horizontal plane. The f and ? 
types (Figs. I and II) are almost symmetrical, the maximum difference between 

the right and left sides of the same ordinate being 0°9 mm. in favour of the right 

















Fre. I. Trarsverse Tyre Contour of 39 C Egyptian Skulls from Sediment. 


side on the ¥# figure and 15 mm. in favour of the left side on the figure. The 
maximum breadths of both are close to the 6th parallel. For all racial type 
contours which have yet been published the maximum breadths lie between the 
axis. The two may not correspond on an asymmetrical skull. The fact that the point of the tracer was 
in a few cases raised or lowered to pass through some standard points shown on the sagittal figures will 
lead to projected lengths which are slightly different from the direct calliper readings. 


Biometrika xx11 6 
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4th and 6th parallels, and in several cases they are between the 4th and 5th. The 
relative position of the major diameter appears to be a character which distinguishes 





the Sedment Egyptian type from all others available. The point where the line 
joining the most lateral points right and left meets the axis JA may be taken to 


R 




















Fic. IL Transverse Type Contour of 30 Q Egyptian Skulls from Sedimeri 


indicate the height of the maximum horizontal diameter above tie auricular axis. 
The character in question can be conveniently measured by expressing the distance 
of this point from M as a percentage of A. The indices on the following page 

are given by type contours each based on 20 or more skulls; the index is for the 
g type unless otherwise indicated. 
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45—50. 9th Dynasty Egyptians: Sedment 48°7 (f 47-4), Congo Negroes: 
Fernand Vaz, 1880* 45°6 

40—45, Predynastic Egyptians: Badari 444 (2 43°2)7, 26 30th Dynasty 
Egyptians: Gizeh 43:°3*, Ist Dynasty Egyptians: Abydos 43:°1{, Tamils 41-6§, 
Burmese A 41°4(2 38: 0)\l Congo Negroes: Batetelu* 41:3, Northern Chinese 40°34, 
Hokien Chinese 40°1$. 

35—40. Prehistoric Chinese 39:09, Congo Negroes: Fernand Vaz, 1864* 38°8, 
Basques 38°4**, Nepalese 37°5++, Tibetan A 37°3++. 

30—35. 17th wap English: Whitechapel 34°8*, 17th century English: 
Farringdon Sttt 347 (2 344), Eskimo 345 *, Anglo-Saxons 318 (2 30°9)§ 








TABLE VII. 
Mean Measurements of Transverse Vertical Contours. 

















Sex : [oe ases es | MA |1R=1L | 3R | 3L | 2R | 2n | 3R | BL | 4k 41, 
| | | | | 
a _ ———————E = — - - | 
g | 39 | 114-9] 54-1 | 58-2 | 58-2 | 57-8 | 57-7 | 61-3 | 61-0 | 64-5 | 64-1 
2 | 80 | 109-9] 51-5 | 55-1 | 54-9 | 55-9 | 55-5 | 593 | 588 | 625%) 61-9 
| | 
ee ea seratip halal ame aca 
Sex | Cases | 52 51 6R | 64 | 7R | TI | sr | si 9r | 91 
¢ | 39 | 65-9 | 65-5 | 66-3 | 65-8 | 65:3 | 64-8 | 61-4 | 60-9 | 52°6 | 52-0 
a 30 63°9 | 63°3 ; 63°9 | 63°2 | 62°6 | 61°9 | 58°9 | 58°1 | 50°9 | 49°9 
| 





| : a gee ia = 
| ZR, R | ZR, L 
| Sex | Cases} 10R 10L ALR AL |- a | cae 








y | ee hee. t 
ms a a Sa ae - _ 
a iL ae 37°8 | 36°9 17°4 17°6 | 58°5 3° 58°5 3:4 
9 | 30 | 35:4 | 35°4 | 16-3 | 17°8 | 55°6 | 3:2 | 55°6 | 36 | 
t | { | 





Number of cases =99. 





The four Egyptian series available are all among the types found with the five 
highest values of this index. The Western European races are at the other extreme 
of the range and, unfortunately, no data for Eastern European types can be given. 
It is interesting to observe that the / index is greater than the ? in every case 
For most races the mean auricular height is less than the mean auricular breadth, 
so that the index which expresses MA as a percentage of the parallel 1 is less than 

* Benington: Biometrika, Vol. vii1. (1911), pp. 157—193. 

+ Stoessiger: Ibid. Vol. x1x. (1927), pp. 136 and 137. 

t Motley: Ibid. Vol. xvm. (1925), p. 47. 

§ Harrower: Transactions of the Royal Society of Edinburgh, Vol. trv. (1926), pp. 592 and 594. 

Tildesley : Biometrika, Vol. xm. (1921), pp. 188 and 191. 

{ Black: Palaeontologia Sinica, Series D, Vol. vir. (1928), p. 47. 

** Morant: Biometrika, Vol. xx1. (1929), p. 78. 

tt Morant: Ibid. Vol. xv1. (1924), pp. 76 and 77. 

tt Hooke: Ibid. Vol. xvii. (1926), pp. 43 and 44. 

§§ Morant: Ibid. Vol. xvm1. (1926), pp. 90 and 91. 
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100. This is so for the 26th—30th and for the 1st Dynasty Egyptian contours. Th« 
indices for the Badari Egyptians (f 107-9, ? 110-0) are the highest that have yet 
been found however. The value given by the ~ Tamil type is 107-7 and the Sedment 
indices (f 106°2, 2 106°7) are also close to the extreme. Other measurements of the 
transverse type contour which have been used for comparative purposes do not 
distinguish our Sedment from the other series. Figs. I and II are differentiated from 
all others available by having their maximum breadths peculiarly high up and their 
heights are also large in proportion to the auricular widths. In these and other 
respects they bear a closer resemblance to the Badari than to the 1st or the 26th—30th 
Dynasty sections. Superposing the Sedment and Badari types, with the aid of the 
tracings provided, a close correspondence is found for both sexes. The former outlines 
are slightly higher and broader than the others. 


TABLE VIII. 


Mean Measurements of Horizontal Contours. 































































































—— See eee : cae 
Sex |Cases| FO | F3R | FIL | F3R | FEL | QR | 2L 2iR | 24L | 3R 3L 
aa sy Ss See | (Ne ars ee. ae Soe 
a 38 180°6 | 22°2 22°7 | 33°2 33°4 15°35 15°] 15°9 15°9 17°6 18-0 
Q 30 172°4 | 21°3 | 21°2 32°9 32°8 44°2 | 43°8 44°5 | 44°5 47°O 17°] 
1 _ | a Ss 
a - 
Sex |Cases| 4R | iL | sk | 5z | 6R | 6L | mr | 7z |. sr | 8L 
} Ss ae: See 
t 38 54°2 | 54°4  60°9* | 60°8 | 65°6 65:4 | 67°4 67°1 65°5 | 65°2 
2 30 93°] 53°0 | 59°7+ | 59°3 | 64°5t | 63°7 | 65:5 | 64:5 | 62°9 | 62°1 
| | TR TL 
Sex | Cases| 9R | 9L 10R | 10L | OFR | OFL — 
| y x y x 
rey Fee 5 =o! ae aaa 
| | feat ae ei aa 
| | 
3 38 59°3 | 58°9 | 46°6 | A5°*9 | 28-0 | 26°6 | 48°0 | 20°1 47°4 | 19°4 
? 30 | 56°3 | 55°6 | 14°0 13°5 | 26°3 | 25°9 15°2 17°9 14°7 | 17:4 | 
| | | | 




















* Number of cases =37. t+ Number of cases =29. 


The glabella horizontal section (Figs. III and IV) is drawn through the glabella 
parallel to the Frankfurt horizontal plane. The point F is the glabella, 7'p and 7, 
mark the crossing of the temporal lines and O is the occipital point in the median 
sagittal plane. The type figures are almost exactly symmetrical. The maximum 
difference between the right and left sides of the same ordinate (see Table VIII) is 
1-4 mm. in favour of the right side for the ¥ figure and 1:0 mm. in favour of the 
right side for the 2. As for all other types which have yet been constructed, the 
inaximum breadths are between the 6th and 7th parallels. The outlines have no 
characteristics which are very distinctive. The temporal fossae are shallow though 
more marked, as usual, on the ~ than on the 2 figure. A number of indices 
derived from measurements of the horizontal type contour have been used to 
compare degrees of frontal development and other features. The variation shown 
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Fie. IL. Horizontal Type Contour of 38 ‘e) Egyptian Skulls fron: Sediment. 
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Fie IV. Horizorial Tyee Gortour of 30 2 E6éyptiar Skulls from Sedmert. 
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by modern races is small and the Sedment values fall within the ranges given by 
the other types in all except one case. The distance of the parallel F} from F— 
i.e. 3th of FO—expressed as a percentage of the total length of that parallel, gives 
a measure of the curvature of the most anterior part of the frontal section. The 
highest ~ index found is 13°6 for the Sedment type contour, but there are several 
others greater than 13. The lowest index, indicating the frontal bone which is most 
flattened transversely, is 11-0 (Prehistoric Chinese) and all the lowest values are for 
Asiatic races. By superposing the contours it is found that the Sedment type 
corresponds more closely to the horizontal section given for the 26th—30th Dynasty 
skulls from Gizeh than to the Badari or Ist Dynasty Egyptian figures. 


The median sagittal contours (Figs. V and VI) again exhibit few distinctive 
features. As the series is an Egyptian one, the most characteristic are the unusual 
height and the flattened occipital section. The vertices lie between the 5th and 6th 
parallels and the same has been found for all other types as yet constructed. 
A number of indicial and angular measurements have been devised to aid in the 
comparison of the most important features of this section*. The / and ? Sedment 
values were determined for each of these, and in all cases they fall within the ranges 
furnished by the type contours which had been constructed previously. Considerable 
differences are found from the sagittal figures available for other Egyptian series. 
The Sedment sections have quite the least protruding and flattest occiputs: they are 
also the greatest in height. A curious relationship is found on superposing the 
Sedment and Badari ~ figures with the nasions and Ny lines coincident. The 
outlines from nasion to lambda almost cover one another and no difference can be 
detected between the heights of the vertices. Below the lambda the Badari occipital 
section protrudes beyond the Sedment, but the outlines cross between the inion 
and opisthion. Quite marked differences are found between the outlines of the 
basi-occipital and the palate, the Sedment bones being immediately below the 
Badari but appreciably further removed from the Ny line. The difference between 
the basio-bregmatic, or vertical heights, of the two types is thus due solely to 
differences associated with the base of the skull. The most significant differences 
between the Egyptian types are found for this section. The comparison of type 
contours confirms the conclusion suggested by direct measurements that the 9th 
Dynasty series from Sedment is not closely related to any one of the other three 
Egyptian ones which have been described in this way. More adequate comparative 
material will be needed in order to determine its racial affinities more exactly. 


6. Measurements of Mandibles. There are 62 of the skulls in the Sedment series 
with more or less complete mandibles, 36 being ¥, 25 2 and 1 juvenile. Notes on 
the condition of the teeth and any dental anomalies noted are given in Appendix I. 
Measurements were taken according to the technique described by Morantt. 
Individual values are given in Appendix II and means in Table X. There is far less 
comparative material than for the skull, and no standard deviations or correlations 


* 


See Annals of Eugenics, Vol. 11. (1927), pp. 365—368. 
+ “A First Study of the Tibetan Skull,” Biometrika, Vol. xtv. (1923), pp. 193—260. 
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Biometrika, Vol. XXII, Parts I and II Plate II 
Woo, Zeyptian Skulls from Sedment 











Normal Sedment Egyptian Skulls. Norma /ateralis. A No. 219. BNo. 27 ¢. 





a v 
JUuIM peasy Mo. f STINYS uvijJASZy SOON 


II pue ] szzedg ‘IIXX “ICA ‘exO.WIOT, 


— = — — — 


III 93¥"Id 




















‘PIZ'ONG ‘SIZ'ON YW ‘(OZIS [BUN}BU J.9 BOWID) 8//BI/J49A BUIMON ‘S||NYgG UBI}GAZA JUSWIpEg ;eLUON 





qd V 


suaupes worl synys uvijJAS SOON 
II pue 7 syed ‘IIXX “IOA ‘exIoUIOTg 


Ill 9381d 














Biometrika, Vol. XXII, Parts I and II Plate IV 
Woo, Zegyftian Skulls from Sedment 











Normal Sedment Egyptian Skulls. Norma occipitalis (circa 0°75 natural size). 
ANo. 219. BNo,27¢. 














Biometrika, Vol. XXII, Parts I and II Plate V 
Woo, Egyptian Skulls from Sedment 





A. Basi-occipital incisure on the left side. No. 65 ¢ (circa 1°5 natural size), 





B. Large protruding ossicle above parieto-mastoid suture. No. 63 ¢? (circa natural size). 


Anomalous Sedment Egyptian Skulls. 
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Sex 

. 

















T. L. Woo 


91 


of mandibular measurements are as yet available. It is not to-be doubted, however, 
that measurements of the lower jaw will be extremely useful ultimately in aiding 
the discrimination of racial types and in other ways. Data determined by following 


TAPE X. 


Mean Measurements of Sedment Mandibles. 








Lengths with Callipers 





























































































































Sex | i nn Gites ar oa Fr ] ] te am 7 a 
Ww) Wy hy Ce. rv’ G,’ | cyc, | JoIo InJor| InJor? r| cyl Cyd * oP; | 
EE EEE SERS See Dae! sees eae Seve SEE ie bee | 
| | RA | a 
‘ Mean | 114° deg ey 44°0 | 92°1 | 33 3 | 44°6 | 34°7 | 88°1 | 84 1] 83°8 | 20°8| 8°9 | 27°7 | 
No. 6 32 | 33 | 34 | 22 | 35 | 34 32 | 29 31 33 | 30 | 34 | 32 
- Mean | 107-8 | 85°6 | 30°9 | 42°5 | 84-9 | 30-4 | 43-2 | 31-6 | 81-1 | 784) 78-9 | 1971 | 8-5 | 27-0 
* |No is | 21 | 22 | 92 | 17 | 26 | 21 | 23 | 19 | 19 | 20 | 21 | 23 | 20 | 
B | be. ee Leas! Sees PN PAS | 
———— cats Gt ih = | 
Lengths with Callipers | Tape | Lengths and Heights on Mandible Board 
Sex ————— ee |_ SS 
Z | a OE GPR ae FE Es et ee 
| Patt | Pa9n | Pay | Indy aa ih ih Cyh | Cyh dh | mah | ph | cpl rl | ml | 
= -| oe —| SS eS = —_|— ———4 sin 3 “ = I —— 
. | Mean | 28-3 | 8-2 | 25°3 | 30-7 | 191°6 | 48-3 | 13°3 | 67°7 | 57-6 | 36°9 | 26°9 | 31-5 | 75-8 | 63°0 | 102°6 
: No. | 32 | 36 32 32 | 29 36: |: 38.133 35 | 32 34 | 33 | 36 35 | 36 
oO Mean | 26°6 | 7:0 | 23-0 | 2774 | 178°3 | 12°77 | 12°2 | 60°5 | 51°2 | 34-2 | 24-1 | 28-9 | 71°6 | 56°9 98-1 
¢ Ne. | 22] 33:1 92 | 22 | 48 1) 32 1 oe 92 | -22 23 | 21 2 | 93 | 21 
— | - J ; . ees: | | Mi | { | | | | 
Indices 
- agar re a ORee ee 7 
100c,.h/ml | 100c,.c,./ml | 100g,9,/ept | 100r’b/rl | 100c,,d cyt 1009, 9,/¢,¢, | 100c,h/c,h | 100i’hje,c, | 100d, hjc,.h 
ae ae | eed, Re WEE Rk er | 
ect ae ae | 
‘ Mean ye 5 90°8 | 116°5 53:0 | 43°7 96°2 85:1 
> | No. 22 29 | 34 | 30 21 |} 32 | 
> Mean a A 86° 114°2 53°99 | 44°2 95°4 84°5 
* | No. 16 ni m2 | @ 17 | a J 
| ue ees aan 
Angles 
Sex mt a 
Mz | Rez Gz Cz Cc’. Ls Re | Fz Sz 
| 
» | Mean] 121°-0 TF 63°°2 3°°9 75°°5 94°°1 93°°1 90°*2 17°°6 
3 No. | 36 34 28 31 32 25 2 | 2 24 
o 4«©| Mean| 123°°4 74°°6 62°°6 70°°4 71°°3 94°-O0 92°°3 | 90°°5 23°°9 
* [Re 23 23 18 22 22 17 | 7 1 8 17 
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precisely the same technique as we have used have only been published for one 
other Egyptian series: that is the Badari studied by Stoessiger*. Mean values of 
the principal measurements for the Egyptian and for a Tibetan and an Anglo-Saxon 


series are given in Table XI. Some of the differences between the extremes are 


TABLE XL. 


Mean Male Mandibular Measurements for Egyptian and other Series. 























} 
| 9th Dynasty | Predynastic ae 
Egyptians Egyptians | Tibetan A Gasanat 
(Sedment) (Badari) eae 
| 
nee bet ae 
Maximum breadth at condyles (w,) | 114°3 (26 109°5 (30) | 117°0 (25) | 123°7 (25 | 
a a angles (we 92°0 (32 88°8 (32 96°2 (25) 103°2 (45) | 
Height of symphysis és hy 33°7 (33) | 32°6 (34 30°6 (25) 33°1 (40) 
Minimum breadth of ramus (rb 33°3 (35 33°6 (39) 32°1 (25 33°2 (61 
Condy lion to coronion ai (CoC, 34°7 (32 33°8 (37 | 34°2 (25 33°9 (40) 
Maximum length of condyle = (c,/ | 20°8 (30 20°3 (36) | 18°8 (25) 21°7 (38) 
Height of coronion Ss (c,h 67°7 (33) | 61°8 (33) | 60°8 (25 65°7 (48) 
Height of incisura sae (th’ 13°3 (32 12°2 (33) | 15-0 ( 13°6 (35) 
Length of ramus ... see rl | 63°0 (35) | 57°6 (33 58°44 | 64°0 (45 
| Total projective length ... (ml) | 102°6 (36) | 101-2 (33) | 105-2 ¢ 107°2 (31) | 
100¢,A/ml | 66°5 (33 61:0 (32) | 57'8 ( 60°9 (27) 
| L00rd' /r7 53°0 (34) | 58°5 (33) |] 55°3 ) 51°5 (45) 
| Mz 121°-0 (36) | 120°-0 (34 | 125°*3 (25) | 120°-3 (47) 
| | ! | : 


surprisingly large. For the condylar breadth (w ) the greatest mean exceeds the least 
by 14-2 mm. and for the angular breadth (wz) the extreme difference is 144 mm. 
These values are almost as great as the maximum inter-racial difference found for 
the larger diameters of the skull such as the length, breadth and height. Some of 
the other characters—notably rb’ and c,c,—are almost constant for the four series in 
the table. It is probable that several of the ditferences between the Sedment and 
Badari means are significant. 


7. Conclusions. The series of 9th Dynasty skulls from Sedment, in Upper Egypt, 
is not more variable than other Egyptian dynastic ones. Judging by a generalised 
measure of resemblance—Professor Karl Pearson's coefticient of racial likeness—the 
type is more closely related to that of 4th and 5th Dynasty skulls from neighbouring 
graveyards at Deshasheh and Medum than to any other which has been adequately 
described. In spite of this close link, the Sedment series stands still closer to one 
of modern Cretans than to any Egyptian series at present available. No other 
close connections have been found with European races, and all those of a rather 
less intimate order are with dynastic series from Upper Egypt except one with a 
modern series from Cairo. The last, and the modern Cretans, are only connected 


N 


“A Study of the Badari Crania recently excavated by the British School of Archaeology in 
Egypt.” Biometrika, Vol. x1x. (1927), pp. 110—150. 

t Ibid, Vol. xvt. (1924), pp. 103 and 104. 
Ibid. Vol. xvirt. (1926), p. 96. 

















































































Calvaria 
Grave , > ’ , re y > ’ ¥ ¥ 
No. Sex I I B is H H OH LB Q S 8, S, 
| : : 
2 No Mark $ 1765 | 176°0 | 135% 5° 125°5 | 125°0 
3 No Mark XI ; 184°5 | 185-5 | 138-0 | 96-0 | 138- 138 112-6 | 104°5 | 308-5 | 375-0 | 122-5 | 138°5 | 114-0 
(sic) | 
7 391 IX 3 190°0O | I40° 3°32 142 142°0 | I2I° 109°5 330°5 38 3°5 I31I°5 127°5 | 124°5 
- 4 i 
8 | 296 IX | " 188-0 | 142-0 gi°S | 136°5 | 134-0 | 117°8 | 1or-o | 324-0 | 383-0 | 129°0 | 132°0 | 122°0 
| 9 | 1591 LX | ; 168-0 | 167-0 | 136% }4°0 | 136°0 | 135-0 | 11073 98-0 | 303-5 | 347-0 | 118-0 121-0 | 108-0 
| } } 
10 1613 IX 187-0 | 143°5 94°6 35°5 | 134°0 | I14°5 98-5 | 321°0 | 374°5 | 130°5 | 131-0 | 113°0 
| 
II 1550 LX ; 189°5 | 142% 96-3 | 139-0 | 138-0 | 116-0 - | 324-0 | | 1 | 116-0 
13 | 1509 XI (sic) 3? 179°5 | 135°0 | 80-6 | 142-0 | rg0°5 | 118 100°0 | 321-5 | 135°0?] 1 
14 1804 [X ; 183°5 s86-0 135°5 90°! 150°5 149°5 120°4 107-0 | 325-0 356-0 132°5 I I21-o 
16 389 LX ¢ 1% 41-0 go-6 | 141 1410 106-0 381-0 122-0 | 124°5 
ay 1618 IX $? 17370 | I 140°5 87-0 | 141°5 | 141°5 96- 371% 127-0 | 11-5 
| - ~ ow a eo ~e : 
|} 19 1540 IX $? 179°5 140°O | G2°I | 138-0 | 137-0 93°5 376°5 127-0 | 121°5 
| | 
23: ) 388 IX 3? 177°5 | 179°5 | 138-0 89°6 | 137 I 1i4°5 | 103°5 371°5 | 133°O | 134°5 | 104-0 
23 536 IX ; 173°5 177-0 135-0 go-4 144°0 143°5 116-5 | 10475 371°5 129°5 I29°0 | II3°0 
26 | 289 LX i? 169°5 | 172°5 | 139°5 1-0 | 136-0 | 135-0 | 112-4 | LOI 349°5 | 122-0 | 115-5 | 109-0 
| | | 
A | | 
27 X ; 184-0 | 188-0 | 138-0 93°8 | 138-0 | 138-0 | 118 104°5 319°0 | 382°5 115-5 
28 X ; 185'5 | 189-0 | 132°0 | 96-1 | 138-0 | 138-0 | 120 101-5 | 319°0 | 383-0 108-5 
29 | X } 186-0 | 133°0 8-6 41°O 118-6 | 107-5 | 315-0 | 372-0 116°5 
21 | t 4 ; 178-0 | 140 ds6- 135-0 108-7 103°5 | 295°5 36075 22-0 
32 X $ 180-5 13 ) 00"5 142° 1 I14°5 105°O | 313°5 361-5 | 106°5 
1 3S ty X $? 178-0 | 133°0 | 88-9 I11*7 310°0 | | 
38 X $ 179°0 | 137°5 97°4 | 131°5 | 1 10g°0 102°0 | 303°0 | 363-0 120°0 
| 39) IX ) 15Q°5 | 195°O | 144" 08 | 145° | 144°5 | 121-0 | 109°0 | 330-0 | 398-0 | 131-0 
$1 X ? 174°0 | 173°5 9°5 2 36 13 II3*I | 95°O | 316-0 | 366-0 | 106-0 
42 X ; 178°5 | 18 40°5 54 | 130°0 | 129 114°3 | 97°5 | 320-0 | 368-0 | 108-0 
44 | X ; 81-5 | 183~ 38-0 | gI-2 | 138-0 | 1370 | 11770 | 96°: 314°5 | 377°5 33° 117-0 
45 | ? 1X $? 178°5 80:0 5 82°3 | 134°5 | 133°5 | I12°9 | 101-5 | 303-0 | 369°5 | 129°5 | 132°0 | 108-0 
16 X ; 178-0 | 184°0 | 131° | 136-0 | 133°5 | 116 104°0 | 298-0 | 362°5 | I 131°5 | 115°0 
; 4 | | 
| 48 X ; 83-0 83°5 5 133°O | 133°0 03:5 o2 302°5 | 36g°0 | I 139°O0 | L110 
| 50 ee 3 169°5 | 17455 2-0 | 87-7 | 134°5 | 134°0 93°5 | 309°0 | 364°5 | 1 136°0 | gg-0 
52 1727ar iA | 5 54°5 $O | 14 I | 142°0 ! 143°5 97°5 | 327°5 354°5 | 13 150°O | I14°0 
56 j 538 IX 3 730 | 178-0 7% goo | 138-0 | 137°0 97:0 | 318-0 | 365-0 | 126-0 | 139°0 | 100-0 
57 | 1718 1X y? 177°5 5 | 145°5 2° 137°5 | 137°0 | 1OI-O | 313°O | 369°5 | 12 2 1190 
63 1527 IX Sf 178°5 | 177°0 | 135°0 S9°O | 132°5 | 132°0 | I10°7 94°O | 297°5 | 375°O | 131-0 115°0 
| | | 
64 1587 IX {? 173°0 | 175°0 | 130 88-6 | 130°0 | 128-0 | 111-0 ov" 304°5 358-0 | 117-0 106°0 
65 1514 IX ; | 185-0 | 194-0 | 139°0 | 91-4 | 135-0 | 133°5 | 115°2 | 97% 20:0 | 387-0 | 131-0 | 127°5 
| | 
( . ~~ | ” . e i. ; - 7 «| y 5 ee ee 
6 1593 | 5 175°5 | 1780 | 1410 | 95°Q | 146 144°0 | 119°5 | 103-0 | 320-0 | 372-0 | 128-0 | 120°0 | 124-0 
68 1579 IX ; 84°0 | 185-0 | 141-0 | 88 | 139°5 | 14070 | T1g°5 97°0 | 322-0 | opti, ‘tiie 140°O | 112°5 
70 1700 IX , 183°5 | 188-5 | 14 89°8 | 141-0 | 139°0 | 11778 » | 327% 393°5 | 1310'S 141-0 | 121-0 
| | | 
| ‘ | | 
71 | x6051X | $? 190°5 | 189°5 | 142° 13°7 | 137°0 | 136-0 | 119-2 | L00°O | 328-5 | 391-5 | 128-0 | 136°5 | 
| Means | 179°6 | 181-9 | 138 g2* 8-2 | 137°4 100°8 | 314-9 | 373°8 | 129°0 | 129°9 | 115-0 
| ss J | 
| No. of cases } 40 40 | 40 4 28 > 3 | 39 26 | 39 40 37 
| } | 
| | | | | i 
| I 1632 IX 167°5 | 168-0 27-0 | 86-2 | 126-0 | 125 103°4 93°0 | 285-0 | 338°5 | 117°5 | 108-0 | 113-0 
| 4 No Mark IX ? 179°5 | 179°0 39°O 88- 136°0 | 134°0 | 115°8 96-0 | 316-0 | 378-0 | 127-0 | 133°0 | 118-0 
5 15?? IX 175°O | 173°5 | 129°5 82-4 | 134°0 | 132-0 | 108-5 98-0 118-0 | 118-0 | 115-0 
| 6 r861X | ? 173°5 | 173°0 | 130°0 | 84°5 | 134°0 | 132°0 | 112 98-0 118-0 | 131-0 | 106°5 
|} 12 1526 IX ? 167°5 | 167°5 | 122°5 81-r | 120°5 | 120°0 | 107°2 goo | 292 123°0 | 122°0|} 97-0 
15 1569 IX : 153°5 54°O | 146°0 ) | 135°5 | 134° 14°5 | 104°0 | 316°0 129°0 | 133°0 
1715 I 167% 165°5 | 128-0 5 | 133°0 | 132% 110 93°5 | 296°5 348-0 | 117°O | 115°O | 116°0 
16o1d IX ? i79°0 | x Oo 84°9 30°5 | 129°5 | 109°3 96°5 | 302-0 | 368-0 | 121-0 | 129°0 | 117°5 
1540 X | 164% 64 20 28-0 | 125°5 | 106°5 89°0 | 290° | 343°5 | 113°O | 124°5 | 106-0 
73 59°0 | L15°0 125°0 1130 





40° 110°0 124°5 105°5 


I19g°0 


Wn Kw KK 
: 
y 
. 
S 
rs 
j 
tn 
i 
¥ 
5 




















34 1537 1 ? 185-0 | 184°5 | 145°0 | 96°8 | 130°5 | 1 g0°5?| 322-0 | 135°0 | I 
36 1558 I ? =| 170°0 | 170°5 | 138-5 | 85°0 | 135°5 | 1 94°0 | 3125 | 367-0 | 130°0 | 1 
37 400 I ? 173°5 | 172°0 | 144°0 | 95:0 | 132°5 | 1 85°5 | 316-0 | 371°5 | 128-0 | 1 
40 1635 163°5 162-0 21°O 83-2 127°5 I 97°0 277-0 328-0 | I110°0 | I 
| 
43 387 IX ° 172°O | 173°0 | 130°5 O°O | BIO] 1 | 89:0 | 312-5 | 365-0 | 129°0 | 125°O | III-O 
47 1504 IX r 173°5 | 175°O | 130°0 8o0°5 | 135°0 | 1 | 99°5 | 306-0 | 359°5 | 118-0 | 126°5 | 115-0 
! +9 1803 IX ? r77°S 176°0:| 133°5 | 90°0 130°0 I 92-0 2g5°O 273-0 134°0 1290°0 110°0 
| | 
5I 1521 IX 1730 oO | 130°0 85-0 | 137°0 | 137°O | I15°2 99°5 | 307°0 | 363°0 105-0 
| 33 1541 1X 175°5 o | 137°0| 919 | 145°0 | 144°0 | rat 95°0 | 325-0 
| 54 1540’ IX ? I >|} r7g°0 | 1380 | gor8 | 137°5 | 136°5 | rrr 99°0 | 308-5 | 366°5 III'5 
55 6or IX 169°5 | 171% 127-0 83 129°5 | 129°0 | Tog- 96-0 | 296°5 | 351°0 I10°o 
} 55 1538 IX 1609°5 | 169°5 | 125°0 dS 123°0 21-5 | ro4°d 92°5 | 293°0 | 344°0 122-0 | 1030 
| 59 1601¢e LX ; 176°5 | 174°0 | 134°0 83:2 | 133°0 21-0 | 109 g6°0 | 298°5 | 365°0 139°0 | 107°0 
60 1731 [X 173°O | 173% 132°0 | 88-6 | r29°5 | 128-0 | 107-6 gt°O | 294-0 | 359°0 117-0 | 118-0 
61 1588 IX ? 172°5 | 172-0 | 134°5 go'8 | 130°5 | 130°0 | 108 95°5 | 300°0 | 356°5 112°0 | 118+5 
62 1672 IX | 172°5 | 172°0 | 134" S9g°O | 125% 124°0 | 107°5 92°O | 294°0 | 352°5 120°0 | 110°0 
6 1581 IX I71°O | 168 I 32% 85°O | 131°0 28-0 | 108-5 96°0 | 288-5 349°5 
69 1522 IX : 179°O | 178°5 | r40°5 93°2 | 134°5 | 133°5 | 112°5 980 | 310°5 | 370°5 
20 | x60orbIX | Juvenile) 181-5 | 180-0 | 140°5 87°6 | 132°5 | 131-0 | 113°3 92°0 | 308-0 | 375°5 
sex? | 
Means* 173°l | 172°9 | 133°5 | 87°4 | 131°7 | 130°5 | I10°4 | 94°7 | 30%°5 “I 
No. of cases 30 30 30 30 ~+| 30 30 30 30 30 «| «(27 














* No. 20 excluded. 
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AppEenpDIx I. Individual and 


Orbits Palate and Profile Foramen 


a = ——, — - = — osomins —_— 








OR | OL | OR | OL | OR | OL IOW Gg \ & G, EH GL fml fmb | 100 B/L 100 H’/L | 100 B/H 


















































ro | 37-9 | 37°38 | 3r-2 | 31-3. | 9773 | | 41-2 | 76-7 - 
8-1 | 1°8 42°0 | 33°0 32°06 | 99°5 53°0 | 49°3 37°9 14°5 97°I | 37°7 | 30°6 74°4 | 74°4 j 100°0 
| | | | | j 
03 45°38 | 46-4 } 43°4 42°60 35°6 35°3 105°4 16°8 IOI"4 36°8 73°9 74°7 98-9 
9°5 } 42°5 39°0 40°0 | 32°2 320 95°6 14°0 100°5 351 | 7s | 71°3 106-0 
9°3 | 37°8 | 40:2 | 36°5 | 36:6 | 32°0 | 34°1 94°5 | 13°71 99°0 | 34°5 | 81-4 80°38 | 100-7 
| 
1-4 | 43°2 | 41-0 | 41-8 | 39°0 | 33°3 | 34°0 | 91-2 | 51°0 | 460 | 30°0 | 13°0 | 93°3 | 36°6 | 27-9 7 | 77 107°1 
| 45°0 } 33°4 | 318 | 104-0 | | 89-0 37°0 | 32-2 74°9 | 102-9 
41-0 | | 40°0 | 30°0 | 30°99 | + 94°6 49°6 36-2 | 10°0 99°0 28-0 760 96-1 
03 46:0 | 44°7 | | | 34°0 34°9 | IOI-2 | 46°8 97°0 36°6 29°4 74°5 92-6 
| | | | | 
od $2°0 40°60 39°0 34°0 33°2 95°7 51-2 34°5 10°2 94°4 3 25-2 76°6 76°6 100-0 
QI | 402 | 39°38 35°S | 33°7 34°5 906 | Sorl 39°5 g°2 904 fab 31°7 79°7 99°3 
70 | 42°0 40°2 | 38°7 | 33°5 34°2 94°5 51°0 38-8 | 12°38 | 93°73 33°6 30°5 77°0 102-2 
| | | 
I-o 40°2 39°60 30°2 34°5 35°5 57°0 44°2 IIo 95°0 33°0 | 29°7 76°9 76°6 100°4 
40°3 40°4 38-2 | 34°4 34°8 95°4 52°8 41°O 19°2 98°6 32°9 30°0 75-0 SI°l 96-2 
$3°0 $0°2 41° | |} 35°0 35° 93°4 43°60 40°60 1rd QgI-2 360°2 | 29°58 80-9 7 103°3 
o-2 43°2 40°6 40°0 | 33°2 34°0 00°6 55°5 51-0 408 102°7 | 38-0 31°7 73°4 73°4 100°0 
2°7 13°0 40°2 39°4 32°4 31°7 )9°4 60°0 53°0 45°0 104°5 30°0 34°0 | 69°8 7zvO 95°7 
{ 47°2 46°5 | 45°4 33°5 33° | TO2T | 51°% | 47:0 | 39°3 < 100°0 | 3 32°4 71°5 750 95°3 
0-6 42°8 39°6 39°2 30°1 30-1 g0-2 49°O $3°5 } 91°60 3 I-o 78-9 76°7 102°9 
74 45°8 42°3 A3°2 30°35 36°35 100°5 51°2 46°3 {1I°O 16°3 100°5 4 32°5 74°2 751 95°0 
1-4 28-8 | 0'2 30°8 go'2 ’ 74°7 ° 
9°5 43°8 42°2 412 315 3 95°3 53°60 4Q°I 1.3°0 10°58 IOI*2 32-0 29°0 76°35 104°6 
3°O 40°2 46°0 43°2 37°4 37 O 105*2 52°0 47°2 $O°0 II‘2 105°0 37°5 30°5 735 99°7 
6-7 38-6 38-4 25°2 o'8 are) 85:0 46°0 42°0 39°7 14°2 85°7 36°2 25-0 50-4 102°6 
orl 16 11°6 38-8 97 0 53°5 47°6 43°0 130 100°8 33°0 27°3 7o°1 108-9 
79 4o°8 40°0 38°8 )3°0 $7°O $3°5 38-8 13°2 QI'4 30°1 30°1 75°4 100°7 
o°7 39°9 39°S | 30°! y3°O J0°2 44°1 40°4 9°7 95°6 33°8 29°7 74°7 100°7 
8:5 | 43:9 | 43°8 | 41-0 6-0 | 50°83 | 47-6 96°3 | 38:1 | 31-6 | 71-2 | 98-1 
9°9 $3°O 44°O 38-6 5 0 11°8 35°6 14°8 94°4 36-2 31°7 73°8 | 101-9 
9°9 40°O 41-0 | 36°4 37°4 go*4 43°8 37°3 10°3 90°7 36°4 30°6 75°6 98-5 
=) 43°2 42°0 | 40°O | 39°58 98-6 17°4 39°O 1375 | 985 37°2 28- 9-7 IOI‘! 
5-2 40"0 | 40°0 | 36°0 35°6 92°7 $7°O 43°5 43°0 15°4 go-o 41°5 32° 77°0 77°0 100°0 
o'3 43°6 | 43°2 92°06 47°2 45°0 fOr! 14°0 )7°0 33°3 | 27°0 SI-I 7O°3 106-2 
o'7 42°2 39°5 } 916 35°3 | 2g°0 r 76°3 74°60 102°3 
| | | | | 
9°6 39°5 39°4 37°O | 36° 31-5 s1 : socdined j1°2 +4 40°2 12 g2°5 33°5 29°4 74°3 731 101-6 
9°35 42°0 (r°2 | {1°O | 40 sz70 33°5 100°4 19°9 17 Ors 30°75 30°5 | 71-6 68-5 | 104°I 
= | | 
43°0 | 42°1 40°0 35°4 | 35°7 99°0 $19°O 15°5 42°0 I2°2 97°0 40°2 30°35 79°2 «| 50°9 97°9 
39°3 | 37°E | 33°4 | 33°3 | SSO | 45°3 | 426 89:0 | 33:2 | 301 | 76-2 75°7 100°7 
| | a | | 
$1°3 | 40°0 | 31°2 QI*4 53°7 17°5 94°60 34°0 29°5 78-0 73°77 | 105°5 
8-0 fic! q1°O | eS | 39°5 | 32-0 330 95°0 | 53°! q8-e 41-Of) 12-37) 966 | 34:2 | 29°17) 74-9 715 104°4 
| | | ve 
9°5 42°4 41°Q | 39°7 | 39°3 } 33°3 33°6 95 51°5 46°7 40° 132 | 96-0 35°9 | 30°K | 7Or1 75°5 100°9 
37 38 36 355 | 33° =| 40 y 1 ee oe 36 31 30 37 37 +«2«| 38 ~—C | 40 35 | 38 
| | | | | | 
| | | | | | 
g't | 40-4 | 40°6 | | | S39 | 330 69°5 | 47°O | 44-0 , 34°2 756 | 744 | 1016 
g'I 41°9 41°6 | 39°2 | 30°4 32-0 32°7 85:5 47°3 14°8 34°0 I1°7 34°0 | 28-2 77°7 749 | 103°7 
8-8 28-6 36°0 35°O 31°O 310 39° 33°5 | 29°0 | 98-1 
B-4 | 412 37°3 32°3 | 32:2 510 | 48-0 | 42°0 | 12:9 34°2 | 29°5 Weg 98°5 
7°6 35°8 33°8 32°5 | 29°0 | 29°3 7 +4°3 39°3 36°2 9°5 34°5 | 2774 73°71 102°1 
I1°6 43°2 40°8 40°O 33°0 33°0 5 52°0 {5-0 35°5 II‘o 30°4 79°3 109°0 
Ir‘o 40°O 36°6 26°0 33°5 33°60 oO +9°O 44°0 39°5 Ir-6 35°4 31-5 77°3 
9°7 | 41-0 38-2 | 37°4 | 35°3 | 35°7 O | 49°2 | 43°9 | 35:7 | 11-6 34°6 | 27°83 | 74:5 
10°4 39°6 | 36°0 29°2 29°9 3 37°O 33°0 25-0 79°0 
Lo"! 37°6 | 36°2 | 20°4 | 2g°0 4 | 50°S | 46-0 | 39°0 | 13°5 33°1 | 28:5 76-3 
10°5 | 35°8 34°5 30°5 29°8 go°*4 47°7 43°5 39°2 9°3 31°3 28:0 74°55 
| 
8-2 41°O 41°6 38-2 38-1 32°0 32°0 89°7 | 45-1 43°0 34°8 7-8 88-7 33-0 26°5 77°09 773 100°8 
| | | 
41°6 41°2 | 34°2 33°6 95°7 37°0 10°6 gro? 70°5 III'5 
8-0 | 3974 39°0 | 35°0 33/0 59°5 45°2 (a7 35°3 130 87-2 32°8 73-9 103°0 
12°5 41°3 41°O 25°3 35-4 385°7 46°2 40°2 30°35 14°3 81-6 35°3 760°7 Io0g°I 
8-4 | 38:2 | 37°8 33°2 | 33°38 | 845 | 45:2 | 4x8 | 368 | 98 | 87-3 | 31-9 | 78-4 103°I 
| | 
9°7 AI°7 | 43°0 39°4 | 40°0 33°4 33°35 94°I 4I°2 35°90 9°0 32°8 
11'3 | 39°0 | 38-0 | 36:0 | 35:4 | 28:8 | 300 | 86-4 38-6 33°4 
96 | 41°8 37°2 | 33°0 94°4 44°8 | 40°3 | 1374 33°8 73°3? 
128 | 37-0 | 37:7 | 35:2 | 35:2 32-7. | 919 | 5-7 | 45°8 17°4 | 29°6 94°9 
10°2 41°2 40°O 37°2 36°2 34°0 93°0 +O 42°8 3E°5 14°8 52-6 gs" 
g'l $3°0 | 42°0 34°9 96°9 | 43°5 | 40:2 | 39°2 | 13°6 88°3 | 354 j) Orr 
1I0°O 35°9 30°2 56°4 36-0 8-4 
8-9 39°8 39°8 35°3 33°0 go 40°O jo°d 39°2 13°3 88-0 32°90 105°3 
11-9 | 39°5 | 30°r | 37:2 331 | 8o°0 | 48:2 | 44-7 | 39°71 | 11-7 | 88-7 | 31°8 102°3 
8-8 39°7 37°8 36°1 34-0 57° 40°5 42°9 56°3 33° 103°1 
79 | 42:1 41°5 39°4 35°0 92°7 | 47°2 | 44°3 9-0 | 33°7 103°5 
10°5 412 40'8 38-0 33°0 gt $9°4 45°6 37°O Irs go°9 30°3 108-1 
12°3 38 39°2 26°0 31°35 go | 35°2 gI°5 35°7 TO3I 
ae) ae i a |) Se eG oe bd bod FO 93t | 33:5 1052 
10°6 38-0 38-0 i S25 | 34-0 903 142 40-4 35°5 7°6 56°3 35°O 107°3 
| | | | | | 
10°0 40°4 39°8 37°4 | 36°7 32°7 32°7 90°0 17°4 A3°5 | 37°9 EE°7 89°7 33°7 25°4 77°2 75°5 102 
29 «| «20 | 29. «—«|:« 26 24 | 30 20 30 23 24 24 20 | 29 | 27 8 30 30 30 











pdividual and Mean Measurements of Ninth Dynasty Egyptian Skulls from Sedment. 
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76-9 | 30°% 81-2 | 2°} 32-7 ror | 84-7 1496-9 | Ageing, coronal and sagittal s 
| | | } | 
| 81-8 | 39°3 77°4 | 42°4 | 10-9 |} 1478-0 Aged, all sutures nearly oblitd 
1 896 33-2 | 8r8 | 42°9 | 15§°3 1416-2 | Base partly defective; R ram 
| 76:0 | 328 | 916 3 | 43°3 | 168 | 1341-3 | Coronal suture beginning to ¢ 
i } | | e and lower L 1st molar; tyz 
| 765 | 84:8 | 33-3 | 76:2 | 64:0 | | 44:0 2 8-2 | 88-8 | Parts of zygome**e arches nd 
| | | | I worn; tym c perforatio 
| 87-0 are nes 1519-1 | Zygomatic arches and palate p 
| ip 2 - 
63-7 | 68-0 | 42°2 29°8 12°4 | Base, teinporal and L maxilla 
80-3 61-4 | 41°9 35-3 | 68 | 1575-0 Left mandible missing; corong 
| | | ; and premolars lost from uj 
68+ 6-0 29°3 61-0 | 80-0 | 39:0 | 30°8 8-2 88-2 1410-3 | Coronal suture closed, sagittal 
704 | 90:0 23°1 | 62°6 70-9 | 46°5 | 34°6 8 1368-6 Ageing, coronal and sagittal sq 
56°1 82-9 33-0 | 67:0 676 | 45:4 | 33°9 | : 79°1 136574 No mandible; coronal suture 
i } | } | | supra-occipital; JL 
20-7 | 31-9 | goo | 61-8 | 7471 | 447 | 33-2 | 10-9 85-0 | 1462-4 R ramus of mandible missing; 
71-9 | 168 QI:2 63:1 | 71-2 5-7 33-0 11-8 83-0 | 1439% | Coronal suture beginning to ¢ 
84-2 | | 29-1 82:3 | 61-3 | 77-2 41°5 31°7 9°8 87-0 | 1307-4 Base partly missing; L corong 
| from upper jaw and 3rd } 
73+] 34°8 83-4 | 67-1 43°0 > . 84-8 | 15008 | Ageing, coronal suture beginr 
6-0 | 33-3 | 944 | 72:1 | 40°3 80-8 | 14338 | Complex sutures; single worn 
75-9 | 29-7 | 85-a | 40-2 85-4 | 1440-9 | Ageing, coronal and sagittal s 
88-1 60°0 | 40-4 84-4 | 1265-8 All sutures beginning to close 
79°9 88-6 | 398 | 79:3 | 6571 | 43°5. | | 82-0 | 1447-4 | Aged, all sutures almost oblit4 
} | 90-1 | Base and right side of face am 
Ro. 87-6 as-r | 6 | 67°5 | 69-1 | 13°4 21°5 1r9 | 81-0 | 1218-9 No mandible; teeth complete 
“69 | 84:7 2B-o 3 67:2 | 69:0 | 43°8 25-8 18-0 | 87-0 1487-8 | Aged, all sutures partly oblite 
86-3 | 94°5 25°8 3 61:8 | 78-6 29°6 28-4 II‘2 89°8 1415-5 Ageing, coronal suture closed 
80-4 | 90°3 50:2 - 0°3 66-0 | 437 26:5 16-9 | 82-9 | 1452-0 Coron: and sagittal sutures ¢ 
82-5 | B8o-2 34:0 | 4 | 62-7 70°! 47-2 33°3 139 | 84-0 | 1498-9 No teeth lost from either jaw 
80-s | 916 24-0. | 9 65-8 75°5 28 28-0 10°7 86-2 1371-3 Zygomatic arches partly miss 
| f 62°8 74°3 12°9 | ro 85-3 Base and L parietal bone pag 
bee ena’ it eat} 6 ie 93-3 148 10'8 84-0 | No mandible; aged, all sutur 
76-4 | 85-2 27°7 | 1 | 67-9 731 | 39°0 12-0 85-1 R ramus of mandil le missing 
og | 823 34°6 r- | Jor 68-9 | 41-0 7 | 766 | W ormians in lambdoid suture 
90°3 8-2 35°8 | 7773 63-0 74°; 42°3 13°2 9 ap ex a ae ; Wormians i 
B=-0 80-1 34°9 | 81-1 | 666 7395 59°Q 303 9°6 3°] 4 mca, PALSY defective; reli 
| 82-2? | 132573 ireatel part of face missit 
| tions R and L. 
28:5 86-7 6° T* Sea DT és ‘ ae 26:8 | 15°3 87-8 | 1173- Young adult, basal suture opd 
| | 836 | 634 | | 44°06 | 295 | U5r | 871 | 1504-1 Occipital bone part defectiv 
| | | suture; teeth of both jaws 
| | | incisure L. 
Ba-> 92°3 29:0 | 76-6 63-7 72+5 43:8 | 36-1 | 7°7 80-2 1489-1 | No mandible; aged, all suture 
| go- | 62 76 41 | 30% 106 | 86-8 | 15379 R side facial skeleton partly di 
| | | | | | | before death but none from 
86-8 64-7 | 7373 | 42-0 | 30°7 Ir-3 | 84-6 1550°3 L side face defective: R side 
| | | | | | complete; JL. 
- 84-0? 30°0? 85+1? 66-4 g21 | 41° | 27°4 14°! 86- | 1609°6 Aged, all sutures almust oblitd 
\ | | | | | | 
85-6 32°8 | S4c1 | 05 °t | 72°°4 | 42 °°5 | 30°6 | rx%9 | 84°4 1426-9 
30 39 «6| 30 «| 37 36 36 | «36 | 36 | 36 37 35 
} | 
| | | 
| | | Aged, coronal 
60:8 | 73:9 | 15°3 | gr! 83-0 1138 2. 3 — ‘ nag ane sonities su 
1-9 75°09 34°4 82-9 | 65-0 | 721 | 42:0 | 2 | 14°2 | 86-3 | 1372°6 t gop, ‘mandi le missin 
| 86-6 | 64:8 | 75-1 40°I | 33°2 | 6-9 | 82-0 No mandible; L side brain bi 
| 82-4 | 875 | 30-7 87-1 | 66-3 | 718 | 41-9 | 3073. | 11-6 83-4 | I I, ramus of mandibie missing 
| 81-7 gat | 794 | 66-3 “6-0 26-8 | ~ | rrr | 88-0 I No mandible; ossicl sagitt 
| 74-6 85:8 | 62:3 | 75:0 42°7 | | 14:8 89:8 Occiput and base largely defe 
81-2 go's | 8o-8 65-2 | 720 | 42°8 9°6 81-6 1205°9 No teeth lost before death, nc 
74°1 8r-3 | Ro | Gosh 2°4 | 15°0 I 12°90 55°3 | 1 309°4 Young adult, basal suture no 
| 84:8 , 73:4 41-4 80-8 I155°1 Young adult, wormians in lai 
mode y 84:8 34-6 86-1 | 69-2 | 384 309 | O75 6-7 Base partly defective; wormi 
1 82-2 S0°5 23: 89°5 | 73-2 | 39°6 7-8 | 1-8 85-0 | 1147-9 bse pc: in lambdoid suturd 
| j } i anc 
63 80-0 | 224 8:2 | 724 {1°8 20°2 12°6 85-0 I ‘8 L ramus of mandible missing# 
| | small exostosis on supra-0' 
| 28-6 68-2? |. 43°42 | 23°82 | 19°6? | 87-8 Base partly defective; aged, ¢ 
“8:1 84:7 26-8 797-7 79-0 16°4 29°5 | 169 88-9 1296-4 Mandible partly broken; all s 
9°7 | ors | 38-9 81-0 60°90 16°9 23-6 133 | 83-2 1474°1 Coronal suture closing and ot 
81-4 | 880 266 | 94:0 77°4 41-4 25°29 6-2 | 836 III7*3 Young adult; srnall ossicles in 
| | border; epipteric bones R 
871 | 94:0 25+] 75-3 61-2 | 73°3 15°5 3I°4 I4°l . 3Q° Aged, coronal and sagittal su 
} 60°1 72°3 38-6 28-1 10°3 | L coronal suture beginning t¢ 
| 90°0 3°3 63°6 | 69°58 46-6 20°0 16°6 | L facial skeleton partly defect 
| death (?), teeth extremely 
| go"5 68-4 | 72-1 39°5 20°4 ror | No mandible; coronal sutures 
| 88-2 | 97 “4 | 15°9 Base partly defective; young 
| 89:5 | o75 43°2 34°5 } Ageing, coronal suture closed 
: | Facial bones partly missing; 
| 8s.0 | 6% 2°3 I2'9 Single wormians in L coronal 
81-1 41°3 96 | No mandible; ossicles of lamt 
42-8 | 9°4 | L ramus of mandible incomp 
| 45-0 974 ‘ jaw and R side face i 
“6:1 | 82°5 | 44°0 | 15°6 A , coronal and sagittal 
: 20°2 8-4? Brain box partly defective; ¢ 
| | 45°5 | 15°3 | No mandible; coronal suture 
| 81-0 | 88-6 41°6 Ir-7 | | Juvenile; single wormian in I 
| | 
80:2 87:7 | 42°-6 30°°8 116 | 
18 | 19 29 28 28 | 
| | 
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REMARKS 


Base and left temporal bone largely defective; aged, coronal and sagittal sutures nearly obliterated, lambdoid suture closed; 
Ageing, coronal and sagittal sutures closed and partly obliterated, lambdoid suture beginning to close; teeth complete but v 


Aged, all sutures nearly obliterated; complete dentition and moderately worn; small precondyle R; JR; JL divided; whole 

Base partly defective; R ramus of mandible missing; ageing, coronal and sagittal sutures closed and nearly obliterated, lam! 

Coronal suture beginning to close, sagittal suture obliterated at obelion, lambdoid suture beginning to close; ossicle at R ast 
and lower L 1st molar; tympanic perforations R and L; JR and JL divided. 

Parts of zygomatic arches and R condyle of mandible missing; aged, coronal and sagittal sutures almost obliterated, lambd 
worn; tympanic perforation R; JR; excrescence behind left condyle. 

Zygomatic arches and palate partly missing; aged, all sutures nearly obliterated; all teeth probably lost from upper jaw before 

Base, temporal and L maxilla partly defective; L ramus of mandible missing; aged, all sutures nearly obliterated ; ossicle at R 

Left mandible missing; coronal and sagittal sutures beginning to close, lambdoid suture clearly open; numerous wormians in 
and premolars lost from upper jaw, no teeth lost from R side of mandib le, teeth considerably worn; epipteric bone R; JR 

Coronal suture closed, sagittal and lambdoid sutures beginning to close; ossic ‘le of lambda, |: irge ossicles in lambdoid suture 

Ageing, coronal and sagittal sutures closed, lambdoid suture beginning to close; teeth of both jaws complete and moderately 

No mandible; ag - suture beginning to close, other sutures open; ossicles in lambdoid suture R and L; teeth complete in 
supra-occipital ; 

R ramus of mz andib - missing; ossicle of lambdoid suture L; metopic suture RF +LP 5-3 mm.; all teeth im situ and slightly vy 

Coronal suture beginning to close, sagittal suture closed, lambdoid suture open; perfect dentition and slightly worn; JL. 

Base partly missing; L coronal suture obliterated, R coronal and s: ugittal sutures beginning to close, lambdoid suture open; o: 
from upper jaw ‘and 3rd M’s unworn, no 3rd. M’s in lower jaw, teeth moderately worn; epipteric bone L; asymmetric: al 

Ageing, coronal suture beginning to close, sagittal suture nearly obliterated, lambdoid suture closed; no teeth lost before d 

Complex sutures; single wormian in lambdoid suture R and L; teeth complete and slightly worn; epipteric bones R and L; 

Ageing, coronal and s: agittal sutures closed and partly obliterated, lambdoid suture beginning to close; a few molars and pre 

All sutures beginning to close; about 6 molar and premolars lost from upper jaw before death, no teeth lost from lower ja 

Aged, all sutures almost obliterated; no teeth lost from either jaw, teeth very worn; JL. 

Base and right side of face and mandible partly defective; all sutures beginning to close; complex sutures; wormians in lan 

No mandible; teeth complete and very worn; epipteric bones R and L; JR. 

Aged, all sutures partly obliterated; no 3rd M’s in either jaw, upper L 1st molar lost before death and socket diseased, R 1: 

Ageing, coronal suture closed, sagitt: il suture nearly obliterated, lambdoid suture beginning to close; no teeth lost from eit 

Coronal and sagittal sutures c one lex and nearly closed; perfect dentition, teeth slightly worn; epipteric bone R; J =. 

No teeth lost from either jaw before death, teeth moderately worn but 3rd M’s less worn than other molars; precondyles 

Zygomatic arches partly missing; aged, all sutures closed and ne arly obliterated; several teeth lost from both jaws, tee th 

Base and L parietal bone partly defective; aged, all sutures almost obliterated; some teeth lost before death; epipteric bi 

No mandible; aged, all sutures beginning to close; ossicles of lambdoid suture R and L; metopic suture RF +LP 2-2 mm 

R ramus of mandible missing; ageing, all sutures "closed and partly obliterated; depression at obelion; I,L and CL lost fr 

Wormians in lambdoid suture R and L; teeth of both jaws complete and slightly worn, one carious; JR. 

Complex sutures; wormians in lambdoid suture R and L; no teeth lost before death, only one 3rd molar (lower R), teeth m 

L face partly defective; ageing, coronal and sagittal sutures nearly obliterated, lambdoid suture open; small wormians in 

Greater part of face missing; coronal suture beginning to close, other sutures open; a large ossicle in lower corner of L pariet 
tions R and L. 

Young adult, basal suture open, complete dentition; all 3rd molars erupted but unworn; wormian in lambdoid suture L; J] 

Occipital bone partly defective; aged, coronal suture closed, sagittal suture completely obliterated, lambdoid suture closed 
suture; teeth of botia jaws defective, about 5 or 6 teeth lost from upper jaw and 4 or 5 teeth lost from lower jaw; JR; se 
incisure L. 

No mandible; aged, all sutures closed and nearly obliterated; no teeth lost before death, teeth considerably worn; JR. 

R side facial skeleton partly defective; coronal suture obliterated near pterion R and L but open above, sagittal and lambdo 
before death but none from lower, teeth markedly worn; JR; small blunt spine projecting posterior to basion. 

L side face defective; R side mandible partly missing; ageing, coronal and sagittal sutures closing, lambdoid suture open; | 
complete; JL. 

Aged, all sutures almost obliterated, thinning in middle part of parietal bones due to age; possibly 3 molars lost from both j 

















Aged, coronal and sagittal sutures almost obliterated, lambdoid suture closed; teeth of upper jaw L and lower jaw R most 
R ramus of mandible missing; ageing, coronal suture closed, sagittal suture nearly closed, lambdoid suture beginning 
R and L; J 
No mandible; L side brain box and palate partly defective; wormians in lambdoid suture R and L, small ossicle above lam 
I, ramus of mandible missing; wormians in lambdoid suture R and L, single wormian in sagittal suture above lambda; n« 
No mandible; ossicle of sagittal suture above lambda; wormians in lambdoid suture R and L; no teeth lost before death: tyt 
Occiput and base largely defective; large epipteric bones R and L; teeth complete in upper jaw but very worn, L 3rd M an 
No teeth lost before death, no 3rd M’s in either jaw, teeth moderately worn; epipteric bones R and L; J 
Young adult, basal suture not completely closed; no teeth lost from either jaw; JR. 
Young adult, wormians in lambdoid sutures R and L; ossicle of lambda; teeth complete, 3rd M’s not fully erupted; large | 
Base partly defective; wormians in lambdoid suture R and L; ossicle of L coronal suture above pterion; teeth complete a 
Wormians in lambdoid suture R and L; no 3rd M’s in either jaw, teeth worn, upper P,R lost before death; epipteric bones 
R and L. 
L ramus of mandible missing; L coronal suture closing but R open; wormians in lambdoid suture R and L; 3 or 4 teeth | 
small exostosis on supra-occipital. 
Base partly defective; aged, all sutures closed and nearly obliterated; no teeth of either jaw lost, teeth exceedingly worn. 
Mandible partly broken; all sutures closing; teeth complete but moderate ‘ly worn; epipteric bones R and L; tympanic perf« 
Coronal suture closing and other sutures open; no teeth lost before death, no 3rd M’s in either jaw, teeth moderately worn 
Young adult; small ossicles in middle parts of coronal suture R and L; small wormians in lambdoid suture R and L; basal 
border; epipteric bones R and L; JR. 
Aged, coronal and sagittal sutures nearly obliterated, lambdoid suture closing; several teeth lost from upper jaw, teeth of 
L coronal suture beginning to close and others open; perfect dentition but considerably worn; epipteric bone L; tympanic 
L facial skeleton partly defective; mandible broken into two pieces; coronal suture closed and mostly obliter: uted, sagittal ; 
death (?), teeth extremely worn; epipteric bone L; JR; trace of suture between ex- and supra-occipital bone R. 
No mandible; coronal sutures closing and others open; wormians in lambdoid suture R and L; no teeth lost before death 
Base partly defective; young adult, basal suture probably open; teeth complete and slightly worn, 3rd M’s not mls eru 
Ageing, coronal suture closed, sagittal — nearly closed, lamb oid suture open; wormians in lambdoid suture R and L; 
Facial bones partly missing; young adult, basal suture not completely closed; ossicle at R asterion; probably no teeth lost 
Single wormians in L coronal and R fambdeid sutures; teeth of both jaws « omplete and hardly worn; epipteric bone R; J 
No mandible; ossicles of lambda and in lambdoid suture L; traces of interparietal sutures R and L; tee th complete and ve 
L ramus of mandible incomplete; 3 wormians in R lambdoid suture at asterion; no teeth lost before death, no lower 3rd \ 
Lower jaw and R side face incomplete; aged, all sutures closed, sagittal and coronal sutures partly obliterated; wermians i 
Ageing, coronal and sagittal sutures nearly obliterated, lambdoid suture open; no teeth lost before death, no 3rd M’s in b 
Brain box partly defective; ossicle of lambda; metopic suture LF +RP 7-0 mm.; teeth of both jaws complete (?); JR; pr 
No mandible; coronal suture closed and almost obliterated, other sutures open; several teeth lost before death; tympanic | 
Juvenile; single wormian in L lambdoid suture; basal suture wide open; 3rd M’s not erupted in either jaw, teeth unworn; . 














REMARKS 





loid suture closed; no teeth lost from either jaw before death, teeth considerably worn. 
‘eth complete but worn; epipteric bone R; JR. 


JL divided; whole skull unusually strong and massive. 
ly obliterated, lambdoid suture beg 
se. 





ling to close; ossicles at asteria R and L; teeth complete but considerably worn; JR. 
ossicle at R asterion; perfect dentition but greatly worn; bone eroded by disease (?) at roots of both upper rst molars 





obliterated, lambdoid suture closed; 2 1st molars lost from upper 











r jaw, 2 incisors lost from lower jaw, teeth considerably 
i upper jaw before death, alyeoli absorbed, teeth complete in lower jaw but exceedingly worn; large epipteric bone R; JR 
erated; ossicle at R asterion; upper 3rd M’s lost before death, teeth exceedingly worn; 2 small precondyles; JR. 
nerous wormians in lambdoid suture R and L; ossicle of lambda and a large ossicle in sagittal suture above it; 8 molars 
vipteric bone R; JR; massive inionic protuberance. 
n lambdoid suture RK and L; eo very worn, 2 1st molars lost from upper jaw, RK 1st molar lost from lower jaw; J 
te and moderately worn; JR; JL divided. 
; teeth complete in upper jaw ma slightly worn; tympanic perforation R; faint trace of metopic suture; protruding 
| 
_ situ and slightly worn; JR. 
ightly worn; JL. | 
loid suture open; ossicle in sagittal suture immediately above iambda; single wormian in L lambdoid suture; no teeth lost | « 
ie L; asymmetrical. } 
) ot lost before death, teeth very worn; precondyle L; JR. 
> bones R and L; JR; negroid? 
-w molars and premolars probably lost from both jaws, teeth greatly worn; single precondyle; JR. 
. lost from lower jaw, teeth cor nsider: ably worn; JL. 
| 
es; wormians in lambdoid suture R and L; teeth complete (?) and very worn. 
| 
ket diseased, R rst M lost from lower jaw; 2 small precondyles; JR; large and strong skull. 
teeth lost from either jaw but all considerably worn; tympanic perforations RK and L; J 
bone R; J 
olars; precondyles larg ve L and small R; JR. | 
n both jaws, teeth greatly worn; JR. | 
death; epipteric bones R and L 
eR LP 2-2 mm.; no teeth lost from upper jaw but teeth considerably worn; JR. 
I,L and CL lost from upper jaw, 3rd ML lost from lower jaw, teeth greatly worn; JR; JL divided. 
(lower R), teeth moderately worn; JL. 
small wormians in lambdoid suture; teeth complete and considerably worn; JR. 
corner of L, parietal bone above asterion and mastoid; teeth complete in lower jaw but very worn; tympanic perfora- 


ibdoid suture L; JL. 
loid suture closed and nearly obliterated; small wormians in coronal and lambdoid sutures; trace of transverse occipital 
i lower jaw; JR; several palate bridges; markedly retreating frontal bone and prominent superciliary ridge; basi-occipital 


bly worn; JR. 
wittal and lambdoid sutures open; 
to basion. 

joid suture open; ossicle of lambda, small ossicles in lambdoid suture 


very small wormians in lambdoid suture R and L; 4 or 5 teeth lost from upper jaw | 


; several teeth lost from upper jaw, lower teeth 


rs lost from both jaws and one moiar carious, teeth very worn; large epipteric bone L; JI 





lower jaw R mo stly lost before death: tympanic perforation L: Ji. : " 
suture beginning to close; no teeth lost before death, teeth very worn; 2 precondyles; large tympanic perforations 


1 ossicle above lambda; no teeth lost from upper jaw, teeth hardly worn; tympanic perforations R and L. 
» above lambda; no teeth lost from either jaw, teeth hardly worn; JR. 

t before death: tympanic perforation R; J =; unusually feeble and small skull. 

+ worn, L 3rd M and R 2nd M lost from lower jaw before death; 2 marked precondyles. 


lly erupted; large epipteric bone L; slight tympanic perforations R and L; J 
1; teeth complete and hardly worn; slight tympanic perforations R and L; A. a 
h; epipteric bones R and L; tympanic perforations R and L; JL; traces of sutures between ex- and supra-occipital bones 


d L; 3 or 4 teeth lost from both jaws before death, teeth greatly worn; marked tympanic perforations R and L; JR; 


xceedingly worn. 

L; tympanic perforation L; 

1 moder: ately worn; injury (? st mortem) at root of L mastoid; J=. 
ve R and L; basal suture obliterated; no teeth lost before death, no 3rd M’s in lower jaw, upper 3rd M’s below alveolar 


ipper jaw, teeth of lower jaw complete and greatly worn; J =. 
bone L; tympanic perfor ation L; JR. | 
liter: ited, sagittal and lambdoid sutures beginning to close; wormians in lambdoid suture R and L; no teeth lost before | 
tal bone R. | 
1 lost before death (?); JR; fronto-temporal articulation R. 
M’s not fully erupted in either jaw; JR | 
| 


id suture R and L; teeth of both jaws complete | yut considerably worn; tympanic perforations R and L; JL. 
pably no teeth lost. before death, srd M’s hardly worn; defect of L tympanic plate (?); JR. 

pipteric bone R; JR; asymmetrical face. 

h complete and very worn; epipteric bone L; JL. ; 

th, no lower 3rd ML, teeth very worn; epipteric bones R and L; tympanic perforations R and L; JR. 
erated; wormians in R lambdoid suture; several teeth lost from both jaws; epipteric bones R and L; JR 

h, no 3rd M’s in both jaws, teeth exceedingly worn, one molar carious; JR. 

mplete (?); JR; prominent parietal bosses. 

death; tympanic perforation R; J 

w, teeth unworn; JR. 


To face p. 92 








Lengths with Callipers 
—. 


















































c 
Seri ; ‘ a 
¥ ey Sex % We hy ad Clp | 7b’ | Gy’ | cyte | Goo | InJo(L) | InJo(R)| ey cyb | m: 
2 No Mark 3? 1134 93°2 | 33°2 | 44°0 gI'5 | 3074 50°0 | 32°6 89-6 79°8 78°3 20°1 QI 29 
3 | No Mark XI 3 I17‘I 90°3 | 32°r | 42°0 95°5 | 36°7 42°0 | 40°2 86-5 88-0 gro 19°6 8-7 25 
7 391 1X 3 112-7 | 102-0 | 38-0 | 454 — 39°3 46°5 | 39°7R| 98-6 92°8 94°4 22°5 10°3 28 
8 296 IX 3 — —:\ [ge [S99 | ame a SBS fp) —— a om 81-7 >. oe 2. 
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APPENDIX II. Individual Measurements of Sedment Mandibles. 


Lengths and Heights on Mandible Board 
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widual Measurements of Sedment Mandibles. 
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with the slightly differing early Egyptian types by our «resent series. These 
relationships suggest that we are dealing with a sample from a population which 
was predominantly of Egyptian origin and they may be taken to indicate that at 
some unknown period there was a direct, or indirect, link between the native 
Egyptians of Sedment and the Cretan people. The evidence ‘is not sufficient to 
warrant any more definite statement. The Sedment has a higher cephalic index, a 
greater height and a higher height-length index than any other early Egyptian 
type: it is also differentiated by a high occipital index indicating that the arc from 
lambda to opisthion is less convex than usual. For the first three of these characters 
the divergences are in the direction of the modern Cretan type, but data for that 
type are not available in the case of the occipital index. Male and female type 
contours and mandibular measurements are presented, but owing to the lack of 
sufficient comparative material no definite conclusions can be deduced from these. 
The maximum breadth of the transverse section is relatively higher for the Sedment 


than for any other series for which transverse type contours have been published, 


In conclusion I should like to express my great gratitude to Professor Karl 
Pearson for permitting me to undertake this research in his Laboratory, to Dr Morant 
for aid in many ways and to Miss McLearn for drawing the type contours. 











A STATISTICAL STUDY OF CERTAIN ANTHROPOMETRIC 
MEASUREMENTS FROM SWEDEN. 
By P. C. MAHALANOBIS, Presidency College, Calcutta. 


1. Introduction. The present paper consists of a statistical study of certain 
anthropometric data from Sweden, which have been taken from The Racial 
Characters of the Swedish Nation, edited by H. Lundborg and F. J. Linders, and 
published by the Swedish State Institute for Race Biology, Uppsala, in 1926 *. 
My aim is to make a first application of the Coefficient of Racial Likeness to the 
discrimination of racial differences to be ascertained from measurements on the 
living. Hitherto the method of the C.R.L. has been applied chiefly to craniometric 
data+. As I have indicated in an earlier memoir (Biometrika, Vol. xx“. pp. 1—31) 
the want of standardisation renders analysis of measurements on the living by this, 
or indeed by any other, method largely futile. 


The material consists of measurements of 46,983 conscripts and regular soldiers 
belonging to the Swedish Army and Navy. The subjects were all born in Sweden 
and were over 20 and under 22 years of age. The measurements were taken in 1922 
and 1923, each person being measured by two observers. Special precautions were 
taken to ensure the same standards being maintained by all observers. One of the 
examiners measured the entire naval force, and another examined nearly half of the 
persons included in the investigation. The total number of observers was small, and 
all of them were connected with the Swedish State Institute for Race Biology. It 
may be assumed therefore that the present series of measurements are standardised 
and comparable inter se. Measurements of 404 persons born in foreign countries 
are available, but they were excluded from my analysis. 

The birthplace of the person examined was chosen as the basis for the regional 
grouping of the material into five territories: 

(A) North Sweden, comprising the provinces of Lappland, Viaisterbotten and 
Angermanland. 

(B) West Sweden, comprising Jiimtland, Hiirjedalen, Dalarne, Varmland, Vast- 
manland, Narke, Dalsland, Bohusliin and Vistergétland. 

(C) Hast Sweden, comprising Medelpad, Hilsingland, Gistrikland, Uppland, 
Sédermanland, Ostergétland, SmAaland and Oland Island. 

(D) South Sweden, comprising Halland, Skane, Blekinge and Gotland Island. 


(E) The four biggest Cities: Stockholm, Géteborg, Malmé and Norrképing. 


= 


* Tam much indebted to Professor H. Lundborg for kindly sending me a copy of this book immedi- 
ately after its publication. 


t In Biometrika it has been applied to racial characters in silkworms and to those of Macedonian 
local groups. 
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The material from each territory was further classified into four groups on an 
occupational basis: 

(a) Agricultural communities in which, according to the 1910 Census, more 
than 60 °/, of the inhabitants earned their livelihood through agriculture, forestry 
and fishing. 

(8) Mixed communities in which the corresponding percentage was under 60 
but over 30. 

(y) Industrial communities in which the percentage was less than 30. 

(6) A fourth group, the Urban communities, consisted of the inhabitants of the 
cities, towns and market towns (exclusive of ( E)). 

We thus get the scheme (shown in Table I) for the whole of Sweden divided 
into 17 sections. 

TABLE I. 
Divisions of the Population of Sweden. 


Territory Occupational Section Number of persons 
Group Number | examined 
| (A) North va oe Agricu‘tural | l 2993 
Mixed 7 2 1059 
Industrial 3 106 
Urban 4 337 
| 
| (B) West oe vse Agricultural | 5 7054 
} Mixed sak 6 | 3200 
| Industrial | 7 1245 
| | Urban... | 8 1723 
7 . } ; | | . 2 
| (C) East Agricultural | 9 6496 
| Mixed ... | 10 | 1642 
Industrial 11] 1894 
Urban on | 12 2465 
| (D) South iis .. | Agricultural | 13 3687 
| Mixed im 14 2665 
| Industrial 15 625 
| Urban | 16 1737 
| 
E) Four Largest Cities 17 1755 
Total 16,983 


Mean values of the different characters for each section are shown in Table III 
on the following page. 

Pooling certain of the above sections we obtain the geographical territories 
and occupational classes shown in Table IT. 

Several of the mean values for the occupational classes given in Table IIT were 
calculated by me; the other figures were taken from the published volume. 

[ may note here that after a careful comparison with the Census figures for the 
whole of Sweden the authors came to the conclusion that the geographical as well 
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as the occupational and social distributions of the persons measured were represen- 
tative of the whole population. In other words, the present material may be con- 
sidered to be a fair sample of the male Swedish population for the age-group 20— 
22 years * 

The values of the general means and standard deviations for the total sample 
are given in Table IV. The standard deviations for Bi-acromial Index, Supra- 


TABLE II. 


Divisions of the Population of Sweden (continued). 





vn eee aie Number Occupational Number 
Territory : L : 

: examined Class examined 
| ‘ — i cw ve 
| (A) North 4,795 (a) Agricultural | 20,230 

(B) West 13,222 | (8) Mixed ... | 11,566 

C) East 15,497 y) Industrial $170 

(D) South 8,714 | (86) Urban | 6,262 
| (E) Cities 1,755 E) Cities me | 1.755 
| = = ~ 
Total 46,983 Total 46,983 





TABLE IV. 
General Means, Standard Deviations and Coefficients of Variation, with their 
Probable Errors+, based on the total Population of 46,983. 


(Body measurements are in cms. and head measurements in mms.) 


] , 
Character | Mean Standard Coefficient of | 
| | Deviation Variation 
, oe q a an 
|} 1. Stature : a eee | 172°23+ 018 5°93 + 013 3°44 + 008 
| 2 Supra-stern: il Hei igh = 140°89 + -013 5294-012 | 3°75+:°008 
| 3. Trunk Length gan es 52°37 +°007 | 2414-005 | 4°60+-010 | 
i. Arm Length eA aa 78-46+°010 | 3°34 4 -007 | 4264-009 | 
5. Leg Length ... be --- | 92°02+°013 |} 4304-009 | 4°67+°010 | 
6. Bi-acromial Diameter ... | 89°23+°005 1°67 tees ts 26+ ‘009 | 
| 7. Inter-iliocristal Breadth ... | 28°80 + *005 . 524 ‘003 5°27 + °012 | 
8. Trunk Length Index we 30°49 + 004 | 1°18+-003 | 3°88 + 009 | 
| 9, Leg Length Index ... .. | 53°43+4°004 1°294+°003 | 2°41+°005 
| 10. Bi-acromial Index ... .» | 22°80+°003 0-92+°002 | 4:°04+-009 | 
| 11. Head Length vee a 193°84+°019 | 6194-014 | 3204-007 | 
| 12. Head Breadth eee tna 150°44+°016 | 5°10+-011 | 3°39+°007 
| 13. Face Breadth ... | 136°02+°015 | 1°84+-011 3°56 + °008 
14. Morphological Face : Height 126°57 + 022 6°92 +015 546+ °012 
15. Minimum Frontal Diameter | 104°57+°013 | 4:33+4-010 114+ °009 
16. Cephalic Index _ es 77°69 +010 3°14+°007 | 4°04+-009 
17. Morphological Face Index... 93°14+-017 G1 +012 6°02 + °013 


Lundborg and Linders say: “the geographical distribution of the primary material must be 
regarded as satisfactory” (op. cit. p. 18), and again: ‘‘the agreement (with Census figures) must be 
regarded as good and the primary material fully representative from the social standpoint” (p. 20). 

t Standard Errors are given throughout The Racial Characters of the Swedish Nation, and the 
probable errors in this table were found as those in Table III. 


























| Supra-sternal 


Divisions | Paes | Stature 
m9 2,993 | 171°34+-07 | 
2 1,059 | 171-30+-12 
3 406 | 169°86+°19 
| 4 337 | 171°67+-23 
| 5 7,054 | 172°50+-05 | 
| 6 | 3900 | 172-45+4-07 | 
a 1,245 | 172-01+°11 
si 8 1,723 | 172:31+-10 
3 ‘9 6,496 | 172°35+-05 | 
B| 10 | 4,642 | 172-19 + -06 
| 1 1,894 | 172°28+-09 
| 12 2,465 | 172-49+-08 | 
| 13 | 3,687 | 171-924 -06 | 
| 14 | 2,665 | 171-78+-08 
| 15 | 625 | 171-61+-16 
| | 16 | 1,737 | 172-044 -09 | 
| E) \ 17 4,755 173°03 + °06 | 
| (North) A 4,795 171°23 + °06 | 
| (West) B | 13,222 | 172-434-03 
(East) C | 15,497 | 172°324-03 
(South) D | 8,714 171°88 + 04 
(Agric.) a | 20,230 =| 172°17+°03 | 
(Mixed) £8 11,566 172°10+ -04 
(Industr.)} y 4,170 | 171°86+°06 
(Urban) & | 6,262 | 172°27 + °05 

| | 





Height 


140-26 + °07 
140°17 4°11 
138°86 +°18 
140°38 + °19 | 
141°12+4°04 
141°13+ -06 | 
140°64+°10 | 
140°87 + °08 


140°89 + -08 
141-044 °07 
140-67 + -06 


140°59 + °07 
140°27 + °14 | 


Trunk 
Length 


52°46 + -03 
52°33 + °05 
52°13+°08 
52°21 + °08 
52°39 + -02 
52°47 + *03 


52°38 + -04 | 


52-11 +-03 
52°17 + °038 


140-68 + -09 | 52> 


141°55 + °05 
140°13 + °05 
141-04 + -03 


140-96 + ‘03 
140-62 + -04 


14087 + ‘03 52°: 


140-80 + -038 
140-52 + °06 | 


140°85 + 05 | 


52°62 + 02 
52°39 + -02 
52°43+°01 
52°35+°01 





52*20+ 02 | 


Arm Length 


78°50 + °04 
78°40 + -07 


-1 «I 
<I <I 
oS ww 
mm to 
It I+ 
wo © 





78°73 +02 | 


77°83 +°08 


(Body measurements are in cms 


TAB 
Mean Values with their Probable Errors for different Secti 





Leg Length 


91°30 + °05 | 


91°34+ -09 


92°23 + °03 
92°16 + °05 


90°32 +°14 | 
| 91°674°17 | 


91°76 + -08 | 


91°844°07 | 
92°35 + -04 | 


91°70 4-07 
92°01 + -06 
92°06 + *05 
91°92 + -06 
91°60+°11 


| 92-00-+ *04 | 


5 91°74+-07 | 
| 92°42 +-04 


91-244 04 | 


92°12 + °02 
92°11+ 02 


| 91°92+-03 
| 92-09 + -02 
| 91-96 +-03 


91°56 + 04 


91°87 + 04 


Bi-achromia! 
Diameter 





39°36 + -02 
39°22 + -03 
38°89 + -05 
38°90 + -06 
39°50+ 01 
39°39 + “02 
39°14+ -03 
39°04 + -03 | 
39°46+-01 
39°32 + -02 | 
39-144 -02 
39°02 + “02 
39°13 4-02 | 
39-03 + “02 

8-95 +05 

38-76 4°03 | 
38-89 + -02 

39°19 + 02 
39°38+-01 | 
39°31+-01 | 
39-°01+-01 | 
39°39 +-01 

39°26+°01 


ee 
QP 


39°09 + -02 


38°95 + °01 


| 28°92 +01 


Inter- 
iliocristal 
Breadth 


28°44 + -02 | 


28°45 + °03 | : 


28°39 + *05 | 
28°37 +°05 | 


29°01+°01 
28°99 + -02 
28°83 + *03 | 


28-75 + “02 | 


28°89 + “02 | 
28°76 + “02 
28°69 + “02 
28°87 + “02 


28-844 -02 | : 


28°64+ °04 | 
28°58 + °02 
28°55 +01 
28°43 +-01 | 
28-95+ °01 | 


28°86 +01 | 
28°79 + °01 


| 
28°65 4-01 | 


T 
1 





* Standard Errors are given 


throughout The Racial Characters of the Swedish Nation 


; the Probable Errors in the present table were 
Neither were available for the cases of the Supra-sternal Height and the Bi-acromial Index, and for these #% was assumed that the S' 








uength 


Bi-achromia] 
Diameter 


| 


“90 + 06 | 
50+ "01 
*39 + °02 
"14+ °03 
39°04 + *03 | 
*46+°01 
39°32 + 02 
"14+ °02 
02 + 02 
"13+ °02 
39°03 + 02 
*95 + °05 
‘76+ °03 
8°89 + ‘02 
"19 + °02 
"38+ °01 
39°31+°01 
39°01 +01 
39°39 + ‘01 
39°26 +°01 
39°09 + -02 


38°95 + ‘Ol 


TABLE III. 


Inter- 
iliocristal 
Breadth 


28°44 +4 02 
28°45 +03 
28°39 + *05 
28°37 + 


29°01 +°01 


28°99 + -02 | : 


28°83 + 03 
28°75 + ° 
28°92 +° 
28°89 + ° 
28°76 + *02 
28°69 + *02 
28°87 + °02 
28°84 + -02 
28°64+ *04 
28°58 + “02 
28°55 + °01 
28°43 + °01 
28°95 + -01 
28°86 + 


28°79+ 01 


IQ-7 


28°65 +° 


05 | ¢ 


(Body measurements are in cms. and head measurements in mms.) 





robable Errors for different Sections (1—17), Territories and Occupational Classes of Sweden*. 





Trank 
Length 
Index 


30°69 + 02 
30°63 + *02 


Leg 
Length 
Index 


| 53-27 + -02 
| 53°31 + °08 | 


30°79 + -04 | 53°10+°04 


"04 


“Ol 


30°40 +01 
30°45 + 02 


30°48 + -03 


30°56 + 02 | 


30°49 + °01 
30°67 + ° 
30°48 + 01 
30°46+°01 
30°45 + °01 
30°44+°01 
30°49 + °O1 


30°60 + ‘01 


30°54+ 01 


| 53°38 +05 
| 53:-47+°01 
| 53-444 -02 

53°34 + 02 


Bi-acromial 
Index 


23°00+°011 | 
22°91 +019 
22-90 + -031 


22°70 + “034 
22°92 + O07 


22°86+4-011 | 


22°78 +-018 





53°32 +02 | 22°6 


| 53°58+°01 

| 53-43+-01 | 
53°33 + 02 

| 53°31 +°02 
53°50+°01 

| 53°44+ -02 


22°86 + °009 | 
22°75 +°014 
22°66 + °013 
22°79+°010 


be 
bo 
~I 
rs 
I+ 
— 
bo 


53°36 +°03 | 22°75 


53°29 + -02 
53°43 +°01 
53°27 +°01 | 


53°45 +°01 
53°48 + °01 


53°42+°01 | 


53°48+°01 


53°31 + °01 
53°31 + °01 


22°50 + -009 | 
| 

22°95 + -009 | 
| 

22°90 + *005 


22°76 + °005 


22°83 + -006 
22°76 + 010 


22°63 + °008 


Head Length 


| 
Head Breadth | Face Bread 





193°74+ °07 
192°95+°13 
191°90 + 20 
192°61 +23 
194-69 + °05 
194°54+°07 
194°36 + °12 


193-91 + °10 | 
194°12 + 05 | 
193-74 + 06 | 
193-59 + °10 | 


193°54 + *08 
193°62 + ‘07 
193°01 + 08 
193°13+°16 
193°29 + °10 
193°34+ *06 
193-33 + °06 
194°52 + °04 
193°85 + *03 
193°33 + 04 
194°17+ °03 
193°72 + °04 


193°58 + ‘07 


193°52 + °05 | 


152°64+ -06 
151°934°11 
151°47+°17 | 
151-03 +°18 | 
150-48 + *04 | 
150°13 + *06 


149°98 + :10 
149°55 + °08 
150°29 + °04 
150°26 + °05 
149-93 + -08 
149°84 + °07 


150°95 + -06 
150°71 + °07 | 
150°14+°14 | 
150°31 + ‘08 

149°73 + °05 

152°27 + °05 | 
150°23 + 03 | 
150°14 + °03 | 
150°69 + *04 | 
150°82 + 02 | 
150°48 + *03 
150°12 + °05 | 
149-95 + °04 | 


137°53 + * 
137°06+° 
135° 
135°1£ 
135°92 + ° 
135°74 

135°34 
135°07 +° 
136°12+° 
135°89+° 
135°63+° 


79+: 


( 


135°47 + * 


136°71+° 
136°41+° 
136°43+° 
136-00 + ° 
135°38 +" 


136°36 +° 
136°07 +: 
135°67 +° 










robable Errors in the present ti 


ible were calculated from the Standard Deviations provided in the above book, or from val 
hnd for these # was assumed that the Standard Deviations for each component distribution were equal to the approxima 





yf Sweden *. 





adth 


D 


“04 


Face Breadth | 


137°53 + °06 
137°06+°10 
135°79 + °16 


135°15+°17 | 


135°92 + 04 
135°74 + -06 
135°34 + °09 
135°07 + -08 


136°12 + *04 


135-89 +°05 | 


135°63 + °07 
135°47 + ‘07 
136°71 4°05 


136°41 + °06 
136°43 +°13 | 


136-00 + ‘08 


135°38 + °05 


137°11+°05 
135°71 + 03 
135°89 + °03 
136°45 + 03 
136°36 + °02 


136°07 + °03 | 


135°67 + °05 
135°48 + 04 


Morphological | 


Face 
Height 


127°90 + *09 
127°67 +°16 
125°86 + °24 
125°91 + °27 
127°35 + °06 
126°94+ *08 
126°76+°12 
12611 4°11 
126°74 + °06 
126°30 + 07 
125°66 +°10 


Minimum | 


Frontal 
Diameter 


Cephalic 
Index 


Morpho- 
logical Face 
Index 





105°26 + °05 | 


105°02 + °09 
104°53 4°15 
104°47 +°16 
104°53 + 03 
104°54+°05 
104°70 + °08 


104*20 + -07 | 


104°48 + *04 
104°29 + *04 
104°00 + °07 


+°09 | 104°19+ -06 
126°61 + °08 | 


126°16 + °09 | 


126°32+°18 


126°26+° 


127°53 + °07 
127°03 + *04 
126-29 + *04 


126°38 + °05 


105°13 + *05 
104°94 + *06 


| 105-16 +12 


11 | 
125°61 + °07 | 


127°10 + -03 | 


126°57 +° 


126°10 + °07 


125°92 + -06 


104°81 + °07 77 
104°21 + °04 | 77 


105-09 + °04 


104°50 + °03 


104-32 + °02 
105°01 + °03 
104°92 + *02 


104°57 + *03 | 


104°43 + °05 


104°37 + 04 | 77°56+-03 | 


78°S6 + °04 


77°20 + °05 


77°49 + 03 
77°64+ -03 
77°41+°05 
7°50 + 04 
78°02 + °03 


78°18 + °04 


77°76 + “02 


id ‘oe 


93°10 +07 | 


93°26 +° 
92°81 + *2 
93°26 + °2 
93°77 + °04 


93°59 + °07 | 


93°75 +°10 
93°45 + 09 


93°68 + -03 | 


93°01 + °03 | 


92°69 + *04 | 


93°28 +° 
93°08 + *04 
93°05 + *06 


93°02 + °05 





book, or from values calculated from the frequency distributions themselves. 


to the approximate values calculated for the total sample (see p. 97). 


To face p. 96 








(a) Coefficients for Sections. 





A (North) : 


2°41 + °032 


4/2 





“05 + °038 


2 | 0°13+°015 | 


0°99 + 045 | 


2 


1°63 + 039 


3 


1°24+ °063 
| 


Reduced Coefficients 






TAB 








"75 + °006 


3 (West) 6 


7 | 2°79+-013 


3°61 +-011 | 


2°91 + °008 | 


2°33 +°013 | 





2-43+-015 | 


2°03 + -020 


3°69 + °035 


3°60 + °038 | 1712+ 


5-98 + °030 | 2°42+°036 
4°77 + 032 | 2°12+-038 


“044 


» 


0°05 + -005 
0°58 +°011 


1°12 +.°008 


6 


0-31 +°013 


0°67 + °010 


B 
(West) 


| 
1 
| 





2°41 +003 | 2°08 





| CG 
| (Ea 











8 3 2°64+°018 1°04+°041 0°12 + 016 
9 | 2°78+:°006 |} 2°194+°013 | 4°844°080 | 2°39 + °036 | 0°15+°003 | 0°214-°005 | 0-703-°O11 | 1°15 
C (East) 10 | 2°30+°006 } 1°64+°013 | 3°764°031 | 1°17+°037 | 0°33+-004 0°20 + °006 | 0°30+°012 | 0°51 
Li-| 2°89+°010 | 2°10+°017 | 3°25+°035 | 1°01+°040] 1:09+-G08 | 0°67+°010 | 0°354+°015 | 0-15 
we a . 4 foe este sis |——————|—— 
12 ; 3'1114+°009 | 2°19+°016 | 3°39+ °033 | 0°77 +°039 J 1°17 + -006 0°75  *008 | 0°34+°014 | 0°10 
13 | 1°50+°007 | 0°98+°014 3°33 + °032 | 1°12+°037 | 0°81 + *005 0°80+ 007 | 0°83+-012 | 1°32 
= os EE pee fy pene a gttaeigé eh PT i eial | ei 
D(South)14 | 1°61+4°008 | 0°914°015 | 2°51+°033 | 0°63+ °039 | 1°17 +°006 | 1°03+°008 | 0-79+-014 1°07 
15 | 1°82+°022 | 1°02+°029 | 1°98+°047 | 0°94+°053 | 1°56 + °020 | 1-264 -022 | 0-564 -028 | 0°72 
16 | 2°24+°011 | 1°329+°018 2°35 + °035 | 0°36+ °041 J 1°91+°008 | 1°50+°010 | 0°61+°016 | 0°51 
| E (Cities) 17 | 3°88 + -006 2°85+:°013 | 4°244°031 | 0°95+-037 | 1°77+°004 | 1°30+-006 | 0°81+-012 | 0°36 
l 2 3 4 5 6 7 


North 











TABLE V. 


Reduced Coefficients of Racial Likeness. 





BC 


(b) Coefficients for Territories and Occupational Classes. 









































C D E a B Y | 8 
(West) | East (South (Cities (Agric. ) (Mixed) | (Industrial) (Urban | 
7 | 241 +-008 | 2 B+ 103 | 1-184 +004 | 313-4005 - | - — | — A (North ) I 
5 ~ B_ | o16#-002| o-844-002 | 1-254-003/ — | Ee | ae 
roe ae i | _ — oS Pa Rie et 2s = 

5 + “005 6 C | 0°43 + 7002 | 0°80+°003 | + — C (East) 

+011 0-314 013 7 | D 0-99 +004 | wie — D Southy' | 
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sternal Height, and Leg Length Index were not given by the authors. They were 
obtained indirectly in the way explained below. The Bi-acromial Index is defined 
as the ratio of the Bi-acromial Diameter to the Stature, i.e., 
Bi-acromial diameter (x) 
Stature (y) 
Therefore writing 7,, as the correlation between Bi-acromial Diameter (#) and 
Stature (y), we have approximately: 


Bi-acromial Index (z) = 100 


v2 = Vx" = 2Txy Uz Vy, 
where ¥;, Uz, vy, are the coefficients of variation (100 ¢/M) for the Bi-acromial Index, 
Bi-acromial Diameter and Stature respectively. Substituting the constants for the 
total sample (Table IV): 
vy=344, ry = +047, 
o, = 1°67, Vy = 4°26, M 
we obtain o, = 0°92 approximately. 


= 22°80, 


Again the authors define* (p. 73) 
Supra-sternal Height (z)= Trunk Length (#) + Leg Length (y) —3°5 cm. 

so that of = 6,2 + 0,7 + Wyogdy. 
Since o,=241, o,=430, and r,,=+018 
we have o7 = 28°0288, and o, = 5°29 approximately. 

Finally, the standard deviation for Leg Length Index was directly calculated 
from the frequency distribution given in the Swedish work, Table VIII (Supple- 
ment, p. 34). 


The authors state that the measurements were taken to the nearest millimetre 


with an “Anthropometer” (compass callipers or Tasterzirke!), and sliding callipers 
(Gleitzirkel) supplied by P. Hermann of Ziirich. 


The following notes on measurements are given (pp. 10—11): 

“ Pi-acromial Diameter, defined as the distance between the acromial points, is 
measured, in departure from the instructions given in Martin+, from the back, the 
immediate reason for this being to control the posture during measurement.” 

“Morphological Face Height must be regarded as less exactly determined than 
the other measurements of the head, since the examiner often cannot locate the 
nasion (sutura naso-frontalis) with certainty.” 

“Trunk Length was calculated as the difference between the supra-sternal height 
and the height of symphysion.” 

“Height of Symphysion (upper border of symphysis pubis in the middle line). 
Measurement is rendered difficult in rare cases of excessive corpulence.” 

“Arm Length is the difference between the height of acromion and the height of 
dactylion, and Leg Length is obtained by adding 35 mm. to the height of symphysion 
(all according to Martin*).” 

* [An arbitrary definition, which does not allow for personal or racial variation. Eb. ] 
+ It is clear from the remarks under “ Bi-acromial Diameter” and ‘‘ Leg Length” that Martin’s 


directions (presumably those given in his Lehrbuch der Anthropologie, 1st edition, 1914) were followed 
in all cases unless otherwise mentioned. 
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“Height of Acromion could not always be determined with accuracy, since the 
processus acromialis sometimes showed malformation or at least considerable devia- 


tions from the normal form.” 


“ Height of Dactylion preserted difficulties of measurement in certain cases when 
the subject could not fully extend the right arm, also when malformations existed 
in the fingers of the right hand. In such cases this measurement was made from 
the left.” 


The Bi-acromial, Leg Length, Trunk Length and Arm Length Indices all have 
the stature as the denominator. 


2. Comparisons by the Method of the Coefficient of Racial Likeness. The main 
object of the present paper, as I have said, is to present the results of comparisons 
between the various groups of the Swedish material, described above, made by 
Professor Karl Pearson’s method of the Coefficient of Racial Likeness. In The Racial 
Characters of the Swedish Nation detailed comparisons are made between the means 
and standard deviations of the characters considered singly, and between the cor- 
relations for some pairs of characters calculated for different divisions of the total 
population. These correlations are shown to be remarkably constant and few 
significant differences in variability are observed. The means are less constant, and 
it was felt that a far clearer conception of the anthropological significance of these 
differences would be given by a generalised criterion, which takes into account a 
number of characters at the same time, than by the more usual method which 
deals with individual characters. The coefficient of racial likeness has been ex- 
tensively used in craniometric work, but little has yet been done in applying it to 
measurements on the living. One of the principal objections against its use in this 
case has been the fact that the technique of measurement has not been standardised 
satisfacter.iy, and thus the data provided by different observers can seldom be com- 
pared with safety*. Such an objection does not apply to the material now under 
consideration; it constitutes the most complete and most valuable description of 
the population of a single country which has hitherto been provided. Numbers of 
individuals large enough to form statistically adequate samples are dealt with, which 
unfortunately can seldom be the case for cranial series. The number of characters 
determined is less satisfactory as we can only use 17, and intra-racial correlations 
between some pairs of these are known to be high. The problem of determining 
a sufficient number of head and body measurements which are all uncorrelated, 
or at least lowly correlated, with one another is yet unsolved, and the characters 
which are customarily determined have certainly not been chosen with this object 
in view. 

If m, is the mean of the sth character in the « «st group, o, its standard devia- 
tion and n the size of the sample, while m,’, ¢,’ and n’ are the corresponding 


* See P. C. Mahalanobis: ‘‘On the Need for Standardisation in Measurements on the Living,” 
Biometrika, Vol. xx. (1928), pp. 1—31. 
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quantities for the second sample, then Professor Pearson’s coefficient of racial like- 
ness is defined to be 





1 (m,— msg a] 1 > 
yi 2 5 6 C = 
SiM = im > 1+ V + 67449 uf} cw eeeheeeueeaaee (a>: 


where there are M characters compared*. If pairs of samples are drawn from the 
same population the coefficients between them will vary round zero with the prob- 
able error shown. In the present investigation the number of characters used (17) 


is the same in every comparison and the term 06) has been neglected. The 


1 
us 
standard deviations are those of the samples and when these are small, as in cranio- 
metric work, it has been customary to suppose that they are equal to one another 
and to the values available for the longest related racial series. The constants have 
been provided for the Swedish data and they are practically identical for different 
sections in the case of a particular character and also equal to the general standard 
deviations calculated for the total sample of 46,983. If the last be denoted by @,, 
then the calculation is greatly simplified by assuming that o,=o,’=¢;. The co- 
efficient becomes 


1 nn’ (m,—m,’?P Je 
i. .——-— ““~)—1+ 67449 oe in eetaee 2), 
? (a7 n+n' 6G ) ¥ V M " 
i bs : : ‘ 
when the term — is neglected. This is the form which has been used. Values of 


M 

¢ for the 17 characters are given in Table IV. The characters used should theo- 
retically be uncorrelated with one another, but this condition is far from being 
satisfied. We are dealing with five indices and the two component lengths from which 
each is derived are used in addition. The spurious correlations in such cases are 
probably all greater than 0:5. A number of the absolute measurements also cover 
one another. Several of the correlations are given in The Racial Characters of the 
Swedish Nation, and in the case of stature and leg length the values for five groups 
and for the total sample are between 0°86 and 0°88. If the condition were made 
that no pairs of the measurements used should have correlations greater than 0°5 
with one another, then all except three or four of the 17 would have to be rejected. 
The inclusion of highly correlated measurements is necessitated if the Swedish 
material is to be dealt with by the method of the coefficient of racial likeness, 
although these high correlations are far from satisfactory. The procedure is partly 
justified, perhaps, by the fact that precisely the same group of characters is used 
in every case. The comparison of these coefficients of racial likeness with others 
calculated for a different group of measurements would not be justified. 

The coefficient provides a measure of the probability that the two samples com- 
pared were drawn from the same population. This probability will depend on the 
sizes of the samples available. It has been suggested that comparable measures of 

* Karl Pearson: “On the Coefficient of Racial Likeness,” Biometrika, Vol. xvr1. (1926), 


pp. 105—117. 


76 
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the absolute divergences of the populations represented by the sainples may be 
obtained by reducing each coefficient to the value it would have if each sample were 
of a standard size*. In the present paper the coefficients have been reduced to 
values they would have had if each series in the comparison had contained 100 
individuals. These values are given by 





Sa m+n’ (,/1 nn’ (m- ur) ) a . n+n’ 2 : 
a ; — ——+ }— 1} +° 9 x 50 x — elo) 
ot [ a n+n oe, " are ke a 


Crude coefficients of racial likeness, calculated from formula (2), were first found 
for the 17 sections defined in Table I and for the territories and occupational classes 
defined in Table II. The occupational samples for the whole country were made 
up by pooling the relevant sub-groups of the four major territorial divisions and 
hence some of the larger groups are not independent samples. No comparisons were 
made in such cases. Every crude coefficient differs significantly from zero, The 
values for the sections range from 1:04 + ‘23 to 142°54 + °23 and the mean of the 
136 coefficients is 24°85. The values between the territories and occupational classes 
range from 3°99 + ‘23 to 169°34 + °23 and the mean of the 20 coefficients is 68°22. 
The difference between these means must be attributed to the fact that the samples 
are larger in the one case than in the other. All the samples are large and hence 
it is not surprising to find that the majority of the coefficients are of an order which 
would indicate marked racial divergence if found for short cranial series. The co- 
efficients clearly increase with the sizes of the series compared and no direct com- 
parison can be made between them until correction is made for this varying factor. 


%educed coefficients of racial likeness calculated from formula (3) are given in 
Table Va for the 17 sections and in Table Vb for the five territories and four 
occupational classes. The reduction when all the means are supposed to be based 
on 100 individuals only is very great in all cases, and values as low as many shown 
have seldom been found for cranial comparisons. <All differ significantly from zero. 
The 136 coefficients between the sections range from 0°05 + ‘005 to 5-98 + 030 and 
their mean is 1°38: the 20 coefficients between the territories and occupational 
classes range from 0°08 + 005 to 3°13 + 005 and their mean is 0°97. All the lowest 
reduced coefficients between the sections are indicated in Fig. I. These measures of 
relationship suggest an arrangement of the territories (Table Vb) which is almost 
linear. The north and west divisions occupy extreme positions, with the east very 
close to the west and the south closest to the east and rather closer to the west than 
to the north+. A comparison of the sections of the territories representing any 
one particular occupational class leads to almost precisely the same geographical 
arrangement. The urban sections Nos. 4, 16, 12 and 8 are of the north, south, east 
and west territories respectively, and their reduced coefficients of racial likeness 
(Table Va) give the same arrangement as the total samples for the territories, except 


* Karl Pearson: ‘‘ Note on Standardisation of Method of using the Coefficient of Racial Likeness,” 
Biometrika, Vol. xx®, (1928), pp. 376—378. 

+ To correspond more exactly to this arrangement the distance between the circles representing the 
north and south territories in Fig. I should be increased considerably. 
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that the south is now rather nearer to the north than to the west. The same is found 
for the industrial sections except that the south is rather nearer to the west than to 
the east. For the mixed sections the south is again rather nearer to the north than 
to the west, and the single inversion in the case of the agricultural sections is the 
slightly closer approach of the north to the west than to the east. In spite of these 


Fic. I 
INTER-RELATIONSHIPS OF VARIOUS Groups OF THE POPULATION OF SWEDEN. 





— — — reduced coefficiert of racial likeness 
less tha 0-40. 
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small discrepancies, it is true to say that the best linear arrangement of the terri- 
tories is precisely the same whether we consider their total samples, or the samples 
for any single one of the four occupational classes. The underlying geographical, 
or racial, differences can be appreciated nearly as well by considering one particular 
class only as by considering the total populations irrespective of class. It does not 
follow from this fact, of course, that the relationships between the territories are 
precisely the same for one class as for another and, indeed, the contrary can be easily 
demonstrated. In the comparison of any pair of the four geographical divisions the 
reduced coefficient between the urban sections is always less than the coefficient 
between the sections representing any other occupational class. The mixed sections 
have the next closest degree of relationship in four out of the six possible com- 
parisons, and in five cases the coefficients between the industrial sections are the 
greatest found. The classes can thus be arranged fairly definitely in the sequence: 
urban—mixed—agricultural—industrial, with the first on the average showing the 
minimum and the last the maximum racial differences, All the most intimate connec 

tions between the sections are shown in Fig. I, the upper limit being fixed arbitrarily 
as a reduced coefficient of 0°40. The territories were arranged by considering their 
total samples and these closest links are now only found between the sections of 
contiguous territories, and there are far more of them between the east and west 
sections than between those of the east and south, or south and north territories. 
A comparison of the total occupational samples for the whole of Sweden (Table V9), 
facing p. 97) gives the definite sequence: agricultural—mixed—industrial—urban, 
and precisely the same order is given by the sections within any one of the territories 
west, east or south. The connections between any two classes are approximately 
the same for all these three. The sections of the north territory have different 
relationships. The agricultural and mixed sections are still as closely connected as 
for the other territories, but the resemblances of all other pairs of sections are far 
less close. The same two also stand nearer to the urban than to the industrial 
sections and the urban stands nearer to the mixed than to the industrial. It is clear 
that the occupational arrangement which applies uniformly to the south, east and 
west territories is different in the case of the north owing to the less homogeneous 
racial constitution of the last territory. Its agricultural and mixed sections are 
closely linked to one another and they are distinct from all other samples and must 
therefore be supposed to contain a peculiarly large proportion of a racial element 
which is foreign to the bulk of the Swedish population. The industrial community 
of the north territory also stands apart but the urban is not distinguished in this 
way (see Fig. I). The racial significance of the observed relationships will be 
considered later. 


3. Comparisons of Individual Characters. In making comparisons by the 
method of the coefficient of racial likeness it has been constantly observed that on 
the average the differences between the various characters vary greatly in signifi- 
cance. The values of the a’s* have been used in examining this point, but one 
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objection to their use is that they are influenced, like the coefficients, by the sizes 
of the samples compared. Since all characters for any one cf our samples are based 
on the same number of individuals it was not necessary to calculate the individual 
a’s in the present investigation. A more direct method of grading the characters 
can be employed, however. In Table VI are given the inter-group standard devia- 
tions (>) for the 17 sections of the Swedish material: The co-group standard 
deviations (¢) in the same table are the general values given for the total sample 


TABLE VI. 
Inter- and Co-Group Standard Deviations with their Probable Errors. 











| | | 

| | Inter-group | Co-group | > 

Character | Standard Standard | = | 

| | Deviation (=) * | Deviation (&) + | = 

ee eee ae RL Been) me 

Ss ae rrr pai | 
Cephalic Index — ae *565+°065 | 3°14+°007 *180 
Head Breadth | +804 +°093 | 5104-011 *158 
Arm Length te aoe | *509+°059 | 3°34+°007 *153 

Bi-acromial Index ... os | “Eonar Glo 0°92 + 002 143 | 

Face Breadth ves ... | °655+°076 | 4°844°011 135 | 

Ii:ter-iliocristal Breadth | °205+-024 1°52 + :003 "135 | 

Bi-acromial Diameter | °214+°025 | 167+-004 128 | 

Stature... wees | *6804°079 =| S593 4-013 115 | 

Leg Length. ae -- | °478+°055 | 4°30+°009 i ae 
Head Length _.. .. | *6864°079 | 6194-014 ‘111 
Supra-sternal Height : *569+°066 | 5:29+°012 | -108 
Morphological Face He ight *688+°080 | 6°92+°015 | 099 
Trunk Length Index o- | “1064012 1718+°003 | -:091 
Minimum Frontal Diameter | *372 + °043 | 433+ ‘010 | -086 
Leg Length Index ... : "106 + °012 | 1°29+°003 | -082 
Tr ank Leng th asi °175+°020 | 2°41+-°005 072 
Morphologic ral Face Index.. a *368+°043 | 5°61+-°012 066 








of 46,983 individuals and these are almost precisely the same as the values found 
for any one of the 17 sections, The @’s are the ones which were used in computing 
the coefficients of racial likeness. It is clear that the ratio of = to @ will give a 
measure of the average significance of the differences found for the various charac- 
ters. The inter-group variability is small compared with the intra-group variability 
in every case, but there are still marked differences between the measurements in 
this respect. The cephalic index tends to show more significant differences than any 
other character and this has been confirmed in the case of several other comparisons 
of measurements made either on the living or on the skull. It has been usual to 
find, too, that the head breadth varies more significantly than the head length and 
much more significantly than the minimum frontal diameter. The stature is less 
capable of differentiating the groups than several of the other characters. An index, 
such as the cephalic or bi-acromial, may vary more significantly than either of its 
component lengths, or the reverse may hold, as for the leg length and morpho- 
logical face indices. 


* These standard deviations are for the means of the 17 sections given in Table III. 
+ These standard deviations are for the total sample of 46,983 individuals. 
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The 17 characters may now be considered individually with regard to both 
geographical position and occupational class. They can be divided into a number 
of groups by considering whether the order in which each arranges the 17 sections 
is controlled more by one of these factors than by the other. The cephalic index is 
extreme in this respect. The four lowest means are for the sections of the west 
territory, the sections of the east and the urban section (No. 17) follow next and 
then the four of the south, while the cephalic indices for the sections of the north 
territory are greater than any others. There is thus a clear distinction between 
the territories, and they are arranged in the order shown in Fig. I. The maximum 
difference between the sections of the same territory with extreme cephalic indices 
is only 40 times its probable error (south and east territories) and no significance 
whatever can be attached to the orders in which the occupational classes are arranged 
within the territories. This character is clearly controlled by geographical position 
and there is no evidence of any significant association with occupational class. The 
bi-acromial index affords an example of a measurement which is affected by conditions 
entirely different from these. The order in which the means arrange the 17 sections 
appears to have no geographical significance whatever, but the three highest indices 
are for agricultural sections, the lowest is for the sample from the four largest cities 
(No. 17) and the next four lowest are for the other urban sections. For each territory 
the highest index is for the agricultural section, the second highest for the mixed, 
the next for the industrial and the lowest for the urban section. The differences 
between the agricultural and urban sections of the same territory are very significant 
in every case, being 8-4, 12-2, 16°9 and 15:1 times their probable errors for the north, 
south, east and west divisions respectively. The bi-acromial index is thus clearly 
controlled by the occupational class, and there is no evidence of any significant 
association with geographical position. These two characters are at opposite extremes 
in so far as they are controlled by one or other of the factors on the basis of which 
the groupings were made, but in most other cases there is a definite tendency for 
a measurement to approach one extreme in this respect rather than the other. The 
orders in which the sections are arranged may be supposed to have been influenced 
by both factors in the majority of cases. Whenever there is a clear territorial 
sequence, or the suggestion of such a sequence, it is always: north, south, east and 
west. Whenever there is a clear occupational sequence common to all the territories, 
or the suggestion of such a sequence, it is always: agricultural, mixed, industrial 
and urban. Paying due regard to the significance of the differences, the following 
classification of the characters can be made: 

(a) Characters showing markedly significant territorial differences, but no 
occupational sequence within the territories—cephalic index, stature, supra-sternal 
height. 

(b) Characters showing significant territorial differences and a significant 
occupational sequence within the territories—head breadth, head length, inter- 
iliocristal breadth. 

(c) Characters showing a suggestion of territorial differences, but no occupa- 
tional sequence within the territories—minimum frontal diameter, leg length. 
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(d) Characters showing a faint suggestion of territorial differences and a 
markedly significant occupational sequence within the territories—face breadth, 
arm length, bi-acromial diameter. 

(e) Characters showing a faint suggestion of territorial differences and a 
significant occupational sequence within the territories—leg length index, trunk 
leugth index. 

(f) Characters showing no territorial differences and a markedly significant 
occupational sequence within the territories—morphological face height, bi-acromial 
index. 

(g) Characters showing no territorial differences and no occupational sequence 
within the territories—morphological face index, trunk length. 

The comparison of individual characters has confirmed in a very satisfactory 
way the scheme of relationships suggested by the coefficients of racial likeness. It 
can now be seen that there are marked differences between the characters not only 
in their average effect on the coefficients, but also according as they are more or 
less capable of discriminating between regional or occupational samples. The two 
in group (g) above are the only ones which appear to be quite incapable of serving 
either purpose and these are the two with the lowest values of }/@ (see Table V1). 
By making a suitable selection from the other 15 it would clearly be possible to 
obiain coefficients which would emphasise the geographical differences and obscure 
the occupational, while the reverse effect could be obtained by making a different 
selection. The characters which show territorial differences will be considered 
again in the next section. There are seven absolute and three indicial measure- 
ments which furnish either a significant, or a markedly significant occupational 
sequence, and for all except one the agricultural section tends to have the greatest 
mean and the urban the least. The trunk length index is greater for the urban 
than for the rural populations, but the reverse is found for the bi-acromial diameter 
and index, the arm length, the head and face breadths, the head length, the 
morphological face height, the inter-iliocristal breadth and the leg length index. 
The fact that the first three of the last nine measurements are greater for rural 
than for urban samples was to be expected. The relations observed in the case of 
the others suggest that the agricultural workers have skeletons which are broader 
in all ways and with relatively ionger limbs than town dwellers, though no 
differences between the statures of the groups can be detected. The differences 
between the extreme means are all very small, however. The bi-acromial diameter 
provides a more definite occupational sequence than any other absolute measure- 
ment, but the largest mean for a section only exceeds the smallest by 7-4 mm. 
Whether any of the differences between occupational classes are due to use, or 
whether they are occasioned by selection, cannot be decided from these Swedish 
data. With smaller samples, or in the case of a more racially heterogeneous popu- 
lation, it would probably be impossible to prove their existence. 


4. The Racial Constitution of the Swedish Population. The present study is 
restricted, on the regional side, to a comparison of the four territorial divisions into 
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which the whole of Sweden was divided, and some important facts may be over- 
looked by taking such large areas, All the individuals examined were born in Sweden. 
The remarkable constancy of the coefficients of variation and correlation, provided 
in The Racial Characters of the Swedish Nation, suggests that the populations are 
now thoroughly hybridised if they once had diverse racial origins. The coefficients 
of racial likeness suggested the simple linear arrangement shown in Fig. I and the 
reasonableness of this order was emphasised by finding that all the characters which 
are capable of making definite distinctions between the territories show the same 
sequence from the north at one extreme to the west at the other. Of the 17 
measurements there are only six which give significant or markedly significant 
regional differences when a single occupational class is considered. The total 
means for the territories are given for these in the table below and this comparison 
is now not quite so convincing since the relative proportions of the different 
classes are not the same for all the territories. 


























ol Supra- | Inter- 
Territories — | Stature re i | i —_ | meee iliocristal 
index height | sreadth | ength breadth | 
| 
pina _ Tee at | | 
North 78°84 | 171-23 140713, | 152-27 | 28°43 
South 78°02 | 171°88 140°62 | 150-69 | 28°79 
East 77°53 172°32 140°96 | 150714 | 193°85 28°86 
West 77°31 } 172°43 141°04 | 150°23 | 194°52 | 28°95 








Some pairs of these six measurements are lowly correlated with one another and 
the fact that they provide the same sequence is all the more significant on that 
account. The coefficients between the sections are so low that it can only be 
assumed that all divisions of the total population of Sweden belong predominantly 
to the same racial type. The observed relationships can be explained on the 
hypothesis that this basic type has been modified slightly, but in different degrees 
in different territories, by admixture with another race. The north territory was 
more modified than any other by this means, the south considerably less, the east 
still less and the west territory may have been unaffected, or modified to a less 
extent than any other. The racial crossing seems to have resulted in a perfect 
blending of all the characters for which data are available and those which show no 
territorial differences may be assumed to have been the same for the two racial types. 
These are the conclusions suggested by a purely statistical analysis of the material 
and we may attempt to reconcile them with what is known of the ethnic history of 
the country. The following particulars are taken from the section written by Rolf 
Nordenstreng in The Racial Characters of the Swedish Nation *. 

“The Swedes have inhabited their country since later neolithic times. The main 


body of the prehistoric population seems to have been of rather distinctly Nordic 


* “Origin, Growth and Racial Components of the Swedish Nation,” op. cit., pp. 41—49 and sum- 
mary on p. 174, 
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race, though other types also cecur ...The finds from the Bronze Age and the Iron Age 
do not present any new types, but agree with those from the Stone Age. ...The early 
Swedish kingdom did not consist of more than the present central territories about 
Lake Malaren; but gradually other parts of the present kingdom were conquered, 
the people of the Gauts south of the Swedish settlements between the Baltic Sea 
and the North Sea being the most important of those incorporated into the nation, 
All these peoples on the Scandinavian Peninsula were Teutons like the Swedes, of 
much the same race, and using similar languages. Only in the northernmost part of 
the country lived Lapps, roving since prehistoric times. The Swedish dominion was 
early extended to territories east of the Baltic, whence in the course of time came 
an influx of the East Baltic race, especially in a Finnish immigration in the last 
years of the 16th, and the first half of the 17th century....That the Nordic race 
has been the chief stock of Sweden’s ancient population, as of the present, is beyond 
all doubt. But as to what extent it was mixed and with which races, we can venture 
nothing more than a guess....It is not impossible that the East Baltic race is very 
ancient in this country, more ancient even than the Nordic, but this cannot be 
proved and is hardly very likely; the possibility should not, however, be wholly 
dismissed. The most noteworthy support is given by the type demonsirated by 
Arbo in South Norway and often called ‘the blond brachycephal,’ a type which 
reminds one not a little of the Finnish....According to Lénborg’s calculations 
Sweden (except Norrbotten) and parts of East Norway had at the close of the 
17th century a Finnish population of between twelve and thirteen thousand persons. 
This figure is very likely too low, but nevertheless is highly appreciable, considering 
that Sweden’s entire population then amounted to hardly 14 millions, and that the 
parts of the country in which the Finns were living: were certainly very sparsely 
populated. As these immigrants were unusually prolific, their offspring undoubtedly 
increased at a proportionately higher rate than those of the real Swedes....There 
is also a Lappic race-admixture in the Finnish population of North Sweden. ...The 
number of Finnish-speaking persons in Northern Sweden probably amounts at 
present to about 30,000. ...How strong the race-mixture with East Baltic blood has 
been in Sweden is at present impossible to state. But it would hardly be an 
exaggeration to assert that at least some hundred thousand present-day Swedes and 
perhaps many more evince more or less East Baltic characters.” 

The only foreign races which are known to have influenced the population of 
Sweden to any marked extent since neolithic times are thus the Finns and, to a 
lesser extent, the inhabitants of the East Baltic states; the Lapps, as far as is 
known, have lived in the north as long as the country was inhabited at all. All these 
alien races are closely allied to one another, and, where they differ from the Swedish 
type, they apparently do so in the same direction as, for example, in possessing 
higher cephalic indices and shorter statures. The miscegenation with the so-called 
nordic population must have been extremely thorough, since the variabilities for 
all sections are almost identically the same. Even in the north, the bulk of the 
population must be of “nordic” origin, and it is not surprising to find that the 
effects of slight differences between the types with which admixture was made in 
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different regions cannot be detected at all by considering large groups of the exist- 
ing population. Comparisons made in that way only suggest that there was a 
crossing with a single racial type resulting in a perfect blending of all the characters 
considered. The alien element is far more evident in the north than in any other 
territory; it produced a greater effect in the south than in the central regions of 
Sweden, and the east was slightly more affected than the west. 


Note added in proof. 


This paper was originally written as an integral part of an empirical study of 
certain alternative formulae for the measurement of racial divergence. Very ex- 
tensive and substantial editing of the text was therefore necessary in publishing it 
in the present form. I am deeply indebted to Dr G. M. Morant for having carried 
out the editing work much more satisfactorily than I could have done myself. 
I also wish to acknowledge the help I received from my assistant Mr Sudhir Kumar 
Banerjee in reducing the statistical material for the paper. P. C. Mahalanobis, 
Calcutta, 22nd July, 1930. 
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ia 
A. Introductory. 
Since the development of the theory of normal correlation by Galton and Dickson 
(1886) several attempts have been made to describe analytically a distribution 
of two correlated variables when both variables follow a law of skew variation. These 
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attempts may be considered as of two types: those that are founded on one 
or another hypothesis, and those that are purely empirical. This discrimination, 
however, is not of great practical importance. The superiority of one frequency 
function over another depends rather on the success with which that function can 
be applied to graduate data than on the manner in which it originated. The univariate 
functions that are in common use can, as a rule, be fitted fairly easily. But in the 
case of bivariate functions, the process of fitting is extremely laborious. Comparative 
results are rare, and such illustrations as do exist are of little final value. Either 
the test has not been stringent enough, or the paucity of observations has made it 
impossible for a dispassionate judgment to be passed on the goodness of fit. In short, 
the descriptive power of the various surfaces has as yet not been extensively 
investigated. 

The purposes of this study are: (i) to present an account of the surfaces that have 
been evolved; (ii) to analyse geometrically a few observed distributions, each 
containing a large number of observations; hence (iii) to put to a practical 
test some of the hypotheses from which these surfaces have been developed; and 
(iv) finally, to compare the adequacy of the surfaces by fitting their marginal and 
partial moment curves to the observations. 


B. Notation and Terminology. 


To avoid unnecessary repetition, a description is given below of the notation and 
terminology that will be adopted. 

The two variables will be denoted by # and y; the total number of observations 
by V; the number of observations in an #-array of y’s and in a y-array of x’s by nz 
and n, respectively; any cell frequency by n,,; the usual correlation coefficient 
between w and y by ge the correlation ratio of y on & and of z on y by Nya and Ney 
respectively. The ss’th product-moment coefficient calculated from the observations 
about any origin will be denoted by sy and vy’ .y, according as corrections for grouping 
have or have not been applied; the dashes will be dropped when the origin is the 
arithmetic mean (%, 7). Thus 

1 


Y a = Vv => (Ney A y* ), 


4 


= S[F (a, Yy) (a - zy (y we y ’ dady 
= S[F (a, y) dxdy ’ 


and Mss’ 
where F'(w,y)dady expresses the probability that # lies between a and # + da, 

y between y and y + dy, and the integrations are taken over the entire surface. 

Still following the usual notation, I shall write: 
a 30" 
Bro pa 2 
oy Dy 
aoe Mss’ Me Mao 
ss’ 


= - ei 
oy°. a2" 


9 
Hos” Kos 
Bas _ 3? Boe = 2? 
Ho2 FKo2 
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where o,= J 20 and o2= J joe are the standard deviations of the #- and y-marginal 
totals respectively. 

The moments of an array distribution will be termed array moments ; those of 
a section of a theoretical surface parallel to the za or zy plane, will be termed 
partial moments. The corrected sth moment coefficient of an x-array of y's about 
the mean of the array will be denoted by y,(y); that of a y-array of 2’s by ps (2); 
the w- and y-array means by yy’ (y) and ya’ (x) respectively. The same notation will 
be used for the partial moments, but it must be remembered that in this case the 
variable assumes “ singular” and not “plural” values; this distinction is brought 


out by the terms introduced above. The curves in which ,y’ (y), o, = J p2(y), 
—— (uv) (y) ; d 
J/Bi(y) = = = and B2(y)—-3 = = DP _Zare plotted to # are the regression, scedastic, 
2° (y a Xe 


clitic and kurtie curves of y on x*, A system is either homoscedastic or heteroscedastic 


according as the arrays “are equally scattered about their means,” or not. 


C. Historical. 

1. Writers before Galton. The normal probability surface discussed by Lagrange, 
Laplace, Plana, Gauss, Bravais, has little bearing, if any at all, on the theory of 
correlation. With admirable clarity Pearson+ pointed out a few years ago that the 
quantities Gauss and Bravais were observing, were absolutely independent of one 
another. Only by the introduction of quantities linearly related to those observed, 
did the product terms in their expressions arise. In a more recent paper, dealing 
with Plana’s work, Pearsont again indicated that the writers on the theory of 
observations up to the time of Galton were concerned merely with finding a 
mathematical expression for the probability of the simultaneous occurrence of two or 
more errors and not with finding a measure of relationship between two variables 
organically associated. 


Galton, on the other hand, started with the conception that the observed 
quantities are dependent. In studying the inheritance of traits, he developed in 


* Pearson originally defined the scedastic curve as the curve in which the ratio of the standard 
deviation of the array to the standard deviation of the character in the population at large is plotted to 
position, and the clitic curve as the curve in which the skewness of the array is plotted to position. 
Mean — Mode 


For the Pearson Type III curve: Skewness = =—— —— = 
Standard Deviation 


=4 JB, 


Wicksell calls the curve y= —} »/B, (y) (= skewness”) the clitic curve, and the curve y=1 (8, (y) — 3) 
(= “‘excess”) the synagic curve. I prefer, however, to retain Pearson’s original term ‘“ kurtosis” 
as expressing that deviation of frequency curves from the normal type which corresponds to forms 
more or less flat-topped. Further, being concerned merely with how the skewness varies from array to 
array and not with the degree of skewness of any particular array distribution, I shall omit all constant 
multiplying factors for ,/8, (y) and 8, (y) —3. 

+ ** Notes on the History of Correlation,” Biometrika, Vol. xu. 1920—21, pp. 25—45. 

t “The Contribution of Giovanni Plana to the Normal Bivariate Frequency Surface,” Biometrika, 
Vol. xxA. 1928, pp. 295—298. See also Walker, Helen M.: ‘‘ The Relation of Plana and Bravais to the 
Theory of Correlation,” Isis, Vol. x. No. 34, 1928, pp. 466—484. 
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a series of papers, from 1877, the ideas of regression and correlation. Dickson*, in 
1886, investigated mathematically the system of concentric ellipses that would 
correspond to the ellipses deduced by Galton in his study of “ Regression towards 
Mediocrity in Hereditary Stature” (1885). 


2. Skew Univariate Distributions. At the time when Galton developed his theory 
of correlation, writers on mathematical statistics realised that the univariate normal 
law of De Moivre and Laplace could not be regarded as a universal law of frequency 
distribution ; the presence of skewness in homogeneous material was certainly as 
common as that of normality. Attempts to describe analytically this skew variation, 
led up to the work of Gram, Thiele, Pearson, Edgeworth, Bruns, Charlier, and 
Kapteyn, to mention only the most prominent contributors. 

It would be superfluous to give here more than a short summary of these curves 
such as will be required for further reference. We may conveniently treat them 
under the following three divisions : 

(a) Pearson’s system of skew frequency curves derived from the generalised 
probability equation : 

1 dy ata ; 
y dx by + bya + bya?’ 

(b) (i) Edgeworth’s generalised law of error, 

(ii) The Gram-Charlier Type A and Type B series ; 

(c) The translated, or transformed, curves of Edgeworth, and of Galton and 
MacAlister, as treated by Pearson and Wicksell. 

Only (0) and (c) will be shortly discussed. 


(b) (i) Edgeworth deduces his generalised law of error from a consideration 
of a large number, n, of elemental frequency groups which sat isfy certain conditions. 
The most important of these conditions are: that selections from different groups 
are independent of one another ; that the chance of obtaining a particular magnitude 


from one group is independent of previous selections; that Ye is finite for all values 
oa 


of p in the elemental groups. On these assumptions the frequency locus of the 
aggregate formed, is found to be: 


1, d@ 1, d 
F(e)=e 3! "saa" 


é 


where h(x) = , 
\ 


/Qar 
koa VBi, y= Py—3, «0... 


* Galton, Francis: ‘* Family Likeness in Stature.’”’ With an appendix by J. D. Hamilton Dickson, 
Proc. Roy. Soc. Vol. xu. 1886, pp. 42—73. 

+ ‘“*The Asymmetrical Probability Curve,” Phil. Mag. Vol. xu1. 1896, pp. 90--99; ‘‘The Law of 
Error,” Camb. Phil. Trans. Vol. xx. 1905, pp. 36—65, 113—141. 
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. a . - — . . . 
It is further shown that k,+» is of the order n~ 2”, so that to an approximation of 


1 
the order 
n 


1 
. 


F . >) —_ F kg d k, dt ] ks) 2 dé 
ite ae (31) 


31 da 4! dat 5) ° 7a d (x) ee cececesees ¢! ). 


Introducing Pearson’s de..aition of the tetrachoric functions, viz., 


we have from (1): 


F(@)=11+V3.V By. 14+ VS; . (Bo — 3). 75+ V 88. By. ty 20 (1)Pi*. 


7 

(b) (ii) Several other writers—Gram, Bruns, Charlier—have discussed a series 
almost identical with (1). Starting from the hypothesis of elementary errors, 
Charlier* deduces two forms of the frequency function, called by him Type A and 
Type B. Type A is an extension of the De Moivre-Laplace approximation to the 
binomial; Type B is an extension of the Poisson limit to the binomial. The 
transition from Type A to Type B cannot be expressed mathematically. Usually 
Type B is employed when there is a marked asymmetry, while for slightly asym- 
metrical curves the type can be determined only by trial. 


A p d? d (x) 


Type A. F (x)= (a > (-1)? 
ype (x)= ( aes 1) pl da 
where As= VBi =N3, As=(B2-2)=Ag, 


A;=Bs' —10VBy=5, Ag=Bi— 1582 +30 =Ag + 10A;°, 


the 2’s being the third, fourth, ... semi-invariants and f3' = w;/o°. Expressed in 
terms of tetrachoric functions : 


F(«) =Ti1 + V2, VB. T4 + VS. (Bo we 3) 0 T5 we ee een cnee eeees ..(2), 
up to moments of the fourth order only. 


The two approximations (1)’* and (2) are not quite identical. It is partly on 
this ground that Edgeworth* criticised the Gram-Charlier series as not being the 
o o | o 
true generalisation of Laplace’s law of error. In a later paper Charlier} has shown 


f 


the order of magnitude of the coefficients A,’ = — to be: 
5 2 ! 


“Uber das Fehlergesetz,” Arkiv fir Mat., Astr. och Fysik, Bd. 2, No. 8, 1905, pp. 1—9; ‘ Uber 

die Darstellung willkiirlicher Funktionen,” Arkiv for Mat., Astr. och Fysik, Bd. 2, No. 20, 1905, 
pp. 1—22; ‘‘ Die strenge Form des Bernoulli’schen Theorems,” Arkiv fir Mat., Astr. och Fysik, Bd. 5, 
No. 15, 1909, pp. 1—22; ‘‘Contributions to the Mathematical Theory of Statistics. 5. Frequency 
Curves of Type A in Heterograde Statistics,” Arkiv fir Mat., Astr. och Fysik, Bd. 9, No. 25, 1914, 
pp. 1—17. 

+ “On the Representation of Statistical Frequency by a Series,” Journ. Roy. Stat. Soc. Vol. Luxx. 
1907, pp. 102—106, 

+ Die strenge Form des Bernoulli’schen Theorems,” Arkiv for Mat., Astr. och Fysik, Ba. 5, No. 15, 
1909, pp. 1—22. 
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- ' P 1 
Ag’ is of the order of magnitude of 7 
n 
1 
A, ) ” ” - 
Tp ccceesiesseees (3), 
Ag ”» ” = 
n 
1 
, 
A; ”» ” ” = 
nvn 





where n is the number of “error-sources.” It is further shown* that Ag is of the 


l 
order —, so that 
n2 


Ag 1 3) + t f ] 1 
—==(5 erm of order 
6! 2\3! n®? 
’ ‘ ] 
and hence to an approximation of the order —: 
it 


F(«a)=™m+ V2, VBy.7: + v5, . (Bs — 3). 75 + 35, Bi. T7; 

which is identical with (1). In the paper just cited, Wicksell shows the orders 
of magnitude (3) not to be a necessary consequence of the hypothesis of elementary 
errors; they can be deduced only when the skewness of the error distributions is 
regarded as independent of n. The convergency of tetrachoric expansions has been 
discussed from a more practical point of view by Pearson+. He assigns definite 
values to 8; and $2 and demonstrates that, unless the skewness be chiefly in 
the one direction or the other, any tetrachoric term in the series is not negligible 
as compared with those preceding it. A good illustration of the oscillatory nature 
of expansions in terms of tetrachoric functions and of their practical non-con- 
vergency, is provided in a paper by James Henderson{. Closely associated with 
the problem of convergency, is the appearance of negative frequencies in the tails 
of the curve and the impossibility of making the curve start at a fixed point. 
Although a fairly good description of the central part of the observations is likely 
to be obtained, the curve fails us almost entirely in the determination of the 
significance of outlying observations. 

For convenience we shall refer to equation (2) as Type Aa; to (1)"* as Type Ab; 
to both or either of the two as Type A. 


mn ) 7 ° I; k. ° 
Type B. F(x) = ko. Wax) —- 7 Avs, (@) + x A®yr, (x) —..., 


where Apa («) = Yaw) — va (e—1), 
A*ypry (2)= Wa (2) — Arn (a Posy eS wa (2— 2), 


* Wicksell, 8. D.: ‘* The Correlation Function of Type A and the Regression of its Characteristics,” 
Kungl. Sv, Vet. Akad. Handl. Ba. 58, No. 3, 1917, pp. 1—48. 
t ‘* The Fifteen Constant Bivariate Frequeney Surface,” Biometrika, Vol, xvm. 1925, pp. 277—280. 
¢ ‘*On Expansions in Tetrachoric Functions,” Biometrika, Vol. x1v, 1922—23, pp. 157—185. 
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e-* +r . 
and va (@) = [ eX” cos (A sin w — 2w) dw 
TT J0 


e~* r™ 
= , When @ is a positive integer, m. 


mm: 


The function y, (x) and the more general function 


e-a a 


Sa,» (@) = eS” cos (7 sin w— xw) dw 


/0 

have been introduced by Charlier* as continuous functions representing the Poisson 
exponential. Charlier confined his treatment to the function w,(#) and deter- 
mined the coefficients & by an approximate method. The more general function 
%a,,(2) has been discussed by Jgrgensent. He finds the exact values of the 
coefficients and considers special cases of a linear transformation of the argument. 
The order of magnitude of the coefficients necessitates the use of an even number 
of terms in successive approximations to the series, 


Because of the theoretical and practical objections that can be adduced against 
the use of these continuous generating functions, I shall not give a detailed account 
of the Type B distribution. In acritieal note on Jgrgensen’s proof of these functions 

p@ 


Steffensen{ has shown that the moment integrals | S(x).a?dx are divergent. 
/0 


Apart also from the negative frequencies that arise in applying the series, the 
curve assumes a sinusoidal form for fractional values of the variate: “for brudne 
Verdier af Abscisserne svinger de i Virkeligheden sinusoideformet og giver for 
store Abscisser negative Ordinater, hvad der navnlig for \ = 7 for negative Abscisser 
treeder steerkt frem§.” 


(c) The Method of Translation. Let »=$(&) be the frequency curve of a 
hypothetical variate & Replace £ by a function f(«#) of x, « being the quantity 
observed. If the areas between corresponding ordinates of the generating curve 
¢ (€) and the generated (“ translated”) curve /'(#) are to remain unchanged, then 


y=F(«)=¢l[f(@)]./' (@). 


By a suitable choice of ¢ and /, the form of F(x) might be such as is commonly 
observed in practical statistics. 


‘Die Zweite Form des Fehlergesetzes,” Arkiv fir Mat., Astr. och Fysik, Bd. 2, No. 15, 1905, 
pp. 1—8; ‘‘ Weiteres iiber das Fehlergesetz,” Arkiv fir Mat., Astr. och Fysik, Bd. 4, No. 13, 1907, 
pp. 1—9. 

+ ‘* Note sur la fonction de répartition de Type B de M. Charlier,” Arkiv fir Mat., Astr. och Fysik, 
Bd. 10, No. 15, 1914, pp. 1—18; Undersdgelser over F'requensflader og Korrelation. Kobenhavn: Arnold 
Busck, 1916. 

t Svenska Aktuariefireningens Tidskrift, Nos. 4—5, 1916. See also Matematisk TIagttagelselere, 
Kebenhavn, 1923, p. 71. 

§ Jorgensen: loc. cit. p. 28. 
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(i) Edgeworth’s Translated Curves*. Take $(&) to be the normal curve: 


1 
a p—€2 
n= or, 
Vor 
and consider the particular equation of translation : 
Te ok 2 og Err errere sins .(4). 
The ordinate of the translated curve is: 
1 1 
= —,¢e# CS rT Te 5), 
y i “a (1 + 2kE + 3r€*) ©) 


and the rth moment about the origin—the median—is: 


+.) + 00 
M,=[""y.arde= |" ar (E+ b+ Eye HME 
Vr. —2 


J =—@ 


From the moment coefficients about the mean, the constants a, k, and X can be 
determined. The equations are: 
{ 35 ,2 4})2)3 — 
xX (S++ 9A + 185r2)? —72(1 + 43.4 VF =0 | 
Gy + BV + By? + 54yA+Q7A2 + LBS yr? + 4953 4 12154 
—i(1+y+3r0+4+12r7? =0 
where y=, 7 =6,/8, t=} (B2—83). 

The area subtended by the translated curve between any two values of x can 
be obtained, after solving the cubic (4), from tables of the normal probability 
integral. An ambiguity arises when the values of & and 2 are such that for a 
certain range of x, the cubic has three real roots. The translated curve then loses 
its typical shape of rising continuously from a practically zero value to a maximum 
and falling at the same or at a different rate down to zero again. The singularities 
that occar are of two types. In Edgeworth’s terminology: there is a “break” if 
dx , co ’ . é ; 
dé? the quadratic expression in the denominator of (5), becomes negative ; there is 
a “stop” if the ordinate of the curve has a relative minimum value, that is to say, 
if dé has real roots other than the mode. After passing through the minimum 

; § 
value the curve ascends and ultimately changes abruptiy from + 2 to — % at that 


da 


value of « which corresponds to a root of =? Edgeworth claimed that the 


method of translation is applicable especially to slightly and moderately abnormal 
curves; and he considered the construction as sufficiently accurate if no peculiarity 
occurs within a distance from the median of the translated curve corresponding to 
a distance of |£&|=2 from the mean of the generating curve. The tail areas cut 
off outside this range of about 2°83 times the standard deviation of the normal 
curve from its mean amount to only about 5 per-mille of the total frequency, 


* Edgeworth’s papers on the mathematical representation of statistical data appeared chiefly in the 


Journ. Roy. Stat. Soc. For a complete bibliography see A. L. Bowley: ‘‘F. Y. Edgeworth’s Con- 
tributions to Mathematical Statistics,” London, 1928, Roy. Stat. Soc. 
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and are therefore practically insignificant as compared to the central portion of 
the curve. They are folded over or swung round, so to speak, in the process of 
translation, the central portion being extended or contracted according to the 
nature of ig data. 


Now * will be positive for all values of | E| from 0 to 2, provided kh? < 9 (A + 44). 
Also, the derived function 


1 dy _—2[S3A€* + 2he+(3.4+1) £ +4] 


y dé 1 + 2kE + BNE" ; 

equated to zero, will have no real root within the region |£|=2 other than the 
mode, provided k? < 1$° (A + =!;)%. These conditions, together with k* < 3), form a 
lower boundary to the y, >. field within which the method can be applied. By 
assuming Bz = 15 to be a fairly extreme case, Edgeworth obtained from the second 
of equations (6) an upper boundary to the x, area which is to be searched for 
values of y and X, satisfying equations (6). Professor Bowley* utilised these 
conditions in constructing a table which shows the values of y and 2X to three 
decimal places for given §;/8 and e= ;'; (82—3) by intervals of ‘01. 

The portion of the ,, 82 plane within which Edgeworth’s hypothesis holds 
good, subject to the conditions laid down above, extends upwards—towards higher 
8’s—from the broken line shown in Diagram (1). I obtained this locus by com- 
puting the values of 8, and §2 from equations (6) corresponding to the values of 
x and X which satisfy the lower boundary of the restricted y, A area. When the 
f’s of an observed distribution lie in Pearson’s Type I area below the broken line, 
the translated curve will present singularities within a region of | £| = 2 





To illustrate, not so much the application of the method as the nature of the 
singularities, I take the distribution of single births arranged according to the age 
of mother at birth of child (Table II, p. 153). The observed constants are: 

B,= 100,603, o =3'083,148 (2-year unit), 
Bz = 2°430,327, N = 631,682. 
Using Diagram (1) we note that the §’s fall outside the limited area; 


least one singularity within the range 


hence at 
€| =|V2E| = 2°83 is to be expected. 
The constants of the translated curve are: 


~=—'07659, k='08746, a= 487522 








and Mean-Median = ‘21320. 
Hence : y= = 7 a : = 
~ Wer 344730 (1 + °12369¢ — 11488)’ 
where = ‘2, the origin of the curve being at the median. The curve fitted to 


the observed frequencies is shown in Diagram (2). 


The denominator, op becomes zero for = — 246076 and & = +3°53749, 


* Loc. cit. pp. 123—128. The table must be entered with 8/8 and not with £. 
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corresponding to ages of mother 18°7 and 47:1; the ordinate of the curve becomes 
ieee & 7 _ ; dz . : 
infinite at these two points. For values of | &! greater than & and &, de is negative 
(or, decreases with increasing £) and we get the two lower (negative) branches 
shown in the figure. They both asymptote to the #-axis as #-»+, or as 
C> FH, 

The relative advantages and disadvantages of the method will be discussed 
more fully in a later section. 


EDGEWORTH’S TRANSLATED CURVES IN RELATION TO THE PEARSON TYPES. 























Diagram (1). 
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DisTRIBUTION OF SINGLE BIRTHS ACCORDING To AGE oF IYIOTHER AT EIRTH OF CHILD. 


—— Edgewortl’s Trazslaled Curve 
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Diagram (2). 


(ii) Logarithmic Transformation, Galton* suggested in 1879 that in many 
vital phenomena the geometrical mean and not the arithmetical mean is likely to 
be the most probable value of the quantity measured. The corresponding law of 
frequency was deduced by MacAlister} in the same year. The fitting of the curve 


t. 


by the method of moments was discussed by Pearson} (1905) and more recently 


by Jgrgensen§, Wicksell|| and several other writers. 


* «The Geometric Mean, in Vital and Social Statistics,” Proc. Roy. Soc. Vol. xxrx. 1879, 
pp. 365-—367. 

+ **The Law of the Geometric Mean,” Proc, Roy. Soc. Vol. xx1x. 1879, pp. 367—376. 

t ‘** Das Fehlergesetz und seine Verallgemeinerungen durch Fechner und Pearson.’ A Rejoinder.”’ 
Biometrika, Vol. tv. 1905—1906, pp. 1983—196. 

§ Loc, cit. pp. 47—49. 

|| “*On the Genetic Theory of Frequency,” Arkiv for Mat., Astr. och Fysik, Bd. 12, No, 20, 1917, 
pp. 1—56, 
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Consider the normal curve: 


and transform it by writing : 
- logio Ff bid l 
8 


The resulting frequency curve is of the form: 


1 = 1 (°F x ‘’ 
y=Yo.—-e ‘ (8). 
The pth moment about the start of the curve is given by : 


M,’ = ly a? dx 


/ ( 
/ +. 1 2 522 
=Fe-% 2or.b.s.e%P th sp $ 
where logy e = 1/. 
For the areas under the two curves to be equal, we must have: 


N 


eT ie Se 
Hence: by = el p+ 40? 8? p? 
Or, taking moments about the mean : 
pg wrt he ee 1) 
ps= en ek [esos -3.e"" +9) een (9). 


pa = © 4b1 + 207s? ° feo" ee 4. edd? s* +6. e”” ... 3] 


The following relations* hold between the fourth and lower order moments about 
the start : 
pa’ . (wy)? = (ws P ) 


| 


pa’. (y')” = (we )®. os eeTrrerrrirrr rire Tree (10). 
(ys’)(us’)® = (w!)® 
If the observed distribution fixes its own start, then J and s can be determined 


from py’ and pa’: 


ry 


bs? =log (M5) | 
pa”, 
5 AG ae (11). 
l = log | Lata ) | 
OW pe! / 


In the majority of cases, however, it will be better to find the start of the curve 
from the moment coefficients about the mean. Let & be the distance between the 
start and mean of the curve, then from (9): 


eo 


bs & — dus". Fy? — po® = 0 Cece erereceeeeeeesosecssees (12), 


* For a more complete analysis of the range of applicability of this curve, see pp. 146—150. 
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from which & is to be determined. Further: 
l= 2 log & — $ log (ue + &?) 
OPS ee SO Rikedalvensnscveonaalened (13). 
= log (uz + £1") — 2 log & 
The possibility of extending this method to the Type A series, has been 
pointed out by Jgrgensen and Wicksell in the papers cited. 


3. Schols and Perozzo. To preserve completeness in the historical survey, as 
far as possible, it seems desirable before passing on to the extension of the uni- 
variate formulae to the problem of correlation, to give a brief account of Schols’* 
treatment (1875) of errors in space, and of Perozzo’s}+ analysis (1882) of Italian 
marriage statistics. 

A full theory of errors of observations in space was for the first time worked 
out by Schols. He dealt generally with the principal axes of inertia, and showed 
that for the normal surface they were axes of independent probability. Generalising 
this it would signify that if z= F(a, y) be the expression for the frequency surface, 
then by a rotation of axes it could be put into the form: 

z= fr(a’). fay’) 
Sections parallel to the principal axes are thus not only similar but also similarly 
situated. Any justification for applying this idea to frequency surfaces in general 
necessarily rests on the geometrical analysis of observed data; Schols does not 
seem to have attempted this. 

Perozzo’s investigation is, as far as I am aware, the first attempt to analyse 
graphically a skew bivariate distribution and to give general formulae for its 
representation. From the table exhibiting the number of marriages contracted in 
Italy during the years 1878-79 Perozzo obtains the contours of equal probability ; 
he points out that they are not concentric and are tending to symmetry with 
respect to one axis only. In other words, the normal surface—which at that time 
was of interest only in ballistics—no longer applies. As an approximation to the 
binomial Perozzo gives the asymmetrical curves: 


Z=2.e 
i a \> 
, [2 n ~a@2(a-, a; ) 
and z=ala—-, A gc Ps 
( NV z=) 
Similarly for the asymmetrical surface 
oe ot gta tage? —...— ag y*ta,’y*—... 
Z2=2.2 .@ > 
and 
=a n \2 : n’ \2 
n \% n’ \’ — Ay (« - af: ) Qs (y - wf :) 
z=da a’ C— as ] y — - *, e <a, “a, 
Vi 2a3/ ‘Vi 2a’ / 


* «Théorie des erreurs dans le plan et dans l’espace,” Ann. de VEcole Polytechn. de Delft, 1886, 
pp. 123—175. Published in Dutch in the Verhandelingen van de Koninklijke Akademie van Weten- 
schappen, Deel 15, 1875, Amsterdam. 

+ **Nuove Applicazioni del Calcolo delle Probabilita,” Acta, Reale Accademia det Lincei, 
1881—82, pp. 1—33. 
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Perozzo gives no underlying theoretical basis for these formulae, nor does he 
fit them to his observations. 


4. Double Hypergeometrical Series. After having discussed the development 
of his system of curves (1895), Pearson remarked that if material obeyed a 
law of skew distribution, the Galton-Dickson theory of correlation would have to 
be considerably modified. The curves of equal probability derived from the corre- 
lation of cards of the same suit in two players’ hands at whist, and from the 
correlation of ages of husband and wife at marriage, indicated a distinct deviation 
from the ellipses of normal correlation. The analytical description of skew bivariate 
distributions thus claimed immediate attention. 

The idea of axes of independent probability marked the starting point of 
Pearson’s researches on this problem. By an analysis such as that mentioned 
in the preceding paragraph, he was however able to convince himself that if 
principal inertial axes of the contour sysiem existed, they were not axes of 
independent probability. The next step taken was an endeavour to extend the 
idea underlying his system of skew curves, i.e. to determine a family of surfaces 
from the two general differential equations to a certain double hypergeometrical 
series. These equations, as given by Rhodes*, were of the form: 

1 dz Cubicina, y 

z'd« Quartic in a, y’ 

1 dz _ Another cubic in @, y 

z‘dy Same quartic in a, y * 
Without limitation on the constants, however, integration was found to be im- 
possible. Special forms were thereafter considered by Pearson, Filon (1901) and 
Isserlis (1913), but these again led to surfaces ef little valuc. In each case there 
existed a relation between the #’s of the two «marginal distributions, while also 
the correlation could be expressed as a function of them. That these and similar 
restrictions upon the characteristics of the distribution could not lead to satis- 
factory bivariate frequency surfaces, has over and over again been emphasised by 
Pearson. Freedom can be given to the variation of the characteristics only by 
having enough independent constants in the equation of the surface. The following 
surface is given by Pearson+ as one of those obtained by Filon and Isserlis : 


2 fae v\" x y ) 
— (7) td (1 Soe 4 reer ...(14). 
Bo t+3  Bot3 
Here = , 
Bio + 4 Bau + + 
r=ta/ (pit 1) (pot) 
= (prt qg+2)(po+q+2) 
The marginal and array distributions are Pearson Type I curves. Regression and 
scedasticity are linear. 


* On a Certain Skew Correlation Surface,” Biometrika, Vol. x1v. 1922—23, p. 355. 
+ ‘* Notes on Skew Frequency Surfaces,” Biometrika, Vol. xv. 1923, pp. 224—230. 
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The fitting of data with a discontinuous double hypergeometrical series was 
accomplished by Isserlis* in 1914. The corresponding problem in probability may 
be stated as follows: 

Suppose a limited population of size NV to contain m marked and VN — m un- 
marked characters; a sample of x is drawn and not replaced; a second sample 
of n’ is drawn. The chance of s marked characters in the first sample and s’ in the 
second, is 


da, a) nin’! (N-—n—7n’)! m! (N —m)! 
23 )=———_ er ; : — 
s!s'!(n—s)!(n’—s’)! N! (m—s—s’)!"(N—n—n'—m+s+s’)! 
waads (15) 
Let —n =a, —n’ =a’, -m= 8, N-—m—n-—n' +1=y, then it can be shown that 
N—n—n’)! (N —m)! 
es " Rs mS. “7 id 7 , 
222 (s,s )= . oo —... F(a, a Li 
al N! (N-—m—n—n’)! (2,0, B,y, 1,0), 


where F(a, a’, B, y, x, y) denotes the double hypergeometrical series 


n which 
a, =a(a+1)(a+2)...(a+s—1). 


[sserlis expresses the parameters », n’, m and N in terms of moment and 
product-moment coefficients. He evaluates them for three numerical examples but 
to only one of the examples the equivalent series is fitted, namely, the distribution 
in 25,000 deals of trumps in the first two hands in whist with ordinary shuffling. 
The annexed photographs of the theoretical and observational surfaces superposed 
do not give us a clear idea of the goodness of fit. It is however not likely to be 
very good: the experimental returns show too marked discrepancies from the 
theoretical frequencies computed from the double hypergeometrical series t. 

The range of applicability of the hypergeometrical was to some extent defined 
by Wicksell{ (1917) when he showed that its regression curves are linear. In this 
connection it may be of interest to point out that while the discontinuous has 
linear regression, the two general differential equations (p. 122) lead to a surface 
with cubic regression§. 

Wicksell|| has further shown (1923) that the Type A and Type B series 
are analytical expressions for the representation of the hypergeometrical as well 


‘The Application of Solid Hypergeometrical Series to Frequency Distributions in Space,” Phil. 
Mag. Vol. xxvimr. 1914, pp. 379—403. 
+ Pearson, Karl: ‘‘On a Certain Double Hypergeometrical Series and its Representation by Con- 
tinuous Frequency Surfaces,” Biometrika, Vol. xv1. 1924, p, 186. 
t ‘The Application of Solid Hypergeometrical Series to Frequency Distributions in Space,” Phil. 
Mag. Vol, xxxtv. 1917, pp. 389—394. 
§ Pearson, Karl: ‘‘ Notes on Skew Frequency Surfaces,” Biometrika, Vol. xv, 1923, p. 222. 
‘** Contributions to the Analytical Theory of Sampling,” Arkiv fér Mat., Astr. och Fysik, Bd. 17, 
No. 19, 1923. 
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as of the binomial. The double hypergeometrical leads to correlation functions 
of these two types. 

In 1924 Pearson returned to the representation of a double hypergeometrical 
series by continuous frequency surfaces. The regression and scedasticity * are shown 
to be linear and parabolic respectively; a symmetrical surface+ with similar 
forms for the regression and scedasticity is fitted to the special case of whist 
correlation: N=52, n=n’ =18; also the Filon-Isserlis surface is fitted. From 
a comparison of the marginal distributions and of the contours, neither of the 
two surfaces seems to be really adequate. 


5. Skew Correlation and Non-linear Regression. The preceding section clearly 


indicates that the earliest attempts at describing skew correlation, as based on the 
“correlation surface method,” were not very profitable. Recourse had therefore to 
be had to a more general method which would not involve any assumptions as to 
the form of the frequency distribution. In a paper on multiple correlation (1897) 
Yule} showed that if the regression be linear, irrespective of the type of 
frequency surface, the multiple regression “plane” as reached by the method of 
least squares was identical in form with that flowing from a multiple normal 
surface. This method of approaching the problem of correlation, Le. from the 
form of the regression curves, was extended by Pearson§ (1905) to non-linear 
regression. 

Now while it is of great advantage that no assumptions as to the frequency 
distribution are made, this generality is, as has been pointed out by Pearson, 
also the chief defect of the method. Without some knowledge of the array 
distributions the probability of an individual observation falling within certain 
limits as measured from the regression curves cannot be determined. 

The types of regression dealt with are: linear, parabolic, cubic and quartic. 
The parameters of these polynomials are expressed in terms of moments and 
product moments. Theoretically there is no limit to the order of the curve; in 
practice it depends largely on the rapidly increasing probable errors of the 
moments. The correlation ratio, 7, is introduced as a measure of relationship when 
the regression is not linear; the conceptions of scedasticity and clisy are formulated, 
and measures of their heterogeneity are given. Finally, the regression formulae are 
illustrated on four examples. 

A general method of determining the successive terms in a skew regression line 
was published by Pearson|| in 1921. The form of the regression curve is assumed 
to be 

y =f ()=doWot UWit... + dawn, 

* See pp. 141—142 for the third and fourth array moments. 

+ See p. 137. 

+ “On the Significance of Bravais’ Formulae for Regression, etc., in the case of Skew Correlation,” 
Proc. Roy. Soc. Vol. ux. 1896—97, pp. 477-489. 

§ “On the General Theory of Skew Correlation and Non-Linear Regression,” Drapers’ Company 
Research Memoirs, Biometric Series, 11. 1905, pp. 1—54. 

| **On a General Method of determining the Successive Terms in a Skew Regression Line,” 
Biometrika, Vol. x11, 1920—21, pp. 296—300. 
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where dp, a, ... @, are constants to be determined and the w’s form an orthogonal 
system of functions of x, The regression orthogonal functions up to the fourth 
order are obtained. 

The results of Pearson have been put into a still more general form by 
Neyman*. Certain results of the theory of continued fractions are used, but no 
appeal is made to their theory, nor to the theory of orthogonal functions. The 
nth order regression parabola is expressed in determinantal form. 


6. The Correlation Function of Type A. The surface whose sections parallel to 
the coordinate planes za and zy are curves of Type A, has been discussed by Van 
der Stok + (1907-1908), Charlier{ (1914), Jgrgensen§ (1916), Wicksell|| (1917), and 
others on the Continent ; in England by Edgeworth (1896, 1905, 1917), Pearson ** 
(1925) and Rhodes+t (1925). For brevity we shall adopt Jgrgensen’s notation for 
this surface, viz. Type AA. Its general equation can be written in the form: 

Ap 0”*9h (a, y) 
F(a, yy=¢(a,y)+ 2 (—1)?t2.—**. — 
(@, = $e, y+ 3B (— Were. Set, OE 
where the generating function is the normal surface : 
1 ; (a? — 2ravy + y?) 
: - Fay Bray ty 
$(«, y)=———. .e 20-49 
Qe V1 —Fr 
The various contributions may be dealt with as follows : (a) special forms of F(a, y), 
(b) determination of the coefficients of the differential terms, (c) the partial moment 
curves, (d) the curves of equal probability, (e) applications. The marginal dis- 
tributions are identical with the Type A curves treated in Section 2. 

(a) Special forms of F(a, y). With the exception of Edgeworth and Van der 
Stok, all the authors mentioned above start with equation (16). The ensuing 
discussions of Charlier, Jgrgensen and Pearson are confined to the approxi- 
mation 3<(p+q)<4 (Type AaAa); Wicksell discusses both this approximation 
and that given in Section 2 where all terms of the order 1/n are included (Type 
AbAb); Edgeworth extends his generalised law of error to two dimensions but 
considers thereafter terms involving moments up to the third order only, (p + q)=3; 
this approximation is discussed more fully by Rhodes who applies it to the 
problem of ranks and grades. 

* «Further Notes on Non-Linear Regression,” Biometrika, Vol. xvu1. 1926, pp. 257—262. 

+ **On the Analysis of Frequency Curves according to a General Method,” Proc. Kon. Ak. v. Wet. 
(Amsterdam), 1907—1908, pp. 799—817. 

+ ‘*Contributions to the Mathematical Theory of Statistics. 6. The Correlation Function of Type A,” 
Arkiv for Mat., Astr. och Fysik, Bd. 9, No. 26, 1914, pp. 1—18. 

§ Underspgelser over Frequensflader og Korrelation. Kobenhavn, 1916: Arnold Busck. 

“The Correlation Function of Type A, and the Regression of its Characteristics,” Kungl. Sv. Vet. 

Akad, Handl. Ba. 58, No. 3, 1917, pp. 1—48. 

| ‘The Compound Law of Error,” Phil. Mag. Vol. xu1. 1896, pp. 207—215; ‘‘ The Law of Error,” 
Camb. Phil. Trans. Vol. xx. 1905, pp. 116—119; ‘‘On the Mathematical Representation of Statistical 
Data,” Journ. Roy. Stat. Soc. Voi. txxx. 1917, pp. 266—288. 

** «The Fifteen Constant Bivariate Frequency Surface,” Biometrika, Vol. xvrt.'1925, pp. 268—313. 

++ “On a Skew Correlation Surface,” Biometrika, Vol. xvuz. 1925, pp. 314—326. 
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Van der Stok takes as generating function : 
o1 (a, y) = eS et ty") a f(a) X fa. ¥).-<002scceesvesese (17), 

and deduces the surface : 7 
if de, yy (— 12 By Afi Af, 


f > Hi= p 4 4 ? . - 
Fy (a, y) di (2, y)+ Bu a" dy ites pig! dx? ° dy’ 


(18). 


The only comment he makes on this surface is that by a rotation of axes the 
By-term can be made to vanish. 

Jgrgensen observes that the general form (16) is not well adapted to numerical 
application ; he thereupon turns to (17) and (18) where the variables and differential 
coefficients are separable. With tables of the normal curve and of its derivatives 
at hand, the arithmetical work can be greatly diminished. 

The fitting of equation (16) can be best performed after the differential 
functions have been expanded as a polynomial in # and y. In this form the surface 
is discussed by Pearson : 

F(a, y)=$(a, y).[1— ao +a @ + agy + bya? + Aheay + bgy? 
+ 02° + C207 y + cgvy? + cry? + dya* + daa y + 3dga*y? + dyxy? + dsy'*]...(19). 

(b) The coefficients in the different equations, as given by the respective writers, 
are as follows: 

Type AaAa. Ag= 30; A= 40 — 3 

Ag c= (21 . Az = 31 _ 3r 
Ap=qe, As=q3—-3r © asec oeeaaenad (20). 
Ags = 03» Ao = 40 — 3 
A 22 >= 22 —_ 1 — a 
Type AbAb. The coetticients of the additional terms (p +q=6) are: 
Al , 9 ° 
A’ oo = 4 (A's9)*, A’ og = $(A'o3)" 
A's, _ A's . A's, A's; =A ‘03 A's. | (21 ) 
' : P ap ceeees 21), 
A 12 = A 30- A's. + 4 (A “a ie A's = A’ os . A's, + 4 (A’12)? 
A'33 = A’s9. A'og +A’. A 2 
Ay 
pi qt 
Equation (18). Except for By, the B-coefficients are identical with the A’s: 


22) 


where A‘ yg =(— 1)Pt9, 


Bu=qu=7, Be= Mie ©. vcsswncevernesswcsadesers 22). 
Equation (19). Pearson gives the expressions for the coefficients a, b, c and d 
in the paper already cited. Because of their complexity I shall not re-write them. 
(c) The Partial Moment Curves. The regression and scedastic curves of 
Type AaAa are derived by Wicksell and Pearson. The third and fourth partial 
moments are found only by Wicksell; he hereupon treats the special forms all 
these moment curves will assume when the correlation is moderately skew. 
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Pearson’s forms are: 
Regression Curve of y on «: 


+ V3 (qo — rV Bio) 73 + V2 (qr — Be) Ta 


My (y) = Tex rs ls B 
T1+V3-VBi-Tat+ Viz. Bo — 3-75 





Ul 


A 
ra+—. 
2x 


Scedastic Curve of y on x: 
o(yy=1-r 





- v2 (7 (qa — 17 V By) — (Que — 1q21)| T2 + V6 [7 (qs1 — 7Bao) — $ (Gea — 1 — 17. Boo — 1)] 73 


=]-—7?- (=) = (=). 


The following form in which Wicksell writes these curves is certainly not as 
elegant as (23) and (24); the deviation from normality is obscured by not taking 
out the factors ra and 1] —7?: 
re —7rA's). Ry(a) — A’. Re(x) — rA’y Rs (x) — A's, Rs (x) 

1 + A's Rg (x) + A’. Rg (x) ss ie 
where R,(a#) is the Hermite Polynomial of the sth order. Wicksell develops the 
denominator of (25) as a power series in A’3) R3(«)+ A's Ry(«), and neglects all 


fa’ (y) = 





(25), 


\ 


4 : 1 : 
terms whose coefficients are of an order less than —, n being the number of 
n is 


elementary “error-sources.” Arranging the resulting expression in powers of «, he 
finds the regression to be cubic. To the same degree of approximation the 
scedasticity is parabolic, the clisy linear and the kurtosis constant. The foregoing 
development is justifiable only for distributions of moderate skewness and within 
certain ranges from the mean. 

For Type AbAb Wicksell derives only the regression and scedastic curves. 

Jgrgensen derives the regression and scedastic curves for the simplified 
form (18). 

(d) Curves of Equal Probability. In any correlation distribution, F (#, y), the 
curves of equal probability are given by* 

ge F(a, y)=constant ........ccccccccvvesseceees (26). 

But more than often the form of F(a, y) is too complicated for these curves to be 
directly constructed. 

For the Type AaAa surface an approximate solution to (26) has been found by 
Wicksell+. Assuming the correlation to be moderately skew, he shows that in the 

* The curves so defined are, strictly speaking, curves of equal ordinates, i.e. the contours of the 
surface. 


+ ‘The Construction of the Curves of Equal Frequency in case of Type A Correlation,” Sv. Akt. 
Tidskr. Haft. 2—3, 1917, pp. 1—19. 


9—2 
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vicinity of the mode the curves of equal probability are ellipses, while further out” 
es” can be constructed by making 





they are disturbed ellipses. These outer “ ellips 
use of auxiliary circles; certain quantities expressed in terms of products of the 
Hermite Polynomials are to be added to the radii of the circles for the radii vectores 
of the required curves to be obtained. Tables are given for R;(&).Rj(m), where 
£, and m are the points of intersection of 24 radii vectores with circles whose radii 
correspond to definite values of z = F'(#, y) = constant. 

A more detailed treatment or a restatement of the derived formulae seems to 
me not warranted. 


(e) Applications. The fitting of surface (18) is illustrated by Jgrgensen on one 
example. He first considers the possibility of making some of the higher coefficients 
in the expression negligibly small by a rotation of axes; the new axes are to 
coincide with the principal axes of inertia. However, in his particular illustration 
nothing is gained by such a transformation. The mid-ordinates of the frequency 
cells are calculated and compared with the observed frequencies. Even if allowance 
be made for the paucity of the observations we are bound to conclude, from an 
examination of the table, that the graduation is not at all satisfactory. 

Wicksell illustrates his method of approximating to the partial moment curves 
of the Type AaAa surface on four examples representative of moderately and of 
considerably skew correlation. Both regression curves are fitted for all four 
examples; the scedastic curves for two of the examples only. The range of applica- 
bility of the approximate formulae can to some extent be appreciated from the 
following values of 8; and 82° ich I have evaluated for the marginal distributions 
corresponding to the instances where Wicksell replaces his cubie by the general 
regression curve (25): 

Bi= 109) Bi= 233): A= °829) 

B2= 2952) > Be=2'889)° B,= 4863) ” 
Hereafter, Wicksell fits his formulae to three of the examples given by Pearson 
in his memoir on skew correlation and non-linear regression. The diagrams given 
by Wicksell seem to indicate that his formulae, with moments up to the fourth 
order, give virtually as good a description of the observation points as Pearson’s 
formulae involving moments up to the sixth; also the arithmetic is far less. How- 
ever, not until we have more comparative results before us, will it be possible to 
vindicate the general use of these formulae. 

Pearson tests the value of “The Fifteen Constant Surface” (19) on two examples: 
the whist double hypergeometrical series, and the distribution of contemporaneous 
barometric heights at Southampton and Laudale. In both illustrations the theo- 
retical ordinates and frequencies are computed, and the contour lines are con- 
structed. A very close agreement is obtained between the mathematical surface 
and the double hypergeometrical. For the barometric data, due regard being paid 
to the sparseness of the observations, the agreement is less satisfactory; the 
Goodness of Fit Test shows, however, that the graduation is better than that 
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obtained by Rhodes with his surface*; the regression curves fit the observation 
points very well. 


7. The Correlation Functions of Type B, and of Type A and Type B. In his 
systematic treatise on frequency surfaces and correlation, 1916, Jgrgensen discusses 
the following three types of surfaces: (i) Type AA; (ii) Type BB, where sections 
parallel to the coordinate planes zv and zy are curves of Type B; (ii) Type AB 
where sections parallel to the plane zx are curves of Type A and sections parallel 
to the plane zy are curves of Type B. 

Jgrgensen takes the generating function of Type BB and of Type AB to be 

9 (a, y)=3 (x) x3 (y) 
and vr (a, y)= (x) x 3(y) 
respectively, where ¢(#) and $(x) are as defined in Section 2, p. 115. The con- 
stants, regression and scedastic curves are determined for these simplified forms. 
No numerical illustrations are given. 


8. Translation applied to Correlation. Edgeworth*. 


(a) Simple Translation. Let the generating surface be 


pa am 2R anacnsnenoont (27), 
"  wVv1l— RR 
and the equations of translation : 
w= dy(E+h +r &)) 
Y = Ag (9 + ken? + don)! 


The constants are to be determined separately for the two equations. 


cenit pabicscke cece ae 


Taking r to be the correlation coefficient between # and y, and R to be that 
between & and », Edgeworth finds 


— ae ~ 
°° V M20 + oo = Ay . Ag ~ + 4 (Aq + Ag) R + thy. ke . tA (9R = 3 oR)| ad 


If cubic terms in & and are neglected, then: 
R =T [1 + 3 (Az? + re?) + 4 (k;? + k3)]— ky ker? — 3 Aig. r?. 
After & and » have been evaluated from (28) the cell frequencies can be found 
from (27) with the use of tables for the normal curve. 
(b) Composite Translation. Professor Bowley} considers the case 
w= (+h + ru + y0"), 
Y = da (n + kon? + Aan® + y2E), 
while Edgeworth omits \; and X¢2. 
* See pp. 134—136. 
+ ‘On the Use of Analytical Geometry to represent. Certain Kinds of Statistics,” Journ. Roy. Stat. 
Soc. Vol. uxxvit, 1914, pp. 838—852; Vol. txxx. 1917, pp. 266—288. 


t F. Y. Edgeworth’s Contributions to Mathematical Statistics, Roy. Stat. Soc., London, 1928, 
pp. 79—81. 
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Fairly simple expressions can be found for k;, ke, y1 and yz if squared terms in 
the k, X and y are neglected, i.e. if the correlation be regarded as moderately skew. 
To solve the general moment equations involving these constants would be a 
severe task. 


Composite translation is necessary if the relations 


uot Gyn-7 + de. es PRU Mos tee (29) 
qaz = § (2qos. 7 + a0. 7”) 


do not hold. 

Edgeworth states his views on the relative merits of simple and composite 
translation and of the generalised law of error in the concluding paragraph of his 
paper in J.S.8., Vol. Lxxx, 1917: “The inadequacy of simple translation, the im- 
practicability of composite translation, constitutes an important point in the 
comparison between the use of the generalised law of error and the method of 
translation in two dimensions. The balance between the two methods is altered in 
one respect. Whereas in one dimension the generalised law is theoretically at 
least preferable for subnormal curves, while translation has the advantage of being 
applicable to abnormal cases, this advantage is greatly reduced in two dimensions, 
while that preference still subsists.” 

The results of both methods are illustrated on a few frequency groups. The 
agreement between theory and observation seems to be quite satisfactory; but 
whether the same degree of agreement holds throughout the surface, Edgeworth 
did not establish. 


9. Logarithmic Correlation. Wicksell. The method of logarithmic transforma- 
tion has been extended to correlation problems by Wicksell* (1917) in two 


successive papers. If log # and log y are assumed to be normally distributed, their 
correlation function will be 


e z I flogx-1,\? . log x —I1 log y — 1.,\ ‘log y —1,\* 
espe Ee a HALO) OS) BEB)» (EH 
F(a, y)= = * rFeNY * 3 . & : 
we Wey 
The regression curves of this surface are however of a form one would not expect 
to observe in practice ; they have (i) no inflexions, (ii) two points of intersection. 
In the second paper Wicksell assumes the distribution to be of the form 
7 A et OP+9 & ( , 7) 
F(E, n)=$(E,n)+ => B,, ay 


(p+q)=3 OE? . On! 
where &=log #, » = log y, and 


81. 82.27rV1— p" 





* 


“On the Genetic Theory of Frequency,” Arkiv for Mat., Astr. och Fysik, Bd. 12, No. 20, 1917 : 
‘On Logarithmic Correlation, with an Application to the Distribution of Ages at First Marriage,” 
Sv. Akt. Tidskr. Haft. 4, 1917, pp. 1—21. 
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(a) Determination of the constants in equation (30). The moments, M’,,, of x 
é Y ? Pq? 
and y about the origin are given by: 
fi +a f +2 bt 1 
90f qoyr 
M4 = es ef _ F(E, n) dé .dn, 
~ —@ d —@ 
1 ‘ 
where 6 = as before. 
logio e 
Let the origin , ™1) be so chosen that B:- and Bogs vanish; the expressions 
g 1» 1 ; I 
for the moments of the marginal distributions are then identical with those given 
on p. 120. The expressions for the product moments about the origin are : 


b2 "3 
bl, + bl, + > (81° + 2ps, « 82+ 83°) 
Bn =[1—)° (By + By)].e % 


b? . ox 
; ' 2b1, + bl, 4 = (48,7 + 4ps, . 8. + 8,7) 
Bn = [1 — 26° (2B,, + By)].e i | 


b? 

, bl, 4 2b1,+ > (s,7+ 4ps, - 844 4s,") 
p12 = [1 — 208 (Bu + 2By)].€ " 
b2 

3b, + bl, + 5) (93,7 4 6ps, + 85 + 85°) 


pb’ 31 = [1 — 363 (3 By + By)| .€ 


b2 
2b1, } 2d1,, + a ( is,* i 8ps, . Sy + 48,7) 


p'n =[1 — 8b3(Ba + By)].€ 


b2 e ° 
bl, + 3b1,4 e (83° + Gps, . 82+ 9s,°) 


M’13=[1 _ 303 (Ba + 3Byy)|.e " ) 
The origin (1, 91) is to be determined from 
bso &1° — 34429 £7 — po = | (33) 
Kos nm? = 3io2 mn os Ho2® =0 
Further l, = 2 log & — $ log (29+ E,") 
ly = 2 log m — } log (woz + m1”) (34) 
bsy? = log (29 + £1) — 2 log & 
bs” = log (uo2 + 912) —2logm ) 
p’ be 
y, € > 7 08, 84 OM 
W rite y= 7 ay = [1 —0° (By + By)|.é i 
#10-FMoL 
"9 P ) 2ps,8,b" or 
Vga — wf -S(RBa + Bale ccesersd (35), 
20+ o1 
4 9 " 2ps, s.. b? 
k= - = — =[1 — 2b? (Ba + 2Biy)) eas | 
FB 02-10 ‘ 
and assume (0? By)? and (b®By.:)? to be negligibly small as compared with 1. 
By, By and p are then to be found from 
Koy — ke’? = u (2h? — k’'n) + 0 (hn? — F'n) 1 
’ 2 2 J (OL! 2 r 
Rag — Bytes 0 (Kan? — bse) + 0 (2h! — Bp) Pan sNeGenaeeennee (36), 


log k’y, — log (1 + u/2 + v/2) | 
= 


b 81. 82 


where w= — 2b° By and v=— 2b° By. 
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The successful application of these formulae depends on the following con- 
ditions: (i) that terms of an order higher than the third in (30) may always 
be neglected when the origin is so chosen that Bos and By vanish; (ii) that 
(b? Ba)? and (® By)? are negligibly small. If this condition be not fulfilled, 
equations (35) must be solved for By, By and p. Thus 

ePsi se BD — $key + vi, (9k’ 43? - 4k’ = Ake’ 12) cecccece cocccce (37) 
and two linear equations involving By, and Bg. 

The following identical relations between moments of the fourth order, about 
the origin, must be approximately fulfilled : 

be’ 10» (H'10)® = ('20)® 
; 1 — 30° (8.Ba + By) 
, , , 9 , , «. 
a 6 a 3 (u' 9)? = 
31 (pm 10 (w 01 (mw 1) (mw 0 fl —b3(Bx + By)? 


’ , , , 1 — 8b? (Ba + Biz) 

4  _ ’ ‘4 , : 
22. (f'10)* . (w'o1)* = ('11)*. fH 20- M02 (1 —8*(Bu + By)}! ere (38). 
1 — 30 (But 3By) 


ee S(t ae oy? 
f1s-(f 10)". (M01) = (h 11)” - (H 02) (1 — 0*(By + By)? 





Hos - (w'01)® = (w'02)® 

(6) The Marginal Distributions of the Surface. These are identical with the 
curves considered in Section C, 2, p. 120. 

(c) Lhe Partial Moment Curves. Wicksell finds the expression for the sth 


moment curve of y on x about the origin (£, 91) to be 


, (8) loo x y() " ge x) tale y)2 
be’ (yY) =p og. 1984-7 [Do + Dy {log # — d} + Dy {log « — d®}*] 





sane (39), 
where 
a S2\ is) — + Boy 
r =s(bp.*), De =— s(b.4) 
Do =1+s{b Bu is) 52 2 (1425.22 
o =I+s at)? y“ =s bp..t) + s*(4b°s*p*) \...... (40). 
9 9 Bie 
D,' =-s (v 2) . d's) =1,+ 8 (bs, s2p) 


(d) Illustration. The derived formulae are fitted to the marginal and regression 
curves for the age distribution of bachelors and spinsters married in Sweden, 
1901—10. The relative marginal frequencies and a diagram of the regression 
curves seem to indicate a fair agreement between theory and observation. 

Y. p , . . » 
10. Steffensen’s Correlation Formulae*. To represent a slight degree of corre- 
lation, Steffensen (1922) writes the frequency function in the form : 
. : : 
F (a, y) =kfi (@, y) x fa (*, y), 
which, for special values of the parameters, can be reduced to 
ae ere Spc 
F (a, y) =k fi (a) x fo’ (y). 


* *A Correlation Formula,’ Sk. Akt. Tidskr. 1922; Matematisk Iagttagelselere, Kobenhavn, 1923, 
pp. 106—132. 
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Suppose « and y to be linearly related, then 


F (a, y) = fy (@ + cy) X fay +t) ccecceceevesssecseee. (41) 
= kf (&) x fo (n), 
where jasee sessile ilk RO Teles ics od i (42) 
suet 


Determination of the Constants in (41). Let c, and y,’ denote the moment 
coefficients of the functions 7; (&) and f2(7) respectively; y’,, the pgth moment co- 
efficient of F(a, y); the dashes are to be dropped when the origin is at the mean. 
Thus 


Cy =|PA© dé, yp = [n® fa () dn, 


wits a [fee ; y! ; F(a, y) dx dy. 


The constants on which f; and /f, depend are to be found in the usual way from 
the moments ¢, and yp. 


From transformation (42) : 


: 7 Aan 1 we | 
I fi (&) f2 (n) dE. dy = [frac + cy). fa(y + yx) | aE On dxdy 
| By” ay 
= : [[re y).|1—cy|.dady, 
i.e. RUSE OO A inaciiasaoeeal (43). 
Also [le + cy)?.(y + yx)? F(a, y) dady = Cy’ . yg) ...-.esceceeees (44). 


If the origin is assumed to be at the mean, it follows from (44) that 
C1 = p09 + Cun = 0, 
Y1 = YH + Ho = 9, 
Yan + (1 + cry) par + Coog =O... ecccesccscceceeveeces (45), 
a0 + ry (2 + Cry) oor + (1 + ey) prs + cos = 0 
Yao + (1 + ey) mar + ¢ (2 + cy) pre + Cos = . 
Equations (45) and (46) are to be solved for c and y¥. 
Write i Se ae 
1+cy 1 +cy 
1—¥V1—- 4uv 1— V1 — 4wv 
whence c= -— , y= eons 
Substitute these expressions for ¢ and y in (45) and (46): 
Upoy + Vpog + Mar = O .... eee eeees ScGabeseaeeeeeee (47), 
Uo + Vpos + faz = 0) 
Uso + UMi2 + Pa = oJ 
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Combine equations (48) by making 
(u por + VMos + Maz) + (U pao + Vie + Mar)” 
a minimum. This gives 


Moz _ (Hos - Hox + pao « Haz) + v (pos? + 12”) + p12 (Mos + Mar) (49) 
Hoo U(fa0" + Mar”) + ¥ (Mos. Mor + Ma0- M12) + Mar (Mao + faz) os 
From (47) and (49) ¢ and y can now be easily determined. 
The moments ¢, and y, are obtained by expanding the binomial in (44). Thus 
) »(p-l) , } 
Cp = Pypo + i 7 C+ Mp1 +! - + C°. fyp—2,2 + «0. +? Mop | 


- Pecceak 50). 
p _ p(p—-1) ( 


Yp = y? Lypo + 1 po Mpa + 2! fy? p20 +... + Mop | 


Application. The method is illustrated on the example treated by Jérgensen 
for the simplified form of Type AaAa, equation (18). The moments c, and y, are 
evaluated ; 8; and #2 for each of the functions /; and f2 correspond approximately 
to a Pearson Type III curve. The resulting equation of the surface is of the form : 

2= 2.e7h*- 4 (1 — aya t+ by)” (1 — aga + a en eme (51). 
The cell mid-ordinates are computed and exhibited together with Jgrgensen’s 
result. From an inspection of the table it is fairly obvious that Steffensen’s 
method gives the better graduation. Moreover, it does not give rise to the 
objectionable negative frequencies. 


11. Rhodes’ Surface* (1922). The equation+ of the surface is 


mas a. y\? e y\P ae 
Z=2.e°% ™ (1 — : ] ell) vue sceceweasicnse 52 
0 ( = +¥) ( 72 ) (0 ), 


the mode being given by: 


ae lp | mp 
= (; + ) 


(a) Determination of the Constants in (52). By considering integrals of the 
(dz » ‘dz , , , 
form {| oF a .y* .dady and II s ay” . dedy, Rhodes finds the following equa- 
tions for the determination of @, d, A, s and Zp: 
4 (g* + A)? 4(6 +r)? 
Bio = : 2 3? Ba = re 3? 
s (¢* +X) 8 (@ +r) 


* «On a Certain Skew Correlation Surface,” Biometrika, Vol. x1v. 1922—23, pp. 355—377. 
+. Equations (51) and (52) are of essentially the same form. Rhodes’ Surface can be obtained from the 
product of two Pearson Type III curves by linear transformations of the arguments. 
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Of+r IES 2 
= ’ = a ? 
V(62 +2) (Gg? +A) e&2 Ts). 1'(s’) 


maT V Bio ” 2Vr oi) ~-9) 
Vl-r — vs “(g? +a)! 


- Ret, rn (53), 
qz—7VBu_2VrX O(1—8) 
V1l—r Vs (A + re 
where é= 8 , o= bp , r»A= i 
a'p b'p s 


1 1 


= = [= ; 2 =» = ° 
X a, R=p+p'+2, s'=p'+1, s=p+l 


In the illustration one equation is formed from the two equations (53) so as not to 
give greater weight to one part of the table; but Rhodes does not tell us how he 
combines them. 

The following relations hold amongst the moments of the surface : 


x 


q21 = r Br V3 = V2Boo a 26.—¢ | 
J1—72 


Ve 
q2—"\ Box VI= NV 2Bos m1 3Bo1 —- | 


V1 —? ' 


The distance of the mean from the mode is 


men! eee 
b'w= x ( ’ 


pb’ p’b/ 
Set es 
tai aa pa/- 


(b) Lhe Arrays of the Surface. The marginal and regression curves are expressed 
as infinite series: 


y-marginal curve: 
Tot 2\0 oP (08 
ee p-1_ als’  , (al? s'(s' +1) 2, 
Z,=C.e -|u ——. ee The eee -U meee 
R 2! “R.R+1 


Regression curve* of « on y: 


(y as’ Sp, 
, res R+1 1 
1 (x)= ( -1)+ 
b’ R Srv 
: oe ; 
where u=—-+—4+Xy, 
aa 
aa'ls 
Spr, iia ie 2) = = > 
R 


s +1 


' — ’ R+1 
Sry, si =u —-aa'l. -.U To wes 
R+1 


* It can be easily shown that also the scedastic, clitic and kurtic curves are in the form of infinite 
series. 
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(c) Application. The results of the theory are illustrated on the distribution 
of barometric heights at Laudale and Southampton. The cell mid-ordinates and 
frequencies are computed, and the Goodness of Fit Test is applied to the whole 
surface as well as to the marginal totals*. 


12. Narumi’s+ System of Frequency Surfaces (1923). Narumi starts his in- 
vestigation on bivariate frequency surfaces from a consideration of the regression 
and scedastic curves. The regression curve need not be restricted to the curve of 
means; it can be any series of points defined in the same manner for each array. 

; : ; 1 
Let «=fi(y) and y=f2(«) be the two regression curves; and let Fa) 
ily 
1 ‘ P 
* (a) be the scales of measurement which will reduce the system to complete 
2\v 


and 


homoscedasticity. Then the most general functional equation to the frequency 
surface will be 

c=hily) Wille-A(y)} Ai(y)] = $2 @) ve lly -—A(@)} Fe (@))- 
The corresponding surfaces are determined for definite forms of fi (y), fo(7), Fi(y) 
and F(x). 

The array distributions reduced to the regression curve as origin and reduced in 
scale owing to the heteroscedasticity, are similar and similarly situated curves. 
According to Narumi there is physically much to uphold this conception of the 
similarity of parallel arrays. 

The most interesting cases considered are: 

(i) Homoscedasticity and linear regression both ways —» normal surface ; 

(ii) Scedasticity and regression linear both ways - Filon-Isserlis surface ; 

(iii) Scedastic and regression curves equilateral hyperbolae both ways 

>= (at fi (y + gaye. 6 CHAU tM); 
the arrays are Pearson Type III curves; 

(iv) Parabolic variance and linear regression —» Pearson non-skew surface (see 
next section). 


13. Pearson’s{ Non-Skew Frequency Surfaces (1923). An investigation by 


* I would like to draw attention to the fact that by reducing the number of frequency groups in 
a bivariate distribution to about 25 broad groups and then applying the P, x? Goodness of Fit Test, we 
are likely to get almost any value for P. Where a single surface has been fitted to an observed distribution 
too much significance should not be attached to the corresponding value of P in judging the 
descriptive power of that surface. We really want more comparative results: different equations fitted to 
the same observed distribution, the grouping not being altered throughout the investigation. The P’s 
will then enable us to arrange the equations in order of merit as to their successful representation of the 
data, A comparison of this nature has been made by Pearson between ‘‘ The Fifteen Constant Surface” 
and Rhodes’ surface (see p. 128), and also between the Filon-Isserlis surface and the symmetrical surface 
described on p. 137 (see p. 124). 

t “On the General Forms of Bivariate Frequency Distributions which are Mathematically Possible 
when Regression and Variation are subjected to Limiting Conditions,” Biometrika, Vol. xv. 1923, 
pp. 77—88, 209—221. 

t “ Non-Skew Frequency Surfaces,” Biometrika, Vol. xv. 1923, pp. 231—244. 
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Pearson on the range of frequency surfaces which would have symmetrical marginal 
distributions, led to the surface 





ae N n—1 1 
Dar 01.03.V1—1= n—-2 | +< l “= L af aie 2ray + y \ ‘it 
Z(n— 2) 1-—r* \or 01.92 o2°/ 
Siseuw (55), 
¢ >| i 2 < le _— zZ 
where 3 (Bz ae ae 3 (Boe = 
' Bx» —3 Ba — 3 
1.€. Boo = Bor. 
The x-marginal distribution is 
N 1 I'(n—4) 1 
x (a) = —— : 





/ ; ee Me 9 i a 
V2.0, Vn—2 [(n—1) ] "ol aie 
1+ a 
2(n—2) of 
The surface has double linear regression and double parabolic variance. It has 
been shown later by Narumi that no other surface than Pearson’s has these forms 
of regression and scedasticity combined (see previous section). 


Regression curve of « on y: 


fy (v)=—7r.—.y. 
Scedastic curve of x on y: 


9 2 2 ; ; 
(nora fir yb, (1-¥)} 


When £2 =8, (55) reduces to the normal surface. 

A number of special cases are considered when 82 < 3 
(i) n=1, Bg=2°25: (55) —> upper portion of a paraboloid ; 

(ii) n=}, Bo= 21429: (55) > upper half of an ellipsoid ; 

(iii) n=0, B,=2°000: (55) = elliptic cylinder ; 

(iv) O>n>—4, 2>82>1°8: (55) > surface is cup-shaped ; marginal totals 

are rectangles when B2=1'8 ; 

(v) —}>n>-1, 18> P,2>1'5: (55)—also the marginal totals are now 


U-shaped. 
14. The Dissection of Frequency Surfaces. In Medd. fran Lunds Astr. Obs., 


Ser. 2, No. 9, Charlier has dealt with the dissection of a bivariate distribution into 
two normal components with zero correlation : 


Ole, 9)" 5 on * 1 : 
es 1 [“ —m,)?+(y- wT) 
and dz (", y) = Zs ¢* = = 


27. os" 


The dissection into normal components with elliptical contours having their 
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rincipal axes parallel to the coordinate axes, has been treated by Akesson*: 
y 
the quite general case of normal components with any direction of principal axes 
has been discussed by Charlier and Wicksell+. Here 
Z bs 1 [ x—m ie r—m)\ (y-m)\ , (2=)"] 
40 2 (1-7?) o; oy a i ee 


fi (@, y) = .e 


Q7.0,.0;) Vl—-r 


1 x—m,\? ,{(x-—m, y—n, y —n.,\* 
we sage 2 — OF 2 2 ria s 2 
de (v7, y)= Zo e 2(1—r*)° L( G2 ) “ ( Fe ) ( o. ) ( o, ) ] 
rar 2a : 


+02. oy V1 _ y’3 
In this last paper general equations are given for the moments of a bivariate 
distribution in terms of the moments of any two components. The case of normal 
components is then worked out fully. For the moment coefficients up to the 
fourth order fifteen equations are obtained involving the twelve unknowns, There 
are thus certain identical relations between the moments; and these may be 
regarded as criteria for dissecting the distribution into two normal components. 

The determination of the unknowns is shown to depend on the solution of 
equations of an order not higher than the third. Some special cases, for which the 
general analysis is not valid, are treated separately. 

15. ‘Mutually Consistent Multiple Regression Surfaces.’ Campt (1925). The 
object of Professor Camp's study is to determine what forms of the regression 
surfaces and of the total regressions are mathematically consistent with one 
another; arbitrary forms for the regression surfaces may not be combined with 
arbitrary forms for the total regressions. 

He confines his study to trivariate distributions and assumes the regression 

f . _ » . | . } . ] . ] : mn ” = 1 ' . 
surfaces to be polynomials of the second or higher order. These simple assumptions 
generally lead to total regressions of the form: 

polynomial in x 
y=t —s—. 
“ — polynomia! in « 
E.g. Let the regression of z on #, y be: 
g(x, y)=a+by+cx+ day, 
i.e. all the partial regressions linear, then the regression of z on # is of the form: 


parabola in « 


a(sz)= parabola in 2° 
If g (a, y) = a+ by + cx + day + ex + fyz*, 
cubic in & 
then a (a) = —~ 


cubic in a 
The first of these expressions for g («, y) is subjected to a detailed treatment, 
as it is of the form assumed by Isserlis in his paper on the partial correlation ratio. 


* “On the Dissection of Correlation Surfaces,” Arkiv fir Mat., Astr. och Fysik, Bd, 11, No. 16, 1916, 


pp. 1—16. 
t “ On the Dissection of Frequency Functions,” Arkiv for Mat., Astr. och Fysik, Bd, 18, No. 6, 1923, 
pp. 1—64. 


t Biometrika, Vol. xvu. 1925, pp. 443—458. 
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16. “On Treating Skew Correlation.” Van Uven* (1925—29). The method 
followed by Van Uven in analysing skew correlation is equivalent to the principle 
of translation underlying the frequency curves of Edgeworth and of Kapteyn, viz. 
if « be the directly observed quantity, to find that function f(«) of « which 
will be normally distributed. Whereas Edgeworth and Kapteyn assumed definite 
forms for f(«), Van Uvent has developed a scheme for determining / (x) graphically. 
This method is now extended to the treatment of correlation. 

If the observed variates, # and y, are not normally correlated, the problem is 
to construct two functions ¢ and ¢’ of # and y which will follow the normal law 
and which will give as high a measure as possible of the correlation between « 
and y. Each of the new variables may involve both « and y, but it is generally 
possible, with the use of certain transformations, to express ¢ (or t’) as a function 
only of « (or only of ¥). 

Let @p-nj2 and Yo-42 be the mid-points of the pth w-array of y’s and of the qth 
y-array of a's respectively; h and k the grouping units of # and y; and suppose 
p to vary from 1 to n, q from 1 to n’. Then in our usual notation : 

n’ n 


a a a 
Ney = = Nznygs Nyg = “4 Nznug* 
q=1 p=1 


: . . : Ny Ny 
The relative frequencies of the w- and y-marginal totals will be Vv and vy 
£ 4 
4 . ‘ Nepy Nxvq P 
respectively ; those of the #,- and y,-arrays will be -. and — respectively. 
Nay Nyg 
Assum2 x and y, measured in terms of their standard deviations, to be normally 
distributed, i.e. 


9 : 
\ l—7 ae p2 _ Dey, 1. 92 
— eae —areyty") da. dy. 


2a 


do = 


Write V1 —7.2=2 and y-re=€, then 





1 ee ] 1 +2 
do = .e 2” .dzx ——.e-*§ .dt=du. dv, 
V2Qar VQar 
‘ 1 hed =e ; 1 "$ 2 
where u=6O(z)= | e- 2?” dw, and v=90(f)= e~ 3” dw. 
NV 2ar —@ V 29s =< 
e ° “,° er 
Similarly, by writing V1 —7?.y=2' and a-ry=€', we get 
1 12/2 1 ora 
dd = —— .e-** .dz’ x Le 8S” dt’ =du' .di’, 
V2 V 20 
where 
1 2” 3 ond 1 ¢° 2 
uw’ =O(2z/)= 5 | e~ 2" .dw, and v' = 0(g’) = —— e~ 8" dw. 
N 2c -@ VV 2a —@ 


* Proc. Kon. Ak. v. Wet. (Amsterdam), Vol. xxvu1. Nos, 8—9, 1925, pp. 797—811; No. 10, pp. 919— 
935; Vol. xx1x. No. 4, 1926, pp. 580—590; Vol. xxxm. No, 4, 1929, pp. 408—413; see also ** Skew 
Correlation between three and more Variables,” Proc. Ken. Ak. v. Wet. Vol. xxxm. No. 6, 1929, 
pp. 793—807; No. 7, pp. 995—1007; No. 8, pp. 1085—1103. ‘ 

+ Kapteyn, J.C. and Van Uven, M. J.: Skew Frequency Curves in Biology and Statistics. 2nd Paper. 
Groningen, 1916, pp. 30—53, 
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It is easily seen that : 


z 
/ 1 2 (Xp) 1 w2 = May 
0 (Zp) = e 2” dw =, 
/ Qar J -« N 
4 
, N, 
1 , (Yq) 1 a2 na 
6 (24) = = e722" dw == 
q ) N Qer is W : 
yy 
Sy 
n 
1 ¢ (tp; Yq—ki2) ae an he, Yq . 
9 (Ep,q-K/2) = e732” dw =*=" approximately), 
P, ak 
N20 —@ Nyy 
q 
’ an 
1 $’@p_hplarY¥g) _ 419 ag ee 
and 0 Cm 2, q@) _ e * ¥ 2 dw =—* L ( es ). 
Qa —-@ Nap 


The conditions for normal correlation are: that the sets of values of the functions 
z(a), 2’ (y), (a, y) and ¢' (a, y) obtained from these equations, have to satisfy 
linear relations: 

z=ar+b, C=ax+b'y +c’, ete. 

If x and y follow a law of skew variation, two new variables ¢ and ¢’ are intro- 
duced as functions of z, 2’, € and ¢’—and thus as functions of # and y—to reduce 
the correlation to normality. 

The method is illustrated on the correlation of height and volume of djati 
a distribution that tends to be J-shaped in the one direction and thus 
representative of extremely skew correlation. The total number of observations is 
916. The correlation is found to be 948 as against ‘831 calculated by the product- 
moment method. I find the values of the correlation ratios to be in fair agreement 


trees 





witii the value of the relationship found by Van Uven; they are* ny, =*916 and 
Nzy ='938, where w is the height and y the volume of the trees. No general 
conclusions can be drawn from this one example, but, on grounds of the agreement 
obtained, I think that the relatively small amount of labour demanded by the 
correlation ratio method in comparison with that invclved in the application of 
Van Uven’s method, is sufficient to establish, in the absence of further illustrations, 
the superiority of that method. 


II. 
D. Further Analysis of Some of the Proposed Constructions. 

1. The Array Moments of a Certain Double Hypergeometrical Series. Let us 
consider the case of composite sampling specified on p. 123. It was stated there 
that the chance of s marked characters being drawn in the first sample and s’ in 
the second, is 

nin’! (N—n—n’)! m! (N—m)! 


’ 
2(8, 3) = —,- 7 ; . 7 
(3, s!s'!(n—s)!(n’—s’)! N! (m—s—s’)! (N-n—-n’ —-m+s+s')! 





* No corrections for grouping or abruptness have been applied. 


, 
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We have further, that the actual distribution of the terms of an array of second 
samples corresponding to a definite number s of marked characters in the first 
sample, is given by* 

N -n-—(m—-s) N—n-1-(m-s) N-n—-n'+1-(m-s) 


N-n N-n-1 7 } eee ee 
x E +n’. Ste 
; N—n—-n' +1-—(m-s) 
n’ (n' —1) (m—s)(m—s—1) 
2! ‘(N= n=-n' +1-(m—s))(N -n- 2’ +2—(m-s)) mos 
n n'! (m — s)(m—s—1)(m—s—2)...(m—s—s' +1) 
s'!(n’—s') (N-n—-n'+1-(m-s))...(N-—n—-n' +8’-(m-—s))  * 


Write a=—n’, B=—(m—s), y= N-—n—n' +1—(m-—s); (57) is then seen to be 
the hypergeometrical series F'(a, 8, y, 1). 

From the usual formulae for the moments of a hypergeometrical series, the 
moments of (57) can be readily written down and these will furnish us with the 
required expressions for the array moments. 


Pearson finds the regression and scedasticity to be 


’ ’ > es 
vy’ (s’) =n’ . = 
1 ($) N—n 
N-n—-n’ [1 m—-s 1\2 : 
and vo(s' =n’. —, -( —-— 3) respectively. 
yon: Fh ik oe 8 y 


The third array moment is given by 
nv. N-n-w' N-n-2' m-s (1 m— *) (1 2(m =2) 
a Pe ee N-—n-2 N—-n’ : 
N—n—2n’ 2(m—s) = 
= N-n-2 (1 N—n ) -re(s } 
Hence : 
rn» __vst(s’) (N—n—2n'\? N-n-1 (N —ny* ] 
Y= = : ; x: : —4 
Ax(8) v3? (s’) ( N-n-2/ ‘nw (N-—n—n’) |(m—-s)(N-—n-(m-s)) | 
He (58). 


N — i N =F 


The fourth array moment is 
- , N-n—-n’ m-s m—s\ [ 6 (n’ —1)(N —n—n’'—-1) 
niyo ZataM wot fy. mat) [1 Ot nieantn 
N-n-1'N—-n N —n/ (N —n-2)(N-—n—-8) 


afer 9) ME ( _ ms) om nv’ —1 ‘pay 9 )! 
+3(n 2). Toa’ . 7) ‘ N-—n-2'°\n'-2 + N—n—3){ 


et 6(n’-1)(N—n—n'’-1)., — N-n-1 or 
=»(6) [1 - (N —n—2)(N—-—n-38) +o *)7(N—a—wy 2) 


n’ —1 n’ —10 9 \ 
x 1 — = . (= + —, }h I. 
N-—n-2°'\n'-2 N-n-3/ 
* Pearson, Karl: ‘‘On a Certain Double Hypergeometrical Series and its Representation by Con- 
tinuous Frequency Surfaces,” Biometrika, Vol. xv1. 1924, p. 175. 
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Thus 
Bz (s’) = va(s’) _ N-n—-1 


~ p(s’) nv’ (N—n—2)(N—n—3)(N—n—-w’) 


x [3 in’ (N—n—n’)(N—n+6)—2(N—nP 


(N — xn}? {((N —n)(N —n— Gn’ +1) + 6n™} | 
4+ : ——— | ......... 
(m —s)(N —n—(m-—s)) | 
The relation between 8; (s’) and 82(s’) can be obtained from equations (58) and (59). 
After some reductions I find it to be 
. N—n—3)(N—n—2n’?? 
A a ee) 
(N —n—2){(N —n) (6n’ — N +n —1)— 6n*} 
(N —n—1)(N —n—2n’)? {3n —(N — n) (3n' — 2)} (60) 
~ av (N—n—2)(N—n—n’) \(N —n)(N —n— Gn’ +1) 4+ 6n?} ; | 
Accordingly, 8; and fz of the arrays lie on a straight line in the 8-diagram ; 
the curves of both 8,(s’) and B2(s’) are U-shaped. Of course only a portion of 
these curves may correspond to appropriate values of s. 
As an example we shall consider the case of whist correlation. Putting 
N=52, n=’ =m=13, we get: 
ve (s’) = =1, (13 —s) (26 +8), 
(13 + 2s)? 


f) me oe cecececcncenccscercececees 58), 
Ax (s ) (111). v2 (s’) eccce (5 ) 
B2(s’)=3°081,081 — = _— siinhtinkieaabmaainaduiia (59), 
V2(s ) 
Bx (8) + 351,351 8>(s’) — 1:027,027 =0 ...........04. (60), 


The curves (58)"*, (59)°*, (60)' are shown in the accompanying diagram (p. 145). 
As s increases from 0 to 12, 81 (s’* increases from ‘G07 to *500 and 82(s’) decreases 
from 2°903 to 1500; the rate 0’ crease or decrease being small for low values of s. 
The diagram besides being inst - 1ctive as to the form of the 8-curves, shows why the 
Filon-Isserlis surface and the " wrson non-skew surface were found inadequate to 
represent the doubie hypergeometrical series*. Both these surfaces have similar 
parallel sections. 

2. The Third and Fourth Partial Moments of the Type AaAa Surface. The 
equation of the surface can be written in the form 

2=4—}§[420%s0 + 3q2Zo1 + 3¢12Z12 + Jos Zs] 


+ Bo Zao > (Qs Z31 + 3Qo2Zo2 + 013Z13 + Boo Zor ecvccceccece (61 : 
1 
y 1 = », (x? — 2ray + y? 
where Z= e 2 — 72 rey +y*) 
on V1 jae 72 
. qmt+nZ ; 
Jnn= Bay = 3'z (Ban ~ 3), 


da™ : dy" ’ 
Qs1 = 4 (qs1— 87), Qe2 = 75 (G22 — 1 — 27°), ete. 


* See p. 124. See remarks, Biometrika, Vol. xvi. p. 185. 
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The regression and scedastic curves of (61) have been dealt vith in Section C, 6. 
The third and fourth partial moments will now be considered, firstly about the 
mean of the surface and then about the regression curve as origin. These moments 
have, in fact, been found before *, but not about the line of means. Moreover, the 
expressions can be put into forms much simpler than those given by Wicksell. It 
will thus be possible to perform the numerical applications more readily. 


Wis DOUBLE HYPERGEOMETRICAL SERIES. (3, AND 8, OF PARALLEL ARRAYS. 
“80 





3-0 









































Cards of the Same Suit ir First Hard. 


Diagram (3). 


The following results are restated as we shall have to refer to them later on. 
y-marginal Curve: 
fy=1+V2 VBu. Tat NAP (Boz — 3) Ts 
SH Te Ae ETE CEUs cosas veceessvecgenes so8 e059 aes eewenne (62). 
* See p. 126. 
10—2 
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Regression Curve of x on y: 


V3 (12 —7V Bu) Ts + V2 (G13 — Bo) 
pa! (wo) = ry + ©2692 — 1h Ben) 70 + V§ (Gis — 1800) Ta 


ie I cccsancseocontiruoninaninnnemenst (63) 
ney a St 
ey 


Scedastic Curve of « on y: 
ys(w)= (1 — 1°) 
Bs V2 [1 (q12— WV Boi) — (Ga — P912) | T2 + v6 | r(q13 — Boz) — § (G22 — 1 — 1? (Boz—1)) | 73 





= (1—r8)— Stat Te _ (2) 


zy 


=(1—1r%)— (=) cal (4 ‘). 
oy “y 


(i) The third partial Moment. 


, + “ee 18 
Write Zdxz = —— .e~ *¥ =v (say), : -(v) = 05. 
J <« V Qa Sy) Gye) 
Consider the integral | "2. a8da = Zy. ps (#). 
We have | Z.#8du= vr? (ye —3y) + 3ry], 


f+. Pr +o 
Zu. a2 du = — 6v, Zu. ada = — Gor (y? — 1), 


D J —-@ 


Ly. a8 da =— 30 [r?(y* — 6y? + 3) + (y—1)], 


+o 
| Log. a da = v3 [73 (y? — 3y) + B8ry] + Irve [77 (y? — 1) + 1] + GrFv[1 —3y"], 
¢ +o F +2 
LZ e eda = 0, [ 231 . wda = Ovy, 
+a 
| Ze. da = Grv (y® —3y), 
| | Lyg. 08 da = 3v [(y® — 3y) (1 — 1? + 2? y?) — Gr? y (y? — 1) + Gyr" J, 


| ; Zo. Pda = 4 [17 (y? — By) + 38ry] + 1Qvgr [r? (y? — 1) +1] + B6ve77.y — 24vr3y, 


Accordingly : 


Ms (x) =3(1 — 772+ 77y?) A, —3ryB, + [77 (y? — 3y) + 8ry] zy 
+ v [Gy (Qs1 — 67 Qe2 + 37? Qis — 47? Bor) + V B19 — 7?V Box — 37 (Gar — Pq12)])- 
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Using the expressions for yy’ (a) and pe’ (x), we get 


pie(2) = [VB — °V Bu — 3r (qx — rqiz) | 1+ 6V2[Qu - 67-Qoo + 372 Qi3 — 41? Bos) Te 


+3 (F v) (Br) 4.9 (=) 


Lavd 4,\ /B,) 1,\3 ay) \ ey) 
ree 3 am 43 (HY) (Ze) +2(2) ae TTS (65) 


“a 


- (2) x (=) (2) 49 (SY. 
zy Zy/ \2y zy 


(ii) The fourth partial Moment. 


+a 
Consider the integral 2. ada = zy. ps (2). 
+a : 
We have | Z.ahda =v|3 (1 — 1°)? + 67? (1 — 2) y? + r4y4], 


* +a 
Zo .x*da = — 240ry, | Loy. dx = —12Qv[y +7? (y® — 38y)], 
Zyq. «da = — 4 [v2 {7° (y® — 8y) + 8ry} + Grzr {r? (y? — 1) + 1} + Gor? y], 


Los. t*da = v3|3 (1 — 1)? + Gr? (1 — 1?) y? + rt 4] + 1Qver [73 (y® — 3y) + 3ry] 
+ 36v,7° [77 (y? — 1) +1] + 240rty, 
+ 
Za. x da = 240, | Zu. ada = 24vr (y? — 1), 


Zog. «da = 120[r? (y* — 6y? + 3) + (y? — 1)], 
Zy3 a da = — 4 [vs {r* (y® — By) + Bry} + Iver {r?(y? — 1) + 1} — 18vr?y? + Gur], 


Zor. eda = v4[3 (1 — 1?)? + Gr? (1 — 1?) y? + 4 y*] + 16ugr [73 (y — 8y) + 3ry] 
+ 72v977 [72 (y? — 1) + 1] — 960r4 y? + 24or4. 
Combining these expressions, we get 
Zy. pa’ (@)=[3 (1 — 1)? + Gr? (1 — 7?) y? + ty") 2, + 4 [79 (y8 — 3y) + 3ry] A, 
— 6 [72 (y?—1) +1] B, + 4ry. C, + [Be — 3) (1 — 47?) — 374 (Boo — 3) 
+ 6r? (qe2 — 1 — 27”) — 4r (qs1 — Bo) — 47° (q13 — 7 Boz) |. 

Hence, if the regression curve be the origin : 
tes — 3)(1 — 4r*) — 314 (Boo — 8) + 67? (Gag — 1 — 27*)) 

— 4r (Gi — B20) — 4° (q1s — TBo2)| T1 j 


o 
“y 


2 ‘Cl y 2 ? ; 4 
nwo] (8) (2) of 8) 
“y wy Zy Zy Zy Zy/ Ly 
\2 r on 
sagen cof (aC) 
Zy Zy 


Sy Zy 


4A \3,; 4 ; 
-6 (4 ’) (72) -3 (=) PRGA EPS Nicaea (66). 
“~ “ye “e 


pa (a) =3(1 — 298 + 
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This can be written as 


ya(e) =6(1 —22). pe (x)—3(1 = 4 2v_4 (4) (*) _¢ (“*) (=) nif (2. 


fy Zyl \Zy 
where D, = e171. 
From equations (64), (65) and (66) the clitic and kurtic curves can be obtained. 


3. The Logarithmically Transformed Normal Curve*. The object of this section 
is to analyse more fully the relations between the fourth and lower moment 


coefficients of the curve: 
1 /log,, 2 -1\? 
. a 
y= Yo. -e neces ee 


We have from p. 120: 
py = ell +4b?s? 

2 oo }2g2 
ble = grbl + b?s fe” 8 —1), 


3h14-2b2s2 5 .3b2s2 2 52 
bs = dbl 3b" [e® 8 — 3¢" 8 +2], 


5] 


pg = Ail +2? Po Gb% _ 4 Bde? 4 Gols? _ gy. 
The mode of (67) is given by 
a aa 
Write eF =, 
_  Mean—Mode —_1- rn 
~ Standard Deviation Vx—1 
Bi =r? (1 +8) —4 
n = Bz —3 =? (A? + 2X4 3) - 6 
Differentiating y, we find it has a maximum value for X = 17201 which gives 
Xmax = "6561. The skewness of the curve therefore ranges from 0 to 6561. 


then: Skewness = y 


* After I had completed the analysis of this section a paper by G. K. Davies on ‘‘The Analysis 
of Frequency Distributions ” appeared in the Journ. Am. Stat. Ass. December, 1929. The author refers 
therein to a study by himself on ‘‘The Logarithmic Curve of Distribution” in the same Journal, 
December, 1925—a study of which I had been unaware. 

In the first of these papers the parameters corresponding to our 1 and s, are found from the mean 
and standard deviation computed by replacing the class marks by their logarithms. In the second paper 
the quartile dispersion is adopted as the basis of the method of fitting. Two illustrations of the 
application of this method are given ; the total number of observations being 10 and 32. I have not had 
occasion to test the efficiency of this method in relation to the method of moments (described in 
Section C, 2), but it is conceivable that for such small numbers the method of quartiles might be 
adequate. 

On p. 359 of his second paper Davies writes: 

‘ Since [the logarithmic normal] can be varied to give any required degree of skewness....” 

The anthor gives two equations corresponding to our (68) as well asa small §-diagram indicating the 
relation of the log. normal curve to the Pearson curves, yet he makes the above remark. The relation 
between 8, and 8, expressed by equations (68) will always exist, no matter by what method the 
parameters of the curve have been determined, and thereby the skewness of the curve is strictly defined. 
In particular, it cannot describe mesokurtic distributions. 
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Diagram Sxowinc THE RELATION BETWEEN {, AND A, 
FOR THE LOGARITHMICALLY TRANSFORMED Norma. GuRVvE. 
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Diagram (4). 
The relations between the first four moments of (67) are expressed by A; and 
82, both being functions of X only. Eliminating between equations (68) we get * 
Bit + 128,3 + 1568)? + 648, — 7° + 12n? — 36n + 983. — 681. n? — 1088). =0 


* The maximum value of x and the equation corresponding to our (69) are incorrect as given on 
p. 195, Biometrika, Vol. tv. 
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This curve, plotted in relation to the Pearson Types, is shown as the broken line 
LL in the accompanying f;, 8: diagram; it passes about midway through the 
Type VI area. The diagram will be of use in ascertaining from the §’s of an 
observed distribution whether the data follow a law of the form (67), or not. 

We proceed to a comparison of the log. normal curve with the corresponding 
Type VI by fitting both curves to a distribution whose #’s satisfy approximately 
relations (68). The outcome of such a comparison is of practical importance in so 
far as the log. normal curve is easier to apply than the Type VI; the particular 
advantage of the former curve being that the cell frequencies are directly 
obtainable. 

The second column of Table (1) shows the distribution of 1951 readings of the 
height of the barometer, at Greenwich, on the first day for a reading of 30°1’’—30°2” 
on the third day (see Table III, p. 154). The constants are 

Mean height of barometer = 30:0049”, 
o = 2°419,847 (unit = ¥,”), @,="712,997, z= 4°307,638. 


TABLE (1). 
Distribution of Barometric Heights, represented by a Log. Normal 
and a Type VI Curve. 














Barometric Observed Theor. Freq. | Theor. Freq. 
Height Frequency Log. Normal Type VI 
30°75 1 
30°65 1 {> 3 1 
30°55 10 
30°45 32 fo. {t. 
30°35 111 127°2 127°1 
30°25 214 252°6 252°6 
30°15 386 336°8 336°3 
30°05 365 342°1 342°0 

29°95 288 288°3 288 °6 
29°85 199 212°8 213°2 
29°75 129 143-0 143-1 
29°65 86 89°6 89°6 
29°55 62 53°4 53°3 
29°45 26 30°6 30°5 
29°35 17 17°1 17°0 
19°25 10 9°3 9°3 
29°15 9 5°] 5-1 
29°O5 ps 2°7 2°7 
28°95 1°4 { 14 
28°85 ‘ 
{1 6 lf 6 
Totals 195; 1951 1951 
x’ — 23°334 23°484 
rr — 038 037 
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The §8-diagram shows that the condition (69) is approximately fulfilled. The 
observed value of 8; in equations (68) gives y= 42908. 

The constants of the log. normal curve are, in tenths of inches as units: 

&, = mean-start = 8°813,403, 
l= -929,362, s=-117,082. 
The constants of the Type VI curve 
Y= Yo(e@—a)2a-n 

50°369,290, G2 = 15°683,288, 
15°513,656, log ye = 57°414,365, 

Mean-start = 7°918,337. 

In columns three and four of Table (1), the theoretical frequencies are exhibited ; 
a very close agreement between the two theories is manifest. 


are qn 


a 


The question now arises, how accurately will the one curve reproduce the other 
for #’s satisfying exactly the relation (69)? Suppose we take 
8, = ‘961,000, o =2°400,000, 
Bs = £756,100, N= 1000. 
The log. normal curve has for its constants : 


£,=7'°589,466, 1=-859,515, s=-134,077. 


The Type VI, with origin at the mean: 


a \% / a\-4 
y=yo(1+ =) (1+ =) : 


ay 
has ay = 22°407,476, ag = 6°594,502, 
q1 = 38°769,330, q2=10°115,484, log yo = 2°225,343. 


Corresponding ordinates of the two curves at unit intervals of the argument 
are given in Table (2). The argument is measured from the start of the log. normal 
curve and the correspondence is about the means of the curves*. 

The close agreement obtained between the two theories in this example, as in 
the previous one, indicates that for all practical purposes the Type VI curve may 
be replaced by the log. normal when §; and Az satisfy relation (69). The examples 
suggest too that for fairly high values of the §’s, a small deviation from (69) 
hardly affects the form of this curve. However, it remains to be investigated 

J 5 
generally within what range of deviation from (69) the two curves will still give 
equally reliable results. 

The high contact the log. normal curve has at its start—a theoretical dis- 
advantage—is brought out clearly in these illustrations by the distance from start 
to mean. 

* [The Log. Normal Curve can only be looked upon as a possibly easier means of determining sub- 
range frequencies in such a case, Its form is deduced from the Weber-Fechner Law in psychology, 


which can have no application to meteorological phenomena. The agreement is really only established 
with a Type VI curve, which lies on an infinitesimal portion of the area to which this curve applies. Ep.] 
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TABLE (2). 


Corresponding Ordinates of the Log. Normal and Type VI Curves 
(Special Case). 





Log. Normal Type VI 





a ‘06 
*38 7°14 
51°53 
126°54 
178°89 
183°17 
153°10 














E. An Examination of the Adequacy of the Mathematical Surfaces. 
Graphical Analysis and Specification of Observed Data. 


1. Data. When I began investigating the present problem, Professor Pearson 
kindly placed at my disposal a number of correlation tables showing the distribution 
of contemporaneous barometric heights at various meteorological stations. The 
total number of observations, in the tables, varied from about 1800 to about 3000. 
I tested Narumi’s surfaces on one of these distributions by fitting the theoretical 
regression and scedastic curves, but found the surfaces to be inadequate. Eventually, 
the 15-Constant Surface (Type AaAa) was resorted to. The process of fitting and 
of constructing the contours was arduous enough; in addition, however, the result 
did not repay the labour. The scantiness of the material made it impossible to 
judge the accuracy of the graduation. A similar insufficiency of observations is 
found in the examples on which the surfaces have been tested in earlier papers. 
As a first requisite, therefore, for obtaining results that would be of some value, 
distributions had to be found in which the irregularities of sampling would be less 
pronounced. 

Table I shows the number of marriages contracted in Australia, 1907--14, 
arranged according to the ages of bride and bridegroom in 3-year groups. It was 
formed from Table LIV of Knibbs’ work: The Mathematical Theory of Population, of 
its Character and Fluctuations, and of the Factors which influence them, Melbourne, 
1917, pp. 190—191, where the ages are given by single years. Unspecified cases, 
brides over 85 and bridegrooms over 90 were rejected. In these data, as in 
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practically all marriage statistics, there is unquestionably a misstatement of ages 
by persons under 21 years of age, the chief motive of such a misstatement being 
to avoid legal requirements. No attempt was made to adjust the numbers. 

In Table II the number of single births (male and female) in Australia, 1922—26, 
is tabulated according to the ages of father and mother in 3-year and 2-year 
groups respectively. The table was compiled from the corresponding tables in the 
Australian Demography Bulletins, Nos. 40, 41, 42, 43, and 44, the unspecified cases 
being again omitted. 

The distribution of barometric heights on alternate days at Greenwich, 1848— 
1926, for the whole year, summer months (March 21—September 21) and winter 
months, is shown in Tables III, IV, and V respectively. These tables were drawn 
up from the barometric readings published in Astronomical and Meteorological 
and Magnetical Observations made at the Royal Observatory, Greenwich, for each of 
the 79 years. The marginal totals of Table IV, and also those of Table V, are not 
identical because the last reading in the summer or winter period was not corre- 
lated with the first reading in the period for the next year. 

Finally, Table VI exhibits the distribution of a set of measurements made 
by W. Johannsen on the length and breadth of beans. The table is reproduced 
from Wicksell’s study, The Correlation Function of Type A and the Regression 
of its Characteristics, p. 40. 

The choice of one or two of the distributions might be regarded by some 
readers as ill advised. There were, however, no alternatives; other data, with 
equally large numbers, that would be better suited for illustrations, could not be 
found. Looked at from the skewness of the distributions, which varies from slightly 
abnormal to considerably abnormal, the data are representative of statistics of 
common occurrence. 


In each of the tables only the central values of the groups are recorded. 


2. Regression, Scedastic, Clitic and Kurtic Curves. The problem of skew 
correlation has repeatedly been approached from a consideration of the form of 
the regression curves. But we are concerned not so much with these discussions as 
with testing the regression, scedastic, clitic, and kurtic curves associated with the 
theoretical surfaces. In particular, an examination of the clisy and kurtosis of the 
arrays will provide us with a practical test as to the generality of Narumi’s 
hypothesis, namely, that the array distributions reduced to a common origin and 
scale are similar and similarly situated curves. 

The statistical measures computed from the distributions and to be used for 
specifying them, are given in Tables I (a), 1(b), I(c) to VI(c). The higher moments 
of the extreme arrays, where the observations are relatively few, were not calculated. 
The standard deviations of the arrays, as well as those of the marginal totals, are 
expressed in terms of the grouping units. Sheppard’s corrections have been applied 
to all the momental constants. Often they reduced the values of the correlation 
ratios below that of the corresponding correlation coefficient. Corrections for 
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Constants of the Distribution of Ages at Marriage 


Age of Bride 


VB) = +2°013,900 
859= 9°290,441 


Constants of the Distribution of Age of Bride for a given Age of 








Skew Bivariate Frequency Surfaces 


TABLE I (a). 


j Age of Bridegroom 


wl y 29°383.065 yrs. 
| 2°640,766* | r= 
V/ Bo. = + 1°963,079 ; ie 
8p = 8°332,812 Nay = 


Unit=three years. 


TABLE I (0). 


(Central Values). 





Ag 4 r Mea : ul 
' Age of Number of fean ao es sed) 
Bridegroom | . of Bride in three yea 
- | Observation ° +4 
in years in years inits 
| 
16°5 18°540,818 
19°5 20°066.711 "849.742 





31°5 
34°5 
37°D 
10°5 
13°5 





> o0 





t 





1-000,300 


21°871,010 
: 1°168,982 
1°389.366 


1-614,018 











2 23 | 1°878,609 
29° 2 2°107,620 
31°859,012 2°351,849 
33°782,393 2°502,022 
35°790,566 
38°067,125 7 
$0°509,590 3°O89.567 
12°383,987 $248,947 
15°246,362 3494342 
17°014,814 3°7 21,307 
19°110,170 3°964,999 
51°450,719 { 
§2°374,233 
94°372,038 1°368,691 

¢ 57°096.638 1°441.906 

73 56°226,026 
7 56°055,557 | 


js 5 1-973,682 
vo 





1°769,638 
1°455,142 
L‘O61.578 
*887,181 
*697,360 
624,843 
‘512 QDI 
“340.680 


°216,977 


— °186,099 
"142,120 
"152,912 

— 326,509 
*248,391 


402,175 





of Bride and Bridegroom. 


Ya = 1°5 76,067 
12 = 1°477,487 
931 = 7°069,828 | 
qx 6°3 





913 = 6°297,500 


Bridegroom 


| 
| 
Ps (x) | 


er 
9°808.637 
8°579,920 
6°392,154 

*152,802 

“091,898 


950,400 





) 
2°673,850 
) 


352,104 
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TABLE I (c). 


Constants of the Distribution of Age of Bridegroom for a given Age of Bride 
(Central Values). 





| Age of | | Mean Age of o(y) 




















| _ Bride Pant Bridegroom | in three year JB (y) B.{y) 
in years | in years units | 
5 ie a) - 
- ee1yy,00T | woo | gies | moun 
| 2,9 40 J 1°635,113 2°O80,477 10°440,077 
| 38,291 24°677,352 1°454,074 1°888,116 | 9°515,703 
| 80,847 26°073, 156 1:506,919 |  1°888,895 | 9°604,855 | 
71,010 27°841,233 1°655,005 | 1°829,298 8-990,077 
44.54] 30°022.665 1°877,199 | 16 7°751,172 
| | 24,261 32°621,553 | 2°174,789 1-3 6°214,616 
| | 13,752 35°311,518 2°437,164 1:018,662 | 4°932,579 | 
8,883 38°367,276 2°705,296 | 710,997 | 3-932,594 
6,062 11-474,925 2-942,219 | 585,660 | 3°921,733 
| 3478 14:399,655 | 2°944,590 | “405,820 | 3°821,951 
2,605 | 47°263,533 3°114,894 228,121 3°537,179 
1,805 4 3-273 ‘138,528 | 3°698,322 
1,139 | 3°21 — -032,434 3°528,247 
645 37118 *221,998 3°515,073 
513 3-056, -205,697 3°729,017 
291 7 016,835 3°213,237 
| 242 2°856,280 — *789,109 4°195,793 
| 206 | 64:907.766 | 2°690,352 620.610 1-391,585 
| 130 =| 67-730,769 | 2°456,385 1-491,384 | 7:436,024 
| 56 |} 71°892,858 2°280,592 = 
25 |} 71°940,000 
| | ig | | 
| 6 73°760,868 } | 





TABLE II (a). 


Constants of the Distribution of Ages of Parents at Birth of Child. 


| 
| 
| Age of Mother Age of Father 


9u= °275,142 
#= 29°529,067 yrs. ¥=33°500,298 yrs. die "302,215 
| o,= 3:083,148* oo= 2°495,111+ r=°734,944 gsi = 1°823,465 
| VBio= + 317,180 | /Buy = +°724,33 Nyx = "732,763 goo = 1°837,166 
| By»= 2°430,327 Bozs= 3°624,169 ” 747,517 Gig=2°065,256 | 
A coccasmitead ar s-oe : aise ivmenn 
* Unit =two years. + Unit = three years. 
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Constants of the Distribution of Age of Mother for a given Age of Father 
(Central 


Skew Bivariate Frequency Surfaces 





TABLE II (0). 


Mean Age 


Values). 


























Age of , ca o (x) 
| Father | chuurmations | of Mother | into year | /pita) | aCe 
| in years | | in years units | 
| 
16°5 181 17:895,028 "859,357 
19°5 7,936 | 19°915,574 1°105,597 1°420,909 | 7:540,025 
| 22°5 10,789 21°932,114 1°371,058 1:167,144 | 6°493,849 
55 79,964 24°184,358 1°554,972 | 692,084 4-622,581 
28°5 99,328 | 26°362,838 1°758,487 | 357,841 | 3°802,815 | 
31°5 102,303 | 28°529,886 1°939,264 041,134 3°182,722 | 
| 34°5 90,670 | 30°677,270 2°134,633 | —-226,993 2-863,438 
37°D 73,609 | 32°737,206 2:296,582 ~ +399,857 2°831,788 
10°5 52,930 | 34°594,068 2°424,931 — 552,244 2-922. 367 
43°5 35,507 | 36°091,222 2°514,318 — 601,512 
46°5 21,817 37°183,894 2°605,658 | — ‘666,868 | 
19°5 12,781 37°756,592 | 2°668.569 — ‘710,871 3°367,968 
52°5 6,717 38°087,986 2°647,144 —‘708,986 | 3°260,171 
5B‘ 3,587 38°203,234 | 2:7 ‘719,828 | 3°480,831 
58*5 1,821 38-205,930 — ‘703,866 | 3:393,736 
61°5 911 37°886,938 — 532,496 | 2°904,552 
64°5 489 38°059,304 — 623,135 3°011,293 
67°5 183 37°885,246 | 
70°5 85 36°952,942 | 
73°5 38 36°368,422 | 
76°5 25 | | 
79°5 9 sous | | 
82°5 2 | 


TABLE II(c). 
Constants of the Distribution of Age of Father for a given Age of Mother 
(Central Values). 























' 

| ated | Number of Mean Age . v&) os 

Be geen. | Observations of Father | in three year JB.) | Bz (y) 

| in years in years units | | 

ess cst a. wet 

Q./ . | 

ae a. 23-396,907 + | | 

| 17°0 1,573 23°568,009 | 1°510,032 2°295,506 | 13°785,722 | 
19-0 21,322 24°700,263 | 1:450,460 1°786,585 | 383,177 | 

| 21°0 12,758 26°289,678 1°526,565 1°646,047 | | 
23°0 62,620 27°851,709 1°559,772 1°519,692 7°189,398 | 

| 25°0 73,423 29°436,369 1°591,399 1°474,353 | 7:112,446 | 
27°0 74,83 31°100,715 | 1°637,989 1°371,596 6°605,027 | 
29°0 72,640 32°769,054 1:685,861 1°328,398 6°592,213 

| 31°0 65,182 34°491,348 1710,695 | 1°205,339 | 6°013,305 | 

| 33-0 58,407 36°360,651 | 1-773,938 | 1-165,181 | 6-101,650 | 
35°0 18,834 38°241,246 1°823,740 1°042,.839 5°597,504 | 
37:0 39,932 10°184,538 1°848,826 854,808 | 5:055,700_ | 
39°0 31,050 42°152,754 1°920,485 *788,422 | 4°917,428 | 

| iLO 18,975 14°147,904 1°912,000 “610,390 4°662,052 
43°0 11,283 16°089,471 1°923,478 “451,864 1:638,672 | 
15°0 4,365 48°097,938 1-°901,278 *350,883 1-230,476 

| 17°O 1,072 19°947,762 1°921,691 365,142 4°707,391 

19-0 199 a ass 

| a " 51:509,175 } - | | 
55:0 2 

| | | 

















| 
Reading on . a Mean Height | as ; 
in inches | ininches | : 
| | 
ate 4 : | | | 
ro 13 | 30420, 100 | | | ~_ 
30°55 73 | 30°300,685 | 2°020,996 | — 
30°45 258 |} 30°240,310 2°196,790 “868,163 | 3°770,511 
30°35 563 | 30°160,302 |  2°349,221 648,474 | 3:495,585 
30°25 1148 | 30°065,679 2°431,305 760,496 | 1-057,606 
30°15 1951 | 30°004,946 2°419,847 | "844,391 | 4°307,638 
30°05 2951 | 99-999,961 2°395,152 | ‘819,870 | 4:445,142 
29°95 3750 | 29°876,960 2-275.430 588 481 4°032,045 
29°85 3921 | 29°811,719 2°376,758 | 556,345 3°686,299 
29°75 3699 29°753,866 2°368.077 414,211 3°579,364 
29°65 3176 29°694,490 2°530,774 "458,017 } 3°329,710 
29°55 2333 | 29°633,069 2°661,476 | °533,459 3°594,689 
29°45 1752 | 29°586,301 2°741,230 318,388 3°112,579 
29°35 1233 | 29°534,023 2°897,096 278,185 | 3:357,779 
29°25 813 29°487,023 2°884,793 363,886 | 2°782,546 
29°15 | 541 29°442,606 3°076,942 | *169,269 2°676,531 
29°05 282 29°422,.695 | 2°995,550 | *275,610 3°027,310 
28°95 | 189 29°361,111 | 3°483,078 } 
8°85 | 82 29°304,878 | — 2'899,690 | as 
28°75 60 | 29°338,333 2°941,605 — 
28°65 13 | 29:2296,744 | — 
18°55 12 | 
28°45 1 29 285,201 _— 
28°35 1 | J | — 
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TABLE III (a). 


Constants of the Distribution of Barometric Heights (Whole Year) 
on Alternate Days. 











| First Day Third Day | — a 

| = | | ga = *152, 59 
| #= 29°780,934” | ¥=29°780,931”" i= -169,381 
| o,;= 3°079,720* | a2= 3°080,000* 7 =*580,721 931 = 1°881,406 
| V Bio = +°450,793 VB = +°451,289 | n,,=*583,316 922 = 1°817,042 
Bo= 3°397,763 Bog= 3°398,787 Ney = "581,703 =|  g43=1°865,340 
| 








* In ,y inches. 


TABLE III (0). 
Constants of the Distribution of Barometric Heights (Whole Year) on 


First Day for a given Reading on Third Day (Central Values). 
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TABLE III (c). 


Constants of the Distribution of Barometric Heights (Whole Year) on 
Third Day for a given Reading on First Day (Central Values). 








: : | 
Reading on : — Mean Height } F 
First Day | a. on Third Day |; Y) es | VA (y) | 8. (y) 
in inches in inches 10 
: 
‘nits . 
-- ac 13 30°460,000 en ae ia 
| 30°55 75 30°322,603 1°844,786 
| 30°45 258 30°242,248 2°071,353 ‘988,036 4°441,460 
30°35 563 30°174,334 2°086,388 659,948 3°860,262 
30°25 1148 30°085,279 2°216,594 596,379 4°064,244 
30°15 1951 30°004,075 ) 645,631 | 3°865,614 
30°05 2951 29°937,326 *616,284 4-236,583 
29°95 3749 29°865,631 606,296 4°192,548 
| 29°85 3921 29°804,068 49,445 3°883,501 
| 29°75 3700 29°747,784 371,584 3°389,310 
29°65 3176 29°690,460 -457,062 | 3°733,761 
29°55 2333 29°644,299 -390,583 | 3°426,421 
29°45 1752 29598858 223,362 3°224,.785 
29°35 1233 29°538,970 282.386 | 3°266,638 
29°25 813 29°477,921 -121,441 2°842.953 
29°15 542 29°444,834 3°118,031 275,851 3°201,995 
29°05 282 29°412,411 3°227,022 *284,802 3°142,534 
28°95 L89 29°389, 153 3°165,014 
|} 28°85 81 29°330,247 3°348,281 — 
28°75 60 29°375,000 3°109.796 — 
28°65 13 29°240,698 
I8*DH 12 a 
28°45 | 28°852,941 | 
| 28°3 | 


TABLE IV (a). 


Constants of the Distribution of Barometric Heights (Summer Months) 
on Alternate Days. 


First Day Third Day 

| | 

| oi P ; gu= *151,949 

&= 29°790,075” y = 29°790,753’ | de "169,116 

| o,= 2°415,849” og= 2°407,294’ r= *534,545 } 7s= 1°687,358 
. 

| V 81) = + °448,990 \ -° 

| 

| 


Bo = + °432,215 Nyx = 534,897 | 
Sy = 3274 AIS | Bog= 3°214,970 Ney = °D3B,048 
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TABLE IV (6). 





Constants of the Distribution of Barometric Heights (Summer Months) 
on First Day for a given Reading on Third Day (¢ ‘entral Values). 


Reading on 
Third Day 
| in inches 





Number of 
| Observations 


| Mean Height | 
on First Day 
in inches 


30141,011 | | 
J 











o (x) 
in inches 





JB; (x) 





| 





B. (x) 


i9 | : | = 
| 336 |: 30°036,012° | 2°047,375 | 689,178 | 
842 998,812 | 1°879,447 ‘734,010 | 3 
1580 ‘928,608 1-°973.564 "855,845 } 
| 2256 875,310 1°923,916 536,856 | 5 
29°85 2423 816,364 2°003,191 -469°880 | 3 
29°75 2273 761,835 1-959.977 317,173 3°096.858 | 
29°65 1807 2°131,423 ‘383,309 3°087,158 | 
29°55 1251 654,396 2°148,063 "498.913 3°518,774 | 
29°45 827 ‘613,000 2°230,345 3°191,061 | 
29°35 178 567.573 313.959 “145.890 2°615.369 
| 29°25 251 29°514,940 2°334,763 235,434 3°101,169 | 
| 29°15 | 118 - 
29°05 | 16 - a. a 
28°95 Q5 = — 
28°85 | 7 E — 
28°75 | 5 a — 


28°65 


| Reading on | 


| Number of 
Observations 


First Day 
in inches 





o 





TABLE IV (ce). 


Constants of the Distribution of Barometric Heights (Summer Months) on 
Third Day for a given Reading on First Day (Central Values). 


| Mean Height 


| 
n Third Day | 


in inches 











a (y) 
in inches 








| 





ot: | | 30°145,604 \ vaca 
30°35 j 
30°25 338 30°075,740 349,398 
30°15 830 30°001,084 528.892 : | 
} 30°05 1576 29:937.056 603,407 3°690,422 | 
| 29°95 2256 29°867 509 *430,994 3°331,418 
| 29°85 2427 | 29-808,879 544,597 3°651,131 | 
| | 9979 | 29°757,635 362,806 3°326,920 | 
| | 1812 29°706.457 405.566 3°597.764 
236 29°669,498 246,041 | 3°256,883 | 
822 29°634,550 106,433 | 854,964 
| 184 29°570,661 ‘078,428 | 2°988,715 | 
252 29°525,000 2°407,206 043,209 | 2°529.909 | 
29°15 122 } 29°469,672 2°171,182 —_ 
29°05 17 29°460,638 ans | 
28°95 | 27 29°442 593 = 
| 28°85 } 9 | nom 
28°75 | 5 29°362,500 — | 
28°65 2 J — 
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Constants of the Distribution of Barometric Heights (Winter Months) on First Day 


Skew Bivariate Frequency Surfaces 


TABLE V (a). 





Constants of the Distribution of Barometric Heights (Winter Vunths) 


on alternate Days. 








First Day | 


°771,552” | 








#=29 ¥ =29°770,850" 
o,= 3°634,793* go= 3°640,723* r= *600,961 
VB = +°377,097 | By, = +°378,687 Ny, = "606,313 q 
B= 2°861,522 | Bo= 2°862,281 Nx, = "604,689 | 


qis= *119,394 





| ga= *103,602 
| 


731 = 1°609,191 


= 1°553,029 


9i3= 1°599,874 








* In 5 inches. 


TABLE V (0). 


for a given Reading on Third Day (Cenéral Values). 





Reading on 
Third Day 
in inches 





Number of 
Observations 
} 


| 


Mean Height 
on First Day 
in inches 


39°420,00( )\ 
J 


30°300,685 
30°239,113 
30°166,116 
30°077,956 
30°009,603 
29°930,015 
29°879,451 
29°804,206 
29°741,164 
29°674,032 
29°608,410 
29°562,432 
29°512,781 
29°474,555 
29°430,851 
29°408.051 
29°351,829 
29°287,333 
29°340,909 


29 -233,333 


29-280,204} 





| 


| 


| 





o (wv) 
in ;'; inches 


————_—————_-| 


2°226,484 
138,117 
*563,449 
759,459 
*803,430 | 
72317 | 
"878,610 | 
*897,747 | 
"964,589 
3°134,490 
3°108,770 | 
193,847 | 
*090,935 
3°139,860 
3°093,051 


3°557,265 





wSWHWwWHKwwrnenNwmnwnbdwnwnndwNWt 


w 


*677,793 


"823,536 





*760,497 
*590,782 
"523,148 






372,890 
*393,193 
*168,964 
*209,155 
*330,929 
*115,633 
*145,121 





3°690,966 
3°444,574 | 
£153,907 
3°938,848 
2-79 








“047,418 
*910,239 | 
"005,976 
*746,087 | 
*166,914 
*000,836 
°700,373 | 
"890,636 


2.9 
o 
2 
3 
9 
3 
2 
3 
3 
2 
2 
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TABLE V (c). 
Constants _ ‘he Distribution of Barometric Heights (Winter Months) on Third Day 
for a given Reading on First Day (Central Values). 








| Reading on 


























é N ies Mean Height 4 a | 
First Day Pte on Third Day in 1 Cas VB (y) Bo(y) 
in inches | in inches : | 
| a: 13 30°460,000 Ze oh 
30°55 73 30°322,603 
30°45 248 30°244,758 2°080,683 “029,967 4°545,211 
30°35 482 30°179,876 2°155,189 *703,291 3°864, 196 
30°25 810 30°089,259 2°431,190 628,479 3°788,161 
30°15 1121 30°006,289 2°530,527 | °654,585 3°513,264 
30°05 1375 29°937,636 2°625,.525 | *582,473 3°749,428 
29 45 1493 29°862,793 2°843,795 606,873 3°567,920 
9°85 1494 29°796,252 2°876,403 | 173,828 3°337,469 
29°75 1421 29°731,984 2°956,578 | -277,531 2°894,125 
| 29°65 1364 29°669,208 3°063,120 |  -350,034 3°174,959 
| 29°55 1097 29°615,907 3°167,617 291,203 2°926,329 
| 29°45 930 29°567,312 3°180,523 088,028 2°843,682 
29°35 749 29°518,491 | 3-236,809 241,729 3°005,220 
29°25 561 29°456,774 | 3°192,760 068,007 2°711,597 
29°15 420 29°437,619 | 3°339,718 222,960 | 2°937,186 
| 29°05 235 29°402,766 | 3°319,181 287,181 3°120,079 
| 28°95 162 29°380, = | 3°166,841 | — 
| 28°85 | 72 29°320,833 | | 
28°75 55 29°375.454 | 
| 98-65 | 4] 29°245,122 
| 28°55 12 } | — | 
28°45 4 29°102,941 | 
28°35 1 kd ea _— 


TABLE VI (a). 


Con. ints of the Distribution of Length and Breadth of Beans. 


: ; | 
Length of Beans Breadth of Beans 


— gai = — 653,267 
#=14°404,608 mm. | ¥= 7°975,530 mm. - qiz= — 502,495 
o,= 1°799,562* g2= 1°359,481t r="781,142 | gs:= 3°641,829 


ll 


VBiy= — 910,569 | /By = —*440,832 ny, = °771,995 
Boy= 4°862,944 . 


| goo= 3°167,011 
| Boo= 3°654,374 = "772,270 


Qis= 3°072,626 











* In 4 mm. units. + In } mm. units. 
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TABLE VI(0). 


Constants of the Distribution of Length of Beans fur a given Breadth 
(Central Values). 





Breadth of 
Beans 
| in mm. 





| Number of 


| Observations | 





Mean Length 
of Beans 
| in mm. 


16°047,170 f 
5°510,000 


5°132,165 
*736,689 


o (x) 


in } mm. 


“899,218 





‘964,928 
025,400 
"129.755 
°267,017 
“599,946 
663,320 


554,314 


a ee 


TABLE VI (ce). 


VB, (@) } 


045,354 | 
238,931 
261,031 
*246,864 
447,534 
*539,225 


052,792 


2°925,986 


3°390,668 
3°316,993 
» 


*593,873 


Constants of the Distribution of Breadth of Beans for a given Length 
(Central Values). 


Length of 
Beans 
in mm, 


wow kr & © 
a, on 


| Number of 


Observations 





| Mean Breadth 


of Beans 
in mm. 


8°584.017 


—— 


| §8:442.273 
8°296,391 
8°153,698 


8:000,436 


os 
esas} 


o (y) 
in } mm. | 





/ 
‘N 3 (y) 


451,028 


- ‘030.368 


"105,878 
‘058,086 
"116,996 
065,917 


8. (y) 























Mean Ape of Brideproom 


+ 
S 


- 
u 
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on 
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o 
i] 


70 


75 
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REGRESSION, AGE OF BRIDEGROOM On AGE OF BRIDE 









































S 45 
Ajje of Bride. 


Diagram I (bd). 





ro) Regression Curve “Loparilhmic” Surface 
MEAN 
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mc z 
< 
¥: 
ZZ I mS I I I -_ L I i I I I I LT 
‘5 20 25 30 35 40 45 50 55 60 6S 70 7 80 6s 
Age of Bride 
Diagram I (a). 
~ 
& Scevasticity, Act or BRIDEGROOM oN AGE OF BRIDE. 
= 
° 
a= 35 
c Scedasiie Curve “Logarithmic” Surface 
Not 
n 
£ 3-01 
r=) 
© Ly 
o 2st 
a 25 
‘S 
fm ' 1} 
7 ° 
920 o,/i-Fi 
iar” MN iiraninteatesiehiccbechaahies bial cccusscubniek<cackevsliave es eonbunieceieubertoetncbk eilsouciee chase aE 
st UH 
¢ © 
15H 
< J) \ 
oe MW 
fF 1-0 i i 1 L I 1 = nt 1 1 1 i 1 
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Cuisy or AGE oF BRIDEGROOT On AGE OFr BRIDE. 






































£ fo) 
2 48H O09Oo9 
2 © 
a 
> fo) 
“a 2H 
= ° 
Fa] 
~ °H a) 
-) ° © 
| EN OLE a IO eRe eee ISS nigggeencsevicones fipincnninniciiancnnail 
s © 0 
— 
 -6H © 
5 1O} 
42H 
g 
ro) 
-1-8H 
T I I : I I I I I I I rE 
15 25 35 45 5S 65 5 
Age of Bride. 
Diagram I (c). 
Kurrosis, Ace or BripeEGRoom on Aae or BRIDE 
é 
} 10) 
C1004 
ee O° 
2 +H fo) 
Bh 8°H © ” 
can | 
260H 1) 
6 
< ry 12) 
a ¢C 
. ro) 
_ *9F ©0060 © 
© | Ae-3 0 Riana Bitte al Q 
et 
204 
TL 1 I I ] 1 I I nal L ie a ial 
iS 25 35 45 55 65 75 


Ape of Bride 


Diagram I (d). 
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REGRESSION, 


AGE OF BRIDE ON AGE OF BRIDEGROO™ 
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Repression Curve “Loparithmic™ Surface 


MEAN 





Mean Ape of Bride 


60 








ST LS A SS eS 








I I T I = is I I I i I I 
15 20 25 30 35 40 45 50 55 60 05 70 75 80 85 
Ave of Brideproom 





Diagram I (e). 


Scepasticity, Act or BRIDE on AGE OF BRIDEGROOTT 





























45H 
ex 1 Scedastic Curve “Logarithmic” Surface 
A 
& 40H 
« 
© 
> OH 
m 
» 35H 
=< 
= 
a H 
a 3-0 
eo 
7c Hj 
‘ 
M25 © 
= 
io) 

L 

a 
4 20H 
- 
a ou 
bios 6, Ji-e . 
~ SH 
a 
“A a 

10h 

' 10) 
| 
5 I I I TL | I I r I I I x I 
iS 25 35 49 $5 65 7 


Age of Bridegroom 


Diagram I (f). 
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Cusy, Ace or Brive on Ace or BriveGroom. 
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@ is) o 
I I I 


of Arrays of Brides. 
ra 
I 
(0) 
° 





/B, 
2 
5 

tO) 
© 














- 8hry I I I I I I 
15 25 35 45 5 65 75 
Age of Bridegroom. 





Diagram I (9). 


Kurtosis, Ace or Brive on Ace or BripeGRoom 





10 "[ ° 


®@ 
° 
z 


a 
° 


H 10} 
A-ese ° 2 PUTT TTT eT tee ee ee 


bese Mcscoccececesercosconccccoceceseeseoseeteene SSCS S SSS 


2 
I 


B, of Arrays of Brides 
o 
° 
] 


& 
° 
I 








I I I I L I I i 
15 2s 35 45 55 65 75 
Age of Bridegroom. 











Diagram I (h). 
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REGRESSION, AGE OF FATHER ON AGE OF INIOTHER. 









Rebressior Gurue Tyjze AA Surface 

















= 
-) 
AE gh BEANS Mine hkwie Sarees wie weRW ino otee SEERA bees biseos Se ceeeeeenoee eo ene eee ae 
a) 
-— 
ey 
S 
©. 
240 
< 
s 
é 
= 4 
z 
<. 
Ww, 
z; 
I I T se I I I x. 
15 20 25 30 35 40 45 50 


Aée of Miotker 


Diagram II (a). 


Scepasticity, AGE OF FATHER ON AGE OF NIOTHER. 




















: Scedastic Gurve Tye AA Surface 

~~ = 

a 

3 191 

4 

a s 

u 

33 48 

~ 
~- 4 

S ; 

9 494 Oz Vi-t* 

ME, WR Pin cee ceebe cee be cecness + see e neds ee 55os~ a cna shabneneicceosSeeesseuan eed 
ro 

fa H 

fe 

3 

a vor 

~ 

3 

a b 4 

te 

< 

a i 

2 

1-4 bo 
I I I I I I I I 
1S 20 25 30 35 40 45 50 


Aée of Mother 
Diagram II (b). 











0-8 


VA, of Arrays of Fathers 


0-4 
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Guisy, AGE OF FATHER ON AGE or IVIoTHER. 








SPP eee eee ee eee eee eee eee ee ee 





b+ 











ie 
15 20 25 30 35 40 45 50 
Ade of Motker 


Diagram II (c). 


Kurtosis, AGE or FATHER ON AcE or MOTHER. 





15-0 


3-0 


of Arrays of Fatkers 
_ 
} 


A, 
w 
o 

















40 45 50 


30 35 
Age of Mother. 


Diagram II (d). 
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REGRESSION, AGE OF TIOTHER ON AGE OF FATHER 





iv] 
. a 
I I 


Mea Age of Motker 


w 
"I 
1 


40 











Regressior Curve Tyjze AA Surface 








ae | I I ae I I I I H I 





, 30 35 40 45 50 $5 60 65 wa 75 50 
Ade of Father 


Diagram II (e). 


SCEDASTIGITV, AGE OF TIOTHER ON AGE OF FATHER 





wo 
Pa 


2 years) 
vw 
i) 


s (unit = 
t0 rT) 
ro) ce 


Mother, 


a 
a 


s of 


+ 
l 


S.D. of Array 
L 


0-6 











Scedastic Gurve Tyze AA Surface 











Biometrika 


I I I I I I I i I 
é 35 40 45 50 55 60 65 70 
Age of Father 
Diagram II (/). 
XXII 12 
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GuLISy, AGE oF MoTHER ON AGE OF FATHER. 





0-8 H 
0-44 © 


Vp, of Arrays of Motkers 
- 
} 


' 
> 
aS 

I 
{O) 


-O-8H 














“bet I I I I I T I I I 
15 20 25 30 35 40 45 50 55 60 65 
Ade of Father 


Diagram II (9). 





KuRTOSIS, AGE OF MOTHER ON AGE OF FATHER 





80rF 


60H 


of Arrays of Mothers 


2 401 


B 
© 














I I I I I I I 
15 20 25 30 35 40 45 50 55 60 65 
Age of Father 





Diagram II (h). 
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ReGRression, HEIGHT oF BAROTIETER: THIRD Day on First Day. ("HOLE YEAR). 





. € ¢§ 
° N + eo 
l 


Mea Height of Barometer on Third Day in Inches. 
8 
oe 











. : Regression Curve Type AA Surface 


Logarilhmic Surface 














9 Cee 
Ld 
296 
294 
2925 
s 
29-0 
+ ae SE I I = ae Se Say a eee ee See I A I I I 
308 30-6 304 30-2 30°0 29:8 29-6 29-4 292 290 288 286 28-4 





or 
> 


5.D. of Arrays of Barometric Hei 


ts on Third Day (unit: 





Height of Barometer on First Day in Inches. 


Diagram III (a). 


ScepasTiciTy, HEIGHT OF BAROMETER: THIRD Day on Frrst Day (WHOLE YEAR). 





Type AA Surface 


—— Scedaslic Curve 
. Logarithmic Surface 

















I 1 1 I 1 en L I i I 1 I I _ li 1 I L 1 1 i 
30-6 30-4 30-2 300 298 29-6 29-4 29-2 29-0 28°8 28-6 
Height of Barometer on First Day in Inches. 
Diagram III (0). 
12—2 
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Guisy, HEIGHT or BAROMETER: THIRD Day on First Day (WHOLE YEAR) 





—— Clitic Curve Tye AA Surface 
e w= © » Lo@arithmeic Surface 

















Pa) 
a 
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40h 
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2 4H 
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1 4. I I L i 1 I L I I I I I I 





L I I 
30-6 30+ 30-2 30-0 29:8 29-6 29-4 29-2 29-0 
Heipht of Barometer on First Day in Inches. 


Diagram III (c). 


KurRTOSsIS, HEIGHT OF BAROMETER: THIRD Day on First Day (WHoLe Year) 


ra) 
a 
A 44 
& 
e 
§ 42 
Az) 


a & w 
ci) + o 


A, of Arrays of Barometric Heidl 
t 
o 





Kurtic Gurue Tye AA Surface 


Bz-3=0 

















I I 1 I I 1 I I I i (Seca I Recunantiies 





1 Ll 
304 302 30:0 298 296 294 29:2 29-0 
Heidkt of Baromeler on First Day ir Irzches. 


I 
30°6 


Diagram III (d). 
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“I 
| 


REGRESSION, HEIGHT oF BAROMETER: First Day on Tutrp Day (WHOLE YEAR) 





30-64 





Regression Curve Type AA Surface 


osee Loparithrme Surface 
30-41} = . 
. 


Mean Height of Barometer on First Day int Inches. 

















I i 1 I i I I I i “s i 1 I a a. a i I I , ae 
30-8 30-6 30-4 302 30:0 29-8 29-6 29-4 29:2 29-0 288 286 284 
Height of Barometer on Third Day in Inches. 





Diagram III (e). 


ScevDASTICITY, HEIGHT OF BAROMETER: First Day on Txirp Day (WHOLE YEAR) 





S g ° 
Seedastic Curve Type AA Surface 


Logarithmic Surface 
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S.D. of Arrays of Barometric Heights on First Day (unit= %) 
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I I I arene I I — = 
302 30-0 29-8 29-6 29-4 292 29-0 28°8 286 


Heipht of Barometer on Third Day in Inches. 
Diagram III (/). 
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GLISV, HEIGHT OF BAROMETER: First Day ON THIRD DAY (WiioLe Year) 
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\ Clitic Gurue Type AA Surface 
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VB, of Arrays of Barometric Heights on First Day 
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I 
306 «6304 «6302 «©6300 «298 )=— 29S 294 )=— 289-2 29-0 
Height of Barometer or Third Day ir Inches 


Diagram ITI (4). 


Kurrosis, HEIGHT OF BAROMETER: First Dav ON THIRD DAY (WHOLE Year.) 
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30 
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Bz of Arrays of Barometric Heigkis on First Day 
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Heiptet of Barometer o2 Third Day ir Inches. 


Diagram III (h). 
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Mean Heidht of Barometer on Third Da 
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EGRESSION, HEIGHT OF BAROMETER: 
THIRD Day on First Day. (SUMMER TPIONTHS) 
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= MEAN 











Regression Curve Type AA Surface. 
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30-2 300 29:8 29-6 29-4 29-2 29-0 
Heighi of Baromeier on First Day in Inches 


Diagram IV (a). 


SCEDASTICITY, HEIGHT OF BAROMETER: 
THIRD Day on First Day. (Summer MontTHs) 
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Scedasiic Curve Type AA Suriace 
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Diagram IV (0). 
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Height of Barometer on Firsi Day in Inches. 


Diagram IV (c). 


KURTOSIS, HEIGHT OF BAROMETER: 
THIRD DAY ON First DAY. (SUMMER MONTHS) 














we 2 ‘a 1 ] I 1 1 i i l l I 
304 302 30°0 29°8 29°6 29°4 29°2 
Heiphi of Baromeier on First Day in Inches. 


Diagram IV (d). 
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REGRESSION, HEIGHT OF BAROMETER: 
First DAY ON THIRD Day (SummEeR MonrHs) 


181 











Refressior Gurve Tyyze AA Surface 
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Heigki of Barometer oz Third Day it Irckes. 


Diagram IV (e). 


SCEDASTICITY, HEIGHT OF BAROMETER: 
First DAY oN THIRD Day (SummMER MonTHs) 








Scedastic Curve Tyre AA Surface 
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Heigkt of Baroreeter or Third Day ir Inches. 
Diagram IV (f). 
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VB, of Arrays of Barometric Heiékis or First Day. 
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A», of Arrays of Barometric Heipieis on First Day 
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GLISY, HEIGHT OF BAROMETER. 
First DAY ON THIRD Day Gummer MonTHs) 
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KURTOSIS, HEIGHT OF BAROMETER: 
FirsT DAY oN THIRD Day (Summer MonTxs) 
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REGRESSION, HEIGHT OF BAROMETER: THIRD DAY ON First Day (WmvTeR MonTxs) 
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Repression Gurue Tyre AA Surface 
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SCEDASTICITY, HEIGHT OF BAROMETER: THIRD DAy on First DAY (WnvreR Monrxs) 
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CuIsy, HEIGHT OF BAROMETER: THIRD Davy on First Day (Wivrer MonTHs) 




















> 
4 
A Clitic Curve Tyze AA Surface. 
3S tr0OH 0) 
= 
& Hy 
> 8h 
3 
r=) LJ 
3 
= Sr 
2 
& 
$s : 
E 
£ -4H 
é 
ie} 
2 0 
a 2h 
4 
A 
a 14 
< VB, =0 
6 0-04 Bs. 
gf 
I I I I t I 4 I = I I L I I i I i I 





306 «6304 302 300 298% 296 294 292 29-0 
Heipki of Barometer or First Day ie Inches 


Diagram V (c). 


KurTosis, HEIGHT oF BAROMETER: THIRD DAY on First Day (WivTeR MonTHs) 
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REGRESSION, HEIGHT oF BAROMETER: First DAY ON THIRD DAY (Winter MonTHs) 
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Guisy, HEIGHT OF BAROMETER: First DAV ON THIRD Day (wmnTeR Monts) 
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REGRESSION, BREADTH om LENGTH oF BEANS. 





Regression Curve Type AA Surface. 
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Cuisy, BREADTH ON LENGTH OF BEANS. 






































Lenoth of Beans in mim. 
Diagram VI (d). 




















S. J. Pretorius 


REGRESSION, LENGTH ON BREADTH OF BEANS. 
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Cuisy, LENGTH ON BREADTH OF BEANS. 
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abruptness will be dealt with in Section 5; as a matter of fact, they were found to 
be negligible. 

The observation points are represented by small circles in Diagrams I (a), 1 (6), 
up to VI(h). Except at the extremities of the distributions, the means follow 
fairly smooth trends. The regression of age of mother on age of father is of 
the rectangular hyperbolic type, while the other regressions deviate less from 
rectilinearity. The scedasticity reveals, not infrequently, a resemblance to the 
parabolic form of the double hypergeometrical series ; for example, in the barometric 
and birth statistics. Approaching the higher moments we find, as could have been 
anticipated, that the observation points become more and more erratic. Yet, for 
the first two distributions, the variation in the clisy and kurtosis is still remarkably 
regular; for the barometric data a quite definite trend, other than constant, is 
noticeable; and it is only for the distribution of length and breadth of beans, 
where both the number of points on the graphs and the total number of observa- 
tions are small, that these two measures seem to be scattered at random. This 
finding of a fairly regular variation in the shape of the array distributions dis- 
proves, beyond doubt, the generality of Narumi’s hypothesis for these cases. 

We proceed to fit to these points the appropriate curves of the Type AaAa* 
and of the Logarithmic Surface. The expressions for the partial moment curves of 
the former surface are given in equations (62), (63), (64), (65), and (66) ; those for the 
Logarithmic Surface in equations (39) and (40). The constants in these formulae 
together with the values they assume for the different distributions are shown in 
Tables VII and VIII. The surfaces will be considered in the order named. 

Both regression curves of the Type AaAa surface were fitted to the array 
means of the last five distributions. The curves are geometrically somewhat quaint, 
but, with the exception of the regression of age of mother on age of father, the 
results are quite reasonable. The scedastic curves fitted for the same distributions 
are oscillatory to a much higher degree than the regression curves; even in the 
most favourable cases the fit is rather unsatisfactory. The clitic and kurtic curves 
were fitted for the barometric data: whole year and winter months. For the first 
of these distributions they do not fit badly: perhaps they fit even better than the 
corresponding scedastic curves do. For the latter distribution, however, they are 
less successful. 

The regression curves of the Logarithmic Surface were tested for the barometric 
(whole year) and marriage distributions+. They fit very well in the former case 
and prebably better than the curves of the Type AaAa surface do. For the 
marriage distribution a want of flexibility in the curves is manifest. This in- 
efficiency is still more marked when we come to the scedastic curves. For the 
barometric distribution these curves, bad as they are, are to be preferred to those 
of the Type AaAa surface; for the marriage distribution, too, the results are 


* Read Type dada instead of Type AA in the diagrams, , 
+ See Section 4 for a discussion of the criteria justifying the application of this surface to these two 
distributions. 
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rather poor. Finally the clitic curve (y on 2), fitted to the barometric data, tends 
to a constant value. 

In considering the goodness of fit of these curves we must bear in mind, as 
Pearson pointed out when he discussed the 15-Constant surface, that the constants 
in the equations of the curves are determined not directly from the moments of 

TABLE VIII. 


Constants* in Expressions for Partial Moment Curves of Logarithmic Surface. 
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the array distributions, but from the momental constants used in fitting the 
surface as a whole. The fit of the regression curves, excluding the regression of 
age of mother on age of father, does not leave much to be desired. The practical 
utility of the curves, however, is greatly reduced by their algebraic complexity. 
For the higher moment curves, generally speaking, the results are rather unsatis- 
factory. How the flexibility of a surface is affected by the number of constants in 
the equation is shown clearly by Diagrams III (a), I11 (0) and III (c); two terms 

* For the marriage data B, 2 = — 001,453, B),= — 001,076, p=-637,131 found from equations (36). 


For the barometric data By, = +°000,0101, B,,.= +-000,0058, p=-592,632 found from equations (35) 
and (37). 
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added to the equation of the Logarithmic Normal Surface are not enough to 
effect an arbitrary degree of variability in the constant clitic curve of this surface. 

3. Contours. We turn now to the contours, or curves of equal probability, of 
the data to study not only their form, but also their symmetry about a set of 
principal axes. They were constructed directly from the observed frequencies. 
The labour involved in replacing the frequencies by ordinates would have been 
prohibitive ; besides, by such a treatment of frequencies negative ordinates appear 
in the tails of the arrays. The method adopted in determining the contour lines 
is the same as that described by Pearson in Biometrika, Vol. xvut. pp. 296-97. 
The smoothing of the array curves by aid of a spline, the plotting of the contours 
from these curves, the smoothing of the contours and their final adjustment to 
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one another, are the main steps in the process. Each of these steps called for much 


painstaking in preventing the personal equation from playing too great a part. 


The final solutions are shown in Diagrams I to VI. 
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Diagram II, 


In form, the contours occasionally resemble the ovals inside a Bernoulli’s 
lemniscate ; for instance, those of the three barometric height distributions. The 
distribution of length and breadth of beans indicates a system of ellipses not 
concentrically placed ; for the contours of the other two distributions no definite 
laws are recognisable. In fact, it is very doubtful whether any mathematical 
surface could reproduce the asymmetry displayed in the distribution of ages of 
parents at births of children. 

The idea of axes of independent probability is not applicable, as is fairly 
evident from the diagrams, to any of the distributions. By considering a set of 
principal axes such as O£, On—to be described later on—we can easily convince 
ourselves that whereas sections parallel to the major axis might be homoscedastic 
and similar, sections parallel to the minor axis, if not dissimilar, are heteroscedastic. 
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If these sections, reduced to homoscedasticity, were found to be similar, an exten- 
sion of Narumi’s hypothesis would be justified. 

The set of principal axes which would be the most likely to give similar 
parallel sections, was that through the modes of the distributions. Accordingly it 
was first of all necessary to locate the positions of the modes as accurately as 
possible. This was done by the one or the other of the two following methods accord- 
ing to the skewness of the distribution. Both methods depend on the modes of the 
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Diagram III. 


arrays, centred about the mode of the surface, first being determined. Usually four 
rows and four columns were found to be adequate. The intersection of the curves— 
either straight lines or parabolas of the second or higher order—fitted to the 
modes of these arrays was taken to be the mode of the surface. The modes of the 
arrays were determined either from the 8-formula expressing the distance between 
the mean and mode for the Pearsonian system of curves, or, by fitting a cubic by 
the method of least squares to the six largest frequencies in the separate arrays. 
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The latter method was used for the first two distributions; the former for the 
last four. Through the modes thus located the sets of principal axes O£, On were 
constructed. The following table gives the positions of the modes, and the angle (@) 
O& makes with the z-axis. 





! 
zx mode= 21°20 years | 2« mode=29°86” 
Table I | ymode=23°70 ,, Table IV y mode = 29°86” 
| | 6=51° 33’ | 6=44° 28’ | 
| Sat 
| w# mode=27-08 years x mode= 29°96” 
Table II | y mode=28°95_,, Table V y mode=29°95” 
6=40° 19’ 6=44° 29’ 
| 
| x mode= 29°87" | w mode=14-62 mm. 
| Table III y mode = 29°86” Table VI | y mode= 8-04 mm. 
O0=44° 36’ 6=34° 48’ 
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Diagram IV. 
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There is one interesting feature about the axes that might be pointed out. 
In five out of the six cases the major axis (O&) passes, if not completely then 
very nearly, through the observed mean. Accordingly, we could almost just as well 
have considered the principal axes through the mean instead of those through the 
mode. 
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Diagram V. 


We proceed to test sections parallel to the axes for similarity. Eight sections, 
two on each side of an axis, were examined for each of the first five contour 
systems. The cuts were made in such a way that they touched two of the contour 
lines. This at once fixed the modal ordinates and defined the vertical scale of the 
sections. The tails of the section-curves were determined from the array-curves 
originally used for plotting the contours. The area under each curve was sub- 
divided and planimetered, whence the first two moments were computed. Next, 
the standard deviations and modal ordinates of each set of four sections were 
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Contours oF OBSERVATIONAL SURFACE 
FoR LENGTH AND BREADTH OF BEANS. 
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Diagram VI. 
equalised, and the two sections differing most were superposed. Diagrams I (¢), 
I(j) to V(%), V (9) show the results. As an illustration, I take the distribution 
of barometric heights (whole year). The modal ordinate, standard deviation, and 
mean — mode 


skewness (Sk.) = _ -—— of the sections are given below. 
standard deviation . 





Sections parallel to O Sections parallel to On 
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| Section 1 | Section 2 | Section 3 | Section 4 Section 1 Section 2 | Section 3 | Section 4 

| pee ne — ee BX 5k | 
| | | 

Mod. Ord. | 70 370 370 70 70 370 370 70 

| S. D.* | 3°77 3°79 3°81 | 3°79 2°74 2°26 1°52 | 1°40 

| . | | | 

Sk. | +11 +°20 +°17 +°24 +02 +06 — °02 +°03 
| 


The skewness, as measured by Sk., being not sensitive to deviations in the vertical 
direction, does not indicate clearly the degree of similarity between the sections. 
A direct comparison of corresponding ordinates of the sections was possible after 


* The unit in which the standard deviations are measured corresponds in scale to the grouping unit 
of the observed variables. 
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SIMILARITY OF PARALLEL SECTIONS: 
AUSTRALIAN TMIARRIAGES. 
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Diagram 1 (i). 
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SIMILARITY OF PARALLEL SECTIONS. 
AUSTRALIAN BIRTHS. 
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SIMILARITY OF PARALLEL SEcTIONS. 
Barometric HEIGHTS - Wxoue Year. 
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Diagram ITI (i). 


SIMILARITY OF PARALLEL SEcTIONs. 
Barometric HEIGHTS ~ Wrote Year. 
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Diagram III (/j). 
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SIMILARITY OF PARALLEL Sections. 
Barometric HEIGHTS — Summer TMonrHs. 
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Diagram IV (i). 
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Diagram IV (j). 
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Diagram V (/). 
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both scales of measurement had been equalised, and on this the decision as to 
which two sections differ most was based. The sections parallel to O€ are, to all 
intents and purposes, homoscedastic; but this is the only instance where such a 
marked consistency was found. A rough appreciation of the heteroscedasticity of 
sections can be obtained from the range between the ordinates defined by, say, the 
lowest contour. Taking the sections parallel to On, I find the range* of the most 
outlying contour (5) to have the following values: 
Section 1, 12°37; Section 2, 14°04; Section 3, 9°43; Section 4, 6°12. 

The ratio of the ranges of Sections 1 and 4, and of Sections 2 and 3 is 495 and ‘672 
respectively ; while the corresponding ratios of the standard deviations are ‘511 
and °673. Such a close agreement can, of course, not always be expected; but for 
determining only approximately the “scedasticity,” I think this method will be 
quite adequate. 

The only contour systems about whose asymmetry there could have been some 
doubt are those of the barometric height distributions. The superposed sections, 
however, are of help in this issue. It is true that they do not definitely disprove 
the validity of an extended Narumi’s hypothesis, but they show at least that a 
good fit cannot be expected in these cases from surfaces based on such an assump- 
tion. The hypothesis is not disproved because of the absence of a regular variation 
in the shape of the sections; it is not sanctioned because of the presence of rather 
significant irregularities. 


4. Identical Relations between the Moments. The application of (a) Edgeworth’s 
method of simple translation, (b) the Logarithmic surface, and (c) Rhodes’ surface, 
depends on certain relations connecting the moments of the observed distributions 
being fulfilled. These criteria are contained in equations (29), (32), (68), and 
(54) respectively. The term “conditioned” will be used to designate the value of 
a constant computed from these equations. 

(a) Equations (29) can be written in forms more convenient for treatment. 
On combining them, we find 
3 (2qa — rqiz) | 


VB 930 = > 
Pe ee rae) | 


/B- 3 (2q12 — 1'qar) 
Poi Yo = 9 

K r (4 — r*) 
If now, we assign to 7, q2i and iz in (70) their observed values, the i conditioned 
values” of By and Bq will be directly comparable with the observed as in the 
table on p- 206. 


To bring out the significance of the difference between the two sets of values, 
I have tabulated in the last two rows the ratio 
- Observed £8; — “conditioned ” f, 
4—F = 5 —— ET} . 
Standard Error+ of “conditioned” By 
* Measured in the same unit as the standard deviations of the sections. 
+ Found from Table XXXVII in Tables for Statisticians and Biometricians, Part LI. 


Biometrika xx i 
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The divergence testifies to Edgeworth’s remark that simple translation is in- 
adequate (p. 130). 





























| Table I Table II | Table III | TableIV | Table V | Table VI 
| : a a ot Pa ee i | 
aa ae ae al | | 
| Observed | Bro | 1058 | 101 203 | 202 2 829 | 
| oie 3°854 | 525 004 | 187 l | 194 | 
| os = | | 
: ie “an | | ' | 
‘coud 4° ay | Bro 6°*502 *150 O84 “104 035 | “O72 | 
Conditioned | Bu 4:958 | 225 128 “151 059 | 314 
| | | 
E Sa 32 12 6°5 3 | os | 
‘ Bor | - 71 6°2 2°] 12 3°6 


(b) The determination of the constants of the Logarithmic Surface depends on 
moments and product moments up to the third order only. The relation between 
the fourth and lower moments is expressed in terms of the §’s according to 
equations (68), whence the “conditioned” values of 2: were calculated. For 
examining the fourth order product moments I assigned to the constants in 
equations (32) their observed values and then deduced the absolute product 
moments (q,,) about the mean as origin. Only two distributions were considered, 
for it was clear from Diagram (4) that while the Logarithmic Nermal Curve might 
hold for one of the marginal totals of some of the other distributions, it does not 
hold for both of them. The results summarised in the table below point to an 
approximate fulfilment of the relations between the moments. The effect, how- 
ever, of this approximation on the shape of the surface had still to be investigated, 
and it was primarily with this end in view that I fitted the partial moment and 
marginal curves (pp. 208—218). The outcome, in short, is this: (i) that, if the third 
order moments and product moments are sufficient to give an account of the 
regression, they “ail to do so for the scedasticity, clisy and kurtosis; (ii) that the 
relatively small deviation in fg of the barometric data is sufficient to rank 
the Logarithmic Normal Curve as last, for goodness of fit, amongst four theoretical 


| | Tablei | Table III | TableI | Table III | 


) 
| 
| 
| 
| 


| 
| 
» | 9*290 3°398 tT é 
Observed “a 8+333 rhe 13 6°297 1°865 
02 | Ode oot Observed | Jao 6°346 | 1°S17 
= stn a) Saree | Qs 7°070 1881 | 
nae »| Ba | 0°990 3°363 
“Conditioned | “e | bon oars a —— 
Boz ve Soto 18) 
nei | 913 8-022 2°111 
a “Conditioned” | 22 7-580 | 1:866 
} EB 39 De] oe 8-799 1°777 
| ) 30 4 59 | 731 2 iid 
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curves, the other three curves having all four moments equal to those observed ; 
(iii) that notwithstanding the large deviations in the A,’s of the marriage data the 
Logarithmic Normal Curve gives as good a representation of the margins as the 
best-fitting Pearson curves. The equality of the fits in this case can be explained 
on the ground that when the §’s are very high, the form of the frequency curve is 
not very sensitive to a change in them. Otherwise, we are bound to conclude that 
the agreement between the observed and “conditioned ” values of the fourth order 
moments is not close enough for justifying the application of the logarithmic 
surface. 


(c) The criteria justifying the use of Dr Rhodes’ surface 


gu — 7 V Bip = fy (1 — r?) (2829 — 3840 — 6) ) 71)* 
oe ee eee Eee ee ee (4 
giz — 7 V Bo = V 3 (1 — 1?) (2802 — 381 — 6) } 
were examined for all six distributions. In each case the “conditioned” Bz was 
found by assuming for the other constants their observed values. In the table 
below # has the same meaning as in (a). 


| | | 
| TableI | Table II | Table III | TableIV | Table V | Table VI 
| | 
| ~ 5 “2 -_ “| ts | = | | 
Observed | 8 | 9290 | 2-430 | 3-398 | 3-274 | 2-862 1-863 
eee 1 Boa | ass | S62 | 3209 | 3215 | 2862 | 3-654 
a | 
= f~ | — | : i — 
| <Canditionsd®| Ge | oasz | aes7 3332 | 3319 | 3249 | 4-257 
j ~oneitione’' | Be | 8803 | 3-960 | 3325 ] 3-288 | 3-243 | 3-388 
| | 
er. 7 | aaah 
E | Bop 80 1°2 6 5 2°8 
i Bi 14 1°3 98 5 2°5 


The conditions are satisfied best for the data of Tables I and IV; for Table I 
certainly far better than were the conditions of the Logarithmic Surface. Un- 
fortunately, the partial moment and marginal curves, not being expressed in finite 
form, cannot be directly discussed. The disagreement obtained in the case of 
Table IV will be sufficient, I think, to affect appreciably the goodness of fit of the 


surface. 


5. The Marginal Distributions. Pearson’s system of curves, the Type A series, 
Zdgeworth’s translated curves, and the Logarithmic Normal Curve were used in 
specifying these distributions. Edgeworth’s curves do not appear as marginal totals 
in his translated surfaces, but being at the basis of the method of translation as 
applied to correlation, they could not be left out of consideration. 


* The equations show that, strictly, the surface cannot describe distributions whose marginal totals 
have f’s lying below the Type III line, i.e. in the Type I area. 
14—2 
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The probability integral of the Type A series is 


é 1 , 1 
[ z,dx = N Ke + a) — —= VB. 73 — == (Ba — 3) T4 
y 6 V 24 


J -« \ 
- 2 10 V8.0) Ts — 5 — (Ba— 1582+ 30) T. — | 
V¥120° V720 4 
= N[4E(1 + @) — dg7g — 474 — Us Ts — Ug Te — «++ ] -seeeeeeeeeee eens (72), 
where t = 2/04. 
The equations of Edgeworth’s curves and that of the Logarithmic Normal 
Curve are 


N “2 \ 
y= . ee ] 
. St Ee een ee ee (73), 
a=a(E+ ke + r€) j 
1 /logz—1l,\? 
Nog st : . 
and y= loge 1 .e a( *1 ) eh eg Ob aa eae (74), 


VOm 6, @ 
In referring to a particular frequency group, I shall state only its central value. 
Marriage Statistics. The f’s of the margins are 

Bi = 4°057,531, Po = 3°853,680, 
Bo = 9°290,441, Bog = 8°332,812. 

Turning to Diagram (1) we notice that both pairs of §’s fall outside the area 

demarcated for the application of Edgeworth’s curves. They suggest further the 

application of the Logarithmic Normal rather than of Type Aa. But before passing 
on to fitting that curve and the Pearson curves, we shall consider the correction 
of the moments for abruptness. 

The sub-frequencies necessary for applying these corrections were obtained 
from the original table in Knibbs’ Mathematical Theory of Population, the sub- 
intervals being single years. Discarding in the distribution of age of bride the 
observations in the lowest age-group, I find for the uncorrected and corrected 


moments about the beginning of the age-group 15°5 the following values: 


Uncorrected Sheppard’s Corrections Abruptness Corrections 
applied applied 

vy = 3°907,280 ja’ = 3:907,280 jy’ = 3°907,140 

ve = 20°635,594 Be = 20°282,261 He = 20°282,190 

v3 = 142°046,089 bs. = 141°069,269 bs = 141:069,626 


The moments of the distribution of age of bridegroom about the beginning of 


age-group 16°5 are: 


Uncorrected Sheppard’s Corrections Abruptness Corrections 
applied applied 

m= 4794355 fy = 4794355 fy = 4794,353 

ve = 30°042,820 pg = 29°959,486 pe = 29°959,558 


3 = 247°854,858 bs = 246°656,269 Bs = 246°656,42: 


| 
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The slight difference between the values of the corresponding moments in the 
5 if 5 
last two columns establishes for these cases the sufficiency of Sheppard’s corrections. 
s PI 
(a) x-Margin. (i) The f’s suggest a Pearson Type VI curve. The curve was 
fitted by fixing its start and by determining its constants from the first three 
moments. As a first trial the start was fixed at the beginning of the age-group 15°5 ; 
but this gave a too high frequency in the first group. The start was then fixed at 
a distance of 3°7 grouping units from the mean, ie. at age = 14°622 years. This 
led to 


Y = Yo (x — 5°26753)tO™ , 9:18 00086, 


where log yp = 15°584,963, the §’s of the curve being 
Bi = 4058 346, Be =11°706,379. 
(ii) The constants of the Logarithmic Normal Curve found from equations (12) 
and (13) are 
£&,=3°73516, 1,=°50562, s,=°24068. 
The curve starts at 14°516 years, and its §’s are 
B= 4°057,531, Boo = 10°990. 


The frequencies are shown in Table IX. Notwithstanding a relatively large 
difference between the 2's, the curves are markedly similar, there being not 
much to choose between them. Both curves tail off too slowly at the higher age- 
groups and fit badly at the lower; but here the material is undoubtedly spurious. 
Taking the largeness of the numbers into consideration, I think the graduation is 
not unsatisfactory. 


(b) y-Margin. (i) Instead of the Type I, indicated by the B’s, I tried a 
Type III and Type I, by fixing arbitrarily the start of the former curve, and the 
start, range or mode of the latter. But not one of the many trials that were made 
produced reasonable results; the curves could not be made to give correspondence 
at the tails as well as at the maximum frequencies. Finally a Type II 

L= XM. e— YY ( l + y/a )P 
was fitted with start at the centre of the age-group 19°5. The position of the 


mode * 


was fixed by choosing a= 1°76; while in assigning to p the value 1:2, I paid 
more attention to the modal frequency of the distribution than to its variability. 
The other constants are 

y="68182, a= 700046, 


the A’s of the curve being 8, = 1°818, Bog = 5°727. 
(ii) The Logarithmic Normal Curve fitted from the first three moments has 


m= 449910, 1,=°58884, s,='23629, Bo =10°554, 


its start being at 15°886 years. 


* A smoothing cubic fitted to the five largest frequencies about the mode gave the position of the 
mode at 1°8 grouping units from the centre of age-group 19°5. 
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TAB 


Marginal Distributions of Ages of Brides and Bridegrooms, Australian Marriages. 











LE IX. 





Bridegrooms 











\ ea, 2 
| Brides 
ee, a ia 
Age of | Observed | Theor. Freq.| Theor. Freq Age of 
| Bride | Frequency | Type VI |Log. Normal} Bridegroom | Frequency 
| } 
} ed ee: ed. Aika aa oe hd 
| 12-5 | b — /— 16°5 294 | 
15°5 2.975 3,412 | 2.207 19°5 10,995 | 
| 185 | 38,291 | 44,620 14,776 22-5 61,001 | 
| 21° | 80,847 | 74,649 77,051 25°5 73,094 | 
245 | 71,010 | 64,826 64,894 28°5 56,501 
27°5 14,541 14.346 43,568 31°5 33,478 | 
30° | 2496] | 27,603 7,008 34-5 20,569 
| B3°5 13,752 16,590 16.318 37°5 14,281 
36°5 8,883 9,896 9 831 40°5 9,320 
39°5 6,062 5,936 5,966 13°5 6,236 
12°5 | 3,478 | 3,605 3,664 16°5 4,770 
45°5 2,605 | 2.222 2.281 19°5 3,620 
418°5 1,805 | 1.393 1,442 )2°5 2.190 
51°5 1139 | 888 924 55*D 1.655 
54-5 645 | 575 601 8°5 1,100 
| 57°5 o13 | 379 396 61°5 810 
60°5 291 253 264 64°5 649 
63°5 242 72 179 67°5 187 
66°5 206 118 122 70°5 326 
| 69° 130 | 82 84 73°5 211 
| 72°5 56 | 58 59 76° 119 
75°D 2 | 1] 1] 79°5 73 
78°5 16 |} 30 29 82°5 27 
| 81-5 6 | 22 21 85°5 14 
| 84°5 l } 16 15 SS*D | 5 
| - | { { - | ‘miei 
18 14 
| \ 1 — 
|- — = a ae 
Totals | 301,785 | 301,780 | 301,785 — wae | 
| | | | 
=i 7 | 7 
| 
rere 
Rage Ne | Sg _ 


The frequencies are seen in Table IX. 
Type III fails to give a description of the long tail ; while the Logarithmic Normal, 
being better here than the Type III, is inferior to it at the mode. The divergence 





of the ’s of the curves from those observed is noteworthy. 


Birth Statistics. (a) «-Margin. The observed §’s 
Bw = 100,603, 


Bo = 2°430,327 
fall outside the compass of Edgeworth’s method of translation; the distribution 
was used in Section C, 2 simply for illustrating the type of singularity to which 
the method of translation is subject. 


Type III 


9,256 
57,339 
68,434 
56,867 
10,827 
27,073 
17,075 
10,405 
6,184 
3,605 
2.068 
1,177 
660 
367 
203 
112 

61 

33 

18 

10 


11 











Log. Norma! 


259 
19,453 
56,819 
64,141 
51,989 
36,894 
24,735 
16,203 
10,542 

6,869 
4,503 
2,977 
1,987 
1,339 

912 

627 

435 

305 

216 

154 

111 

SO 
59 
43 
32 
j 0 
4 l 


301,785 


| Observed | Theor. Freq. | Theor. Freq 








As could have been expected the 
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(i) The equation of the Type I with start fixed at age 15°60*, and fitted from 
the first three moments, is 
) 69440 


" 


\ 1.81499 r 
y = 756 6 , oo 
y= 759116 (1 + 6719035) (1 12-4583 


TABLE X. 
Marginal Distribution of Ages of Mothers, Australian Births. 
+ 


Theor. Freq. Theor. Freq. 
Type I Type Aa 





Observed | 
Frequency | 


| 
| 
Age of 
Mother | 
| 














| 1766 
‘s. ae 
| 13°0 3 | -- 391 | 
15°0 19] 1G 3,570 
17°0 4,573 6,105 | 10,482 
19°0 21,322 22,871 | 22,049 
21-0 12,758 41,996 37,545 
23-0 62,620 98455 | 64,745 ~~ | 
| 25-0 73.423 69.796 | 67,472 | 
| 9270 74,83 75,176 | 75,848 | 
| 29-0 72,640 74,822 76,574 | 
31°0 65,182 69,637 71,313 
33-0 58,407 60,909 | 62,121 
35-0 18.834 50,071 50,833 | 
ec 39,932 38,524 38,804 | 
39-0 31,050 27,485 27,222 
| 41-0 18975 | 17,878 | 17,937 
43°0 11,283 | 10,359 | 9,678 
} 45°0 4,365 5,088 4,734 
47-0 1,072 1,943 1,973 | 
19°O 199 176 676 
51-0 13 44 | 175 
a . 2a ef oe ay 
55:0 2 _ \ | 
| | 
| | | | 
Totals 631,682 | 631,682 631,682 
| | 
| ee ne ee sen 
| | 
x” | 
| : I—— = 
P wk | » 








(ii) For the Type 


Aa probability integral we have 


dg = 129,488, ag=—‘116,284. 

The theoretical frequencies tabulated in relation to the observed in Table X 
show a superiority of the Type I over the Type Aa; that curve, though, does not 
fit very well itself. 


* Again many experiments were made to find the best-fitting curve. 
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(b) y-Margin. (i) The Pearson curve determined from the observed f’s 
Bu ="524,655, Box = 3°624,169 


. 105.928°6 (1 y 3.64155 , y 39.0438 
1S Z= 0,SL0'°0 ( + usea7o) ( = 43°57 1 ia) e 


The start of the curve is at 16-089 years. 
(ii) The Type A probability integral is 


Pg 
zy. dy = N[4(1 4 q%) — ‘295,707 73 —*127,40874 — 060,2227; — -234,70476—...], 


where t= y/o2. The higher #’s were found from the observations; the series was 
fitted up to tT, only (= Type Aa). 

(11) The parameters in Edgeworth’s curve have the following values : 

N=— 00717, k='17717, a=351098. 
The median is at 32°567 years. 
(iv) For the Logarithmic Normal Curve 
m= 10°52763, 1,=1:01046, se='10153. 
The start of the curve is at 1917 years; the “conditioned” So: = 3°947. 

The corresponding frequencies are compared in Table XI. A “ break” occurs in 
Edgeworth’s curve at age 1971, corresponding to a deviation of & = —2°456* from 
the mean of the normal curve. About one-thousandth part of the area under the 
normal curve is thus folded over. Beyond this “ break” ihe curve fits very well but 
loses its advantage of course if the first two groups be taken into consideration ; 
the Type I is then to be preferred. In the tetrachoric series the 7; and tT, terms 
are evidently not negligible; while the large difference between the observed Boz 
and that of the Logarithmic Normal Curve accounts for the failure of this curve. 

Barometric Heights (Whole Year). The two marginal columns being practically 
similar, I examined only one of them: the #-margin. The observed f’s 

Bap = "203,214, Bop = 3°397,763 
lie in the Type IV area very close to the Type V+ line; they conform also 
approximately to the relation between the §’s of the Logarithmic Normal Curve. 

The theoretical curves with their constants are as follows: 

(i) Pearson’s Type IV: 


ns adeineeds ts x 

— "1 . a2 ptt a RY 76°85828 tan ' 9°56913 
= Yo enone 

em 91°56833 


where log yo = 57°481,845. 
(i) Type Aa probability integral : 
(tg ='184,086, ay= "081,193. 
(iii) Edgewort h’s translated curve: 
='01045, &='10559, a=4'26484, 


the median being at 29°803”. The curve presents no singularities in this case. 


There is another break at ¢= + 18°939. 


t The Type V, with the observed 8,,,, has its 8.)=3°385 and gives x?= 72°39. 
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TABLE XI. 


Marginal Distribution of Ages of Fathers, Australian Births. 

















| | 
| Age of Observed Theor. Fre (|. Theor. Freq. Theor, Freq. Theor. Freq. 
| Father Frequency Type I Type Aa Edgeworth | Log. Normal 
1 ' 
ae ers ere See eee eee 
| | 
| | J-705 | = | {s2 | 
| | on | \ — | 
| 16°5 181 f 131 | 3,154 | 1,689 
| 19°5 7,936 19,175 | 13,464 11,342 
22°5 10,789 39,776 35,168 | 36,613 
25°5 79,964 76,959 66,936 71,852 
| 28°5 99,328 100,662 | 97,806 | 99,451 
| 31°5 | 102,303 104,277 | 112,097 107,052 | 
90,670 92,260 | 102,082 95,787 
73,609 72.643 | 75.335 74,643 
52,930 | 52,183 | 17.500 52.376 
35,507 34,744 28,799 33,913 
21,817 21,669 19,101 | 20,639 
12,781 12,748 13,527 11,968 | 
6,717 7,109 8,920 6,684 
5d5°*5 3,587 3,775 4.99] } 3.626 
| o8°5 1,821 1,908 2,294 1,922 
61°5 911 921 862 1,001 
64°5 189 425 266 27 D15 
| 67°5 183 187 68 193 262 
70° 85 79 14 84 132 | 
73°5 38 32 eS 35 67 
76°5 25 | { 12 | {3 15 33 
79°5 9 { { 6 17 
=e tes oe oe ae 
{s 
ad a = | 
| | | | 
| Totals | 631,682 631,682 | 631,682 631,682 631,682 
| 
s | ES 
| 2 — LSO-4 | 299-4 | 
x | | 296 | 
| | 


| P ‘000 —_ ‘000 


(iv) Logarithmic Normal Curve : 
&, = 20°64737, 144=1:31009, s,=-06442. 


2 


The curve starts at 31:846” and its “conditioned ” Bs = 3°363. 


The frequencies are seen in Table XII. It is obvious that the first three 
curves, with both their 8’s equal to those of the data, are superior to the Logarithmic 
Normal Curve—the difference between the observed and computed £2 being only 
about ‘6 of the standard error of the latter. The values of y* are not directly com- 
parable ; the number of categories is less for the Type Aa than for the other repre- 
sentations. If this be borne in mind, then there is not much to choose between the 
first three sets of results. 
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TABLE XII. 
x-Marginal Distribution of Barometric Heights (Whole Year). 



































Barometric Observed Theor. Freq. Theor. Freq. Theor. Freq. Theor. Freq. 
Height Frequency Type IV Type Aa Edgeworth Log. Normal | 
fo | jo { ong 
~ 2 | *5 2°6 
30°75 i T | \ 
30°65 | 13 13 19°6 14°0 
30°55 73 63 81°3 63°7 
30°45 258 | 220 243°9 218°7 | 
30°35 563 583 583°6 579°1 | 
30°25 1148 1219 1165°8 1214°1 | 
015 | 1951 2074 1976°6 2071°6 | 
30°05 | 2951 2948 2878°0 2952°8 
9:95 | 3749 | 3595 | 3623-7 3601°7 | 
29°85 3921 3835 3966°9 3840°8 
| 29°75 3700 3648 3798°1 | 36483 
19°65 3176 3140 3209°8 3136°7 
| 29555 2333 | 2479 | 2434-0 2475°2 | 
29°45 1752 1817 1703°3 1813°4 
29°35 | 1233 1247 1143-8 1246°0 
| 29°25 | 813 810 | 763-9 809°6 
2915 | 542 | sor | 5112 501°2 | 
29°05 | 282 | 296 333°9 297°4 | 
28°95 | 189 169 204°9 170°0 
28°85 | 81 93 | 114°6 | 94:1 
28°75 | 60 50 | 57°3 50°6 
28°65 13 a7 4 | 265 
28°55 12 13 9°8 13°6 
28°45 f ae | | | 3°6 6°8 
98°35 | x 7 
ion | | 6 | 41-5 1 o4 
| ue | | fa. 
mo ia ays ) XM 
} | | 
— — er — | - 
Totals 28.855 IS B55 28,855 | 28,855 28,855 
i ee 
x? | - 68°54 | 61°95 64°96 79°63 
} 
erick agen eer —— ars 
Z P | | ‘000 | “000 | “000 “000 
eee | 








Barometric Heights. «-Margins* of (a) Summer and (b) Winter Months. 
(a), (i) The f’s satisfy approximately the condition of the Type III curve. 
The resulting equation is 
, 18.84204 
— 94,65°72 . e—1-84384a (1 + ; ) 
’ 2409°C2 . € 
J 10°21891 
The start of the curve is at 30°866”. 
(ii) The coefficients of the tetrachoric terms are 
dg = 183,299, a,=*056,014. 
* Edgeworth’s curve was not fitted to these distributions, for they are of more or less the same 
degree of skewness as the distribution considered in the last paragraph. 
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(b), (i) The appropriate Pearson curve is 


/ . \ 3-62656 


y = 151938 (1 —, 
with its start at 30°748’’. 


‘ £ 9.03580 
‘eeesi7) (1 - asoeara) 
(ii) The Type Aa integral has 

dg = 153,949, 

The frequencies for both margins are shown in Table XIII. The goodness of 

fit, as measured by P, manifests the superiority of the Pearson curves over the 


Type Aa. 


a= 028,267. 


TABLE XIII. 


x-Marginal Distributions of Barometric Heights (Summer and Winter Months). 






































| | 

| Summer Months Winter Months | 

| Barometric m . | . as ‘ fe - 

Heicht Observed | Theor. Freq. | Theor. Freq. ] Observed Theor. Freq. | Theor. Freq. 
oa Frequency | Type III | Type Aa Frequency | Type I Type Aa | 
| in inches 7 | . a “ ; | 
=e ———— = see |e — ee 
‘a a = es we $i 

30°75 _ | - _- 7 f f (-11-1 
30°65 — - = 13 (116 | 48°7 
29°05 — { { 73 81°3 129-7 
30°45 10 1 10°5 | {11°20 248 250°8 | 270-2 
30°35 81 79°0 102°6 182 508°9 | 78°3 

| 30°25 | 338 329°9 | 344°3 810 811°6 | 743-9 

} 30°15 | 830 862°2 825°4 1121 1103°0 1034°1 
30°05 | «1576 15803 | 15131 1375 1334-8 1298°8 
29°95 | 2256 } 2196°3 | 182°3 1493 1475°6 1485-7 
29°85 | 2427 | 446°4 2516°2 1494 1514-7 1559°0 | 
29°75 | 92979 | 2274°1 2353'8 1421 1458-7 1511-7 | 
29°65 1812 1818°4 1827°2 1364 1327°0 1365°8 
29°55 1236 | 1280°4 1226°1 1097 1145°1 1159°7 
29°45 822 | 808°7 75674 930 939°6 933°6 | 
29°35 484 | 164°8 452°9 749 733°8 717-7 | 
29°25 | 252 =| 24671 262°7 561 545°2 5288 
29°15 122 121-2 140°0 420 | 3847 373-2 
29°05 17 56°0 64°8 935 957°2 251°2 | 
28°95 27 24°4 25°2 162 1621 16071 | 
28°85 9 Ol =| 871 72 | 95°8 96-0 | 
28°75 5 iO | 2°] 55 52°7 53°7 | 
28°65 : | te - 41 | 26-6 27-9 | 
28°55 si ‘eae | ‘tis 12 12°2 13°5 
28°45 . — | ie 4 4-9 6°0 
28°35 ae = = 1 { 
. | 21 | 38 | 

~- } —_— — —_ \ \ 

| Totals 14,615 14,615 | 14,615 14,240 | 14,240 14,240 

| | 

| x? +8 7°73 33°76 a | 34°49 89°64 

| P — ‘956 -006 — “032 ‘000 | 

} | | 














of Beans 
in mm. 





Length 
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Length and Breadth of Beans. (a) «-Margin. 
(i) The observed f’s 


led to the following Pearson Ty 9e IV curve 
: 


72 \ — 834886 - 18°38043 tan! 


y = "395,121 (1 tome Le 15949 | 


(ii) An extensive trial with the Type A series was made in this case ; successive 
approximations, including the Type Ab (see p. 114), were considered. These are 
denoted in Table XIV by the symbol &, the suffix indicating the order of the last 
tetrachoric term in the approximation. The higher ’s involved in the coefficients 
of the tetrachoric terms have the observed values 


8’ = — 12°574,125, By =53'221,083. 


TABLE XIV. 


Marginal Distribution of Length of Beans. 








Observed | Theor. Freq. | Theor. Freq. | Theor. Freq. | Theor. Freq.| Theor. Freq. | Theor. Freq. | Theor. Fre 
Frequency Type IV Type Aa=>,| Type A=z, | Type A=>, | Type Ab=>,, | Edgeworth | Log. Norm 
{. {ies - —15°2 ? {20 | 30°2 a 
6 ( y ind ( 12-8 13-7 | ~35°3 ( 26'8 {us bial 
55 ) 28°5 25°6 | 116°6 } 22:3 ) —50°6 ) 38°6 Vt 
275 | 299°3 241°7 | 370°4 j | 438°1 | 293°4 | 280°4 | 280°5 
1129 1181°6 1012°7 926°2 ~1214°0 1244°9 1136°6 1255°2 
2082 2132°6 2155-4 1833°0 1866°9 2182°7 2177°9 2163°8 
2294 2229°8 2593°0 2506°4 2112°8 2275°6 2269°5 2179°6 
1787 1638°9 1788°4 2082°6 1916°7 1654°6 1625°3 1598°5 
929 968°9 713-4 921°3 1183°4 924°8 948°2 965°0 
137 503°6 280°7 199°O0 371°2 419°6 195°6 515°3 
199 243°7 258°7 132°1 66°9 206°1 244°2 254°5 
115 113°8 206°2 178°] 101°2 144°2 116°5 119°5 
70 52°5 98°7 117°0 1L07°1 90°7 54°7 544 
36 24°2 29°6 413°5 54°0 38°2 25°5 | 24°3 
18 ie a9 as fy { 10°3 ("ss ee 
7 54 { 7 ae a 5:5 4°8 
| 26 . it ’ | r= {2 , | 2°6 2+] 
— { ee 
~“<1°9 +2°3 4 1°7 
{ | 
9440 9440 9440 9440 9440 9440 9440 9440 
— 50°3 325°9 608°9 425°3 85°6 16°04 89°0 
— “000 000 























1eor. Fre 
»g. Norm 
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Whence we get 


rt 
zz.dx = N[4(1 + a) +°371,73873 — 380,27274 + °316,6237, — “382,99875 +... ]. 


pet 
The coefticient of t,= — 309,001 in the Type Ab approximation. 
(iii) Edgeworth’s curve has 
X= 05836, k=:20676, a=2°29416; 
its median is at 14°523 mm. 
(iv) The Logarithmic Normal has 
&,=6°10087, 1,=°76728, s,=°12544; 
it starts at 17°445 mm. and its Bo = 4509. 

The frequencies are compared in Table XIV. The practical non-convergency of 
the Type A expansion, which is suggested by the coefficients of the successive terms 
in the series, is brought out clearly by the results in columns 4, 5 and 6. The effect 
of the 7; and 7, terms is to reduce instead of to increase the goodness of fit. More- 
over, there is a hump in the curves at # about 12 mm. which is contrary to the 
nature of the data. The Type Ab produces negative frequencies at the high values 
of the variable, but beyond this it fits better than any one of the other approxima- 
tions. I fail, however, to find any a priori justification, in this case, for neglecting 
the t; term. Edgeworth’s curve gives the best representation of the data ; it presents 
no singularities and fits better than the Type IV at the high values of the variable. 
The Logarithmic Normal is rather unsatisfactory, especially at its start. 

(b) y-Margin. The observed (’s 

Bu = 194,333, Boo = 3°654,374 
led to the following curves: 
(i) Pearson’s Type IV 
y 
5°30956 


w = 266:445 (1 + 


y 11°16896 10°52409 tan“? 
et : 

(ii) Type Aa integral 

ds = —°179,969, ag =*133,574. 
(iii) _Edgeworth’s curve 
r= °03079, k='10055, a=1'82812, 

with its median at 7°998 mm. Again there are no singularities, 

The frequencies are given in Table XV. The goodness of fit,as measured by P, 
shows a slight superiority of Edgeworth’s curve over the Type IV, and a distinct 
superiority of these two curves over the Type Aa. 

The results of this section point to the following main conclusions : 

(i) Of the curves we dealt with, the Logarithmic Normal is easiest to apply ; 
but because of the relation between its fourth and lower moments it is of small 
practical use. When A; and #2 are not large, even a relatively small deviation from 


this relation affects appreciably the goodness of fit of the curve. 
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TABLE XV. 











eae eS erie ‘a co (ai eet | 7 

| Breadth of | Observed Theor. Freq. | Theor. Freq. | Theor. Freq. 

Beans Frequency | Type IV Type Aa Edgeworth 

ase aE RS TE es se lend eidale 

| | | 

| 9125 5 {#3 

8°875 | 18 49°4 
8°625 400 | 385°7 
8°375 1483 1513°6 
8°125 | 2742 749°7 
7°875 2579 2528 °2 

| 7°625 1397 1403°0 

| '7°3°75 530 | 557°4 
7°125 170 179°7 
6°875 72 51-1 
6°625 | lo | | ( 13-4 
6°375 { ee 

| | 4°5 

| a 

| | ae 
meme tae = — | = 3 
Totals | 9440 | 9440 | 9440 9440 

| | 

| ‘ . : a ee) 

| 

x? 14°38 | 18°18 13°50 
\— ——-| | ied 
P 110 | “033 “140 
| | 


(ii) As a general frequency function the Type A expansion* with either of the 
approximations to it, the Type Aa or Type Ab, is inferior to the Pearson or 
Edgeworth curves. It is simple to apply, but unless the distributions be only 
moderately skew, this simplicity is not commensurate with the accuracy sacrificed. 


(iii) Edgeworth’s translated curves, although they also have definite limits of 


applicability, have a much wider range than the Type A series has. As set out in 
Section C, 2 the method is not a universal one for describing frequency distribu- 
tions; it is discredited for all but a small portion of the Pearson Type I area. 
Within the set limits, however, they give as good a representation of the data as 
the Pearson curves do. The method has the disadvantage that the start of the 
curves cannot be fixed at will; and if a high degree of accuracy is desired, the 


determination of the fundamental constants as well as the solution of a number of 


cubic equations becomes rather lengthy; it has the advantage that the theoretical 
frequencies are directly obtainable. 

(iv) The Pearson curves are the most useful and most general of those con- 
sidered ; they will describe almost every variety of distribution we have to deal 


with in practice; the start of the non-symmetrical curves, except in the case of 


* See also the remarks on pp. 113—114. 
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Type IV, is adjustable to the nature of the data. The greatest drawback of the 
system lies at present in the amount of numerical work it entails. 


F. General Considerations. 

In Section C, I gave an account of the contributions that had been made to the 
solution of the problem of describing mathematically skew bivariate frequency 
distributions. After having further analysed, in Section D, some of the character- 
istics of two or three of the proposed frequency functions, I passed on to a detailed 
graphical analysis of six observed distributions with the object of studying the 
generality of the theoretical surfaces. These results will now be embodied in a 
short discussion of the more outstanding aspects of the problem. 

As a general starting-point from which a system of skew surfaces can be 
developed, the idea of axes of independent probability does not appear of great value ; 
the heteroscedasticity of sections parallel to the principal axes through the modes of 
the distributions, such as we have actuaily found to exist, proves the interdependency 
of the transformed variables. Of course, this method might be adequate in certain 
isolated cases, but as its application will generally have to be justified by a 
comparison with other representations, there seems to be no point in using it. 

The method of linear transformation suggested by Steffensen includes the 
above as a special case. It, too, consists in replacing the correlation function by 
the simple product of two univariate functions, but the axes representing these 
new variables are not necessarily rectangular; the angle they enclose is deter- 
mined from the moments about the original axes. It is under this group, I think, 
that Dr Rhodes’ surface may be classed. Although these formulae have the advantage 
that they can be applied with relative ease, their breadth of application is limited 
by their not allowing for enough freedom in the variation of the array and marginal 
distributions. The small number of parameters they contain requires certain relations 
between at least the fourth and lower order momental constants to be satisfied. 
But such relations seem rarely to exist in practice ; those pertaining to the Rhodes’ 
surface are satisfied approximately by only one of the distributions considered. 
Apart from these limitations, the formulae suffer from the serious disadvantage 
that their array moment and marginal curves are not finite expressions and thus 
not of any direct practical use. 

The supposition of homoclitic and homokurtic array-sections from which 
Narumi developed his system of surfaces is not supported by our numerical illus- 
trations. The data of Tables I—V involve (entangled with an irregular variation) 
a regular variation in the shape of the arrays; for the arrays of Table VI no 
regularity, whether changing or constant, is discernible. I am inclined to think, in 
fact, that the conditions presupposed by Narumi will physically very seldom be 
realised if each variable has a more or less distinct upper limit and if neither of 
these limits is a function of the other variable concerned. Thus, if there be 
positive correlation the « (or, y)-variable attains a greater freedom of variation in 
the direction of its upper limit as y (or, «) decreases in value. The arrays tend to 
become more and more symmetrical and may ultimately even become skew in the 
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opposite direction if the variables have lower limits as well. This is what actually 
happens in the distributions with which we have been dealing. While the condition 
of similar parallel sections seems likely to be fulfilled sooner by the transformed 
variables represented by the principal axes through the mode or mean of the 
distribution, than by the observed variables, the enquiry we made as to this led to 
rather discouraging results; the method is moreover handicapped by the un- 
wieldiness of the resulting array moment curves. 

The direct extension of a system of frequency curves to the corresponding 
system of surfaces is, perhaps, the most natural way of approaching the skew-corre- 
lation problem. Several such attempts have been made involving the Pearson 
curves, Edgeworth’s translated curves, the Type A series, and the logarithmically 
transformed Normal curve. Accordingly it was necessary to make a comparative 
study of these curves; the conclusions arrived at place the curves in the above 
order for general adequacy in representing observed data. Owing to the difficulty 
of mathematical analysis, it has up to the present not been possible to derive a 
general system of surfaces from the Pearson curves. Edgeworth extended his 
method of translation to two dimensions and discussed the two cases where the 
equations of translation involve the observed variables (i) separately: simple 
translation ; and (ii) conjointly: composite translation. The relations between the 
moments which justify simple instead of composite translation are not even approxi- 
mately fulfilled by our distributions; while composite translation is not feasible. 
It is further to be observed that here, too, the array moment curves and marginal 
curves cannot be directly discussed. In summarising the relative advantages of 
the Pearson curves and the method of translation, Edgeworth claimed as a proposi- 
tion in favour of his system that “it is adapted to the representation of frequency 
surfaces”; the proposition is true, but in the light of the analysis we have made 
it carries hardly any weight. 

The Type AaAa (or, 15-Constant) surface still remains the most general of the 
surfaces that have been propounded. Its value lies more in its having 15 available 
constants, however, than in the form of its equation. Its limitations are essentially 
the same as those of the Type A expansion which we discussed in Sections C, 2 
and E, 5. The simplified form of the Type AA surface suggested by Jgrgensen, 
where the generating surface is the simple product of two normal curves, is still 
less efficient as a skew bivariate frequency function. The differential terms alone 
are inadequate to give an account of the correlation. The Logarithmic surface, 
equation (30), is fully specified as soon as all the moments up to the third order 
are known; it has consequently only 10 available constants; the relations between 
its fourth and lower order moments severely restrict the generality of its applica- 
tion. For a discussion of the regression, scedastic, clitic, and kurtic curves of these 
two surfaces, we refer the reader to Section E, 2. From the scedastic curves 
onwards the fits obtained are rather ansatisfactory ; but having only one surface 
with 15 constants and one with 10 at our disposal, we do not know what goodness 
of fit really can be obtained in fitting theoretical array moment curves to observa- 


tional data. A consideration of other characteristics of the surfaces, however, leads 
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one to anticipate that better results could be obtained only with surfaces whose 
sections and marginal totals are more successful than the Type A and the Logarithmic 
Normal Curve have been found to be in representing observed univariate distributions. 

It can still be said, in conclusion, that after more than thirty years the pro- 
blem still remains the “most urgent task before mathematical statisticians.” The 
solutions that have been put forward will be serviceable in certain special cases ; 
but no satisfactory solution to the general problem has yet been reached. 


I wish to acknowledge with gratitude my indebtedness to Professor Karl 
Pearson for proposing the subject of this study and for his continual kindly advice 
and criticism. I am also indebted to Miss Ida M*Learn and Miss Joyce Townend 
for preparing the diagrams so well. 
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THE DERIVATION OF CERTAIN HIGH ORDER SAMPLING 
PRODUCT MOMENTS FROM A NORMAL POPULATION. 


By JOHN WISHART, M.A., D.Sc., Statistical Department, 
Rothamsted Experimental Station. 


The recent publication, by R. A. Fisher*, of a paper on the derivation of 
moments and product moments of sampling distributions has not only brought 
to a focus the work that has been done in this field by a large number of workers, 
but has also set these different contributions in their true perspective, and shown 
them to be partial attempts to deal with the whole matrix of direct and product 
moments of the various symmetric functions customarily calculated from the sample, 
and used as presumptive values in defining the population of which the sample is 
a member. Dr Fisher has supplied all the formulae required up to the 10th degree, 
together with four others of special interest of the 12th degree. He gave in addition 
a rule rendering it unnecessary to deal in the above classification with moments 
involving powers of the first sample moment coefficient, i.e. the mean, a further rule 
(dealt with in greater detail elsewhere+) for finding, for normal populations, the 
variance of the rth symme'c function of the observations, as defined by him, and 
an extension to multivaria:. distributions. It might seem that these results were 
sufficient, and that still hijyher order results, if they could be derived, would be of 
no practical utility. Buc at the end of his paper, in a section dealing with measures 
of departure from no lity, Dr Fisher considered a problem requiring new 
formulae of higher deg in order to determine the second, fourth and sixth semi- 
invariants of an expression analogous to Vf; of the sample, and similar expressions 
for the equivalent of 8,—3. These expressions are only approximate, being expan- 
sions in powers of 1/n, and proceed as far as terms in 1/n? in the first case and 1/n 
in the second. If it is desired to proceed to a higher degree of approximation in 
order to test the convergence of the series reached, particularly for the higher semi- 
invariants, and so to determine how large the sample must be before deductions can 
safely be drawn as to the normality or otherwise of the population from which the 
sample has been taken, then further formulae are required. It is the purpose of the 
present paper to supply the formulae which will enable the results to be pushed to 
a further stage in the approximation. Their application in this connection has been 
made by Dr E. S. Pearson in the paper following this onef. 

As a number ef different papers have appeared on the subject in the last year 
or two, it may be well to begin by pointing out their essential differences. Thiele, 
* R. A. Fisher, Proc. Lond. Math, Soc. (2), Vol. xxx. (1929), pp. 199—238. 

+ J. Wishart, Proc. Roy. Soc. Edin, Vol. xir1x. (1929), pp. 78—90. 
t See pp, 239—249. 
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in 1889*, after defining the semi-invariants, used symmetric functions of the 
observations of a sample which are the same functions of the sample moment 
coefficients as the population semi-invariants are of the population moment coeffi- 
cients. He supplied an expression covering ¢ il the semi-invariants of the mean ; the 
first three semi-invariants of hissymmetric function of 2nd degree (i.e. of the variance); 
the first two semi-invariants of his 3rd and 4th degree expressions; and the first 
semi-invariant or mean value of his 5th and 6th degree expressiens. The steps in 
the derivation of these formulae were only outlined, the results depending on the 


use of tables of symmetric functions of the roots of equations; such tables were 


; 
given by Thiele at the end of his paper. Earlier tables of this kind had been given 
by Cayley and other writers+. Later, in 1903}, Thiele added a fourth semi-invariant 
of the variance, and the mean values of his 7th and 8th degree expressions. 

Later Tchouproff§ obtained certain general results for the moment coefficients 
of moment coefficients, and in particular gave formulae for the first four moment 
coefficients of the variance ; these were also given later by Church||, by a method 
which has been described as the method of “Student ”4; it is essentially the same 
as that employed by Thiele, but later workers were probably unaware that the 
tables of symmetric functions had already been published in works on pure mathe- 
matics. it is clear, as has been recently pointed out by Rider**, that the formulae 
of Tchouproff for the moment coefficients of the variance can be derived from the 
earlier results of Thiele by using the general formulae connecting moments and 
semi-invariants. 

In an important recent paper, C. C. Craig dev spd Thiele’s work quite 
extensivelyt+. It should be remembered that there © three kinds of moment 
coefficients, or semi-invariants, arising in this work. T ,ese are (1) the moment 
coefficients, or other symmetric functions of the sample observations, which are 
regarded as estimates of (2), the moment coefficients ‘ ‘Semi-invariants of the 
population of which the observations form a random sampl. “inally the distribution 
in all possible random samples of the sample moment coeftic*ents or other symmetric 
functions is specified by means of (3), its direct and product moment coefficients, or 
semi-invariants. Both Fisher and Craig postulate an infinite population having any 
law of distribution with finite moments. Craig supposes the ordinary moments, m,, 
to be calculated from the sample, and he gives formulae for the semi-invariants of 
the multiple distribution of these moments, in terms of the population semi- 
invariants. His list is not exhaustive, for he considers only the semi-invariants 
for the simultaneous distributions of the second and third, and second and fourth, 


* T. N. Thiele, Forelesninger over Almindelig Iagttagelseslere, Copenhagen, 1889. 
+ See Salmon’s Higher Algebra, where the functions are given up to the 10th order. 
{ T. N. Thiele, Theory of Observations, London, 1903, C. and E. Layton, pp. 45—46. 
§ A. A. Tchouproff, Biometrika, Vol. xm. (1919), pp. 140—169 and 185—210. 
|| A. E. R. Church, Bicmetrika, Vol. xvr1. (1925), pp. 79—83. 
“| Used by “Student” in calculating the moment coefficients of the mean and variance in samples 
from a normal population. Biometrika, Vol. v1. (1908), pp. 1—25. 
** P. R. Rider, Proc. National Academy of Sciences (U.S.A.), Vol. xv. (1929), pp. 480—434. 
tt C. C. Craig, Metron, Vol. vir. (1928), pp. 3—74. 
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moments. Forthe normal case, however, he does give three exact expressions (S32(v214), 
Sis (v2v4) and Soq(v2v4) in his notation) which were not tabulated by Fisher, although 
the latter, in connection with the tests for normality, gave the leading terms in the 
formulae corresponding to the last two of these formulae. Further results by Craig 
are general approximate formulae for the first four semi-invariants of 81, 82—3 
and o, which are only worked out fully, however, for the normal case. A section of 
Fisher's paper also deals with this point and furnishes a higher degree of approxi- 
mation for the semi-invariants of an expression equivalent to 1, adding the sixth 
(the fifth being zero), while for the equivalent of Bz—3 he goes as far as terms in 
1/n*® as Craig does, but adds a fifth semi-invariant. I have been unable, however, 
in the case of 8 to verify Craig’s terms in 1/n®, which do not agree with Fisher’s*. 
Important as Craig’s contribution to the theory is, however, it should be pointed 
out that there is an essential difference in Fisher’s method, a difference that makes 
for simplicity in the resulting formulae. Craig at one point remarks “it rather 
seems that the best hopes of effectively further simplifying the problem of sampling 
for statistical characteristics lie either in the discovery of a new kind of symmetric 
function of all the observations which may be used to characterise frequency 
functions and which will be more amenable than either moments or semi-invariants 
for use in sampling problems, or in, what may very well prove to be better and more 
feasible, the abandonment of the method of characterising frequency functions by 
symmetric functions of all the observations altogether.” The line of Fisher’s work 
had followed the first of these two suggestions. The symmetric functions of the 
observations which he supposes calculated, i.e. his k’s, are such that the mean value 
of any &, in all possible samples, is «,, the rth semi-invariant of the population from 
which the samples are taken. His k’s are, therefore, more nearly allied to semi- 
invariants than to ordinary moments, and they are not the same functions of the 
sample moments as ordinarily defined as the semi-invariants are of the population 
moments. Thus, for example, if we denote by m, the rth moment coefficient of the 
sample about its own mean, i.e. 


: 2 , Il 
m,=-S(a#—ZzY, #=-—S(a), 
m4 n 


then the first four of Fisher’s symmetric functions are 
ky =m}, ke =-—= Me, 


2 2 
“ rn“ 


= oe in k = 
Is (n—1)(n—2)'” (n= 1)(n—2)(n—-$ 





3) {(n +1) my— 3 (n— 1) ms?}. 


The employment of these functions of the ordinary moment coefficients leads to 
a great simplification, not only of the sampling results, but also of the methods by 


* Craig’s formula for c,, the mean value of 8,, is certainly wrong in the terms in 1/n*, for the exact 

: n—1 ee : ai oe ae — 

result is 3 which if expanded gives a term — 1/n in place of Craig’s — 5/n®. It may be that Craig’s 
n+1’ I ' I : : 


degree of approximation hardly warranted his giving the terms in 1/n* for the semi-invariants of 8,, 
although the term in 1/n* in x. (Craig’s c,) is correct. 
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which these are derived. For although Fisher shows by an example how to proceed 
by direct algebraic methods to determine the semi-invariants of the multiple 
distribution of powers and products of any number of the k’s, expressing the results 
in terms of the population semi-invariants, he soon makes it clear that the inter- 
mediate steps may be left out and the final result written down, a term at a time, 
by methods of combinatorial analysis, following certain simple rules. The demon- 
stration of the validity of the rules is admittedly a difficult piece of mathematics, 
but the rules themselves are easy to remember and far simpler to apply than the 
direct algebraic methods. To illustrate first the nature of the general problem, 
suppose that we are concerned with the derivation of the formula for « (3?2%). First 
as to the meaning of this expression ; ky and ks have already been defined in terms 
of the observations of the sample. If we write (3? 2%) for the mean value of ks? ke! 
taken over all possible samples, then «(3?2%) is the corresponding semi-invariant, 
the «’s and p’s being related by the identity in fz and ¢g, 


9 ts" tots 92 t;” 
1+ 2 (2) te + (3) t+ (2) 55 + 4(23) 7 tH) tee 
ts? to ts ts" ) 


91 + * (28 = 


_ | 9 ¢ 2 
= CZD + 2) to + 3 < 22 
as dt ) tg + « (3) tg + « (2?) Jinn 


+«(3") 55 +.. ‘ 

« (3”2%) may be expressed as the sum of terms each of order 3p + 2q, consisting of 
powers and products of the semi-invariants of the sampled population, xg, «3, ..., 
&3p+2,, and the general rules of the combinatorial procedure for determining the 
coefficients have been given by Fisher*. A simple illustration is given at the end 
of the present paper. 

In the case where the sampled population is normal we see at once the advantage 
of expressing the results in terms of semi-invariants, for all the «’s above x2 vanish, 
and thus we are left with only a single coefficient to evaluate—in the above example 
that of («,)?@?+?9)+, Certain interesting generalisations also follow. Thus the semi- 
invariants of the distribution of powers and products of moment coefficients, or of 
k’s, of the second order, may be solved by considering appropriate ring arrangements 
of rods{, while general formulae for the variance of /; and for the correlation between 
product moments of any order have also been determined for the normal case§. 

We shall now consider in detail in the case of a normal population the derivation 
of the formula for «(3?2*) which is one of the new results required for further 
development of the tests for normality. The result will consist of a single term in 
«2°, since the expression evaluated is of the 12th degree, x being simply o*, the 
variance of the sampled population. In following out the rules we must therefore 
write down all the two-way partitions which have 

5 columns, containing 3,3, 2,2 and 2 entries respectively (controlled by « (3*2°)), 

6 rows, each containing 2 entries (controlled by «¢°). 

* R. A. Fisher, loc. cit. pp. 219—223. 

+ The coefficient vanishes when p is odd. 

t J. Wishart, Proc. Lond. Math. Soc. (2), Vol. xxrx. (1929), pp. 309—321. 
§ J. Wishart, Proc. Roy. Soc. Edin. Vol. xxix. (1929), pp. 78—90. 
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We find that there are three partitions that have other than zero coefficients, as 
follows: 


et eh Ss bP... 255 8 ee) Yee | 2 
i 1 | 2 ‘ee 2 l I 2 
l | 2 i_——1i]| 8 l —i1] 2 

| 2 wee is —% 7 2 
= =a Ta Zs l | 2 es 2 
~—“-r ets ——= 881s (4 2 
P29 2 9) Bs222 {19 3 3222/12 

(2) (6) (e) 


No row can contain only a single entry, so that no 2 can occur, and the entries are 
therefore all units*. Now if the columns be regarded as corners having as many 
arms extending from them as there are units in the column, and if the rows be 
regarded as the junctions between the arms of different corners, we have the five 
corners shown in the diagram below to dispose in all possible ways so that there are 


MAKKK 


and two arms only at each junction. The partitions (a), (6) and (c) are then found to 


six junctions 


be equivalent to the symbolical figures 


— 
Oo 


a a a 2 
Y: L>So 
ae >? 


Se 
c c 
(a) (b) ‘ (c) 


Figures (a) and (b) may be regarded as two-dimensional models, unless it is preferred 
to think of the arms connecting A to B, directly and through C, as in a plane 
perpendicular to the paper. Figure (c), on the other hand, is best regarded as 
a symmetrical figure in three dimensions. 

In each case there are two parts to the desired result. One is the numerical 
coefticient, which is derived from the number of ways in which the particular diagram, 
or partition, may be set up, the arms of any corner having separate identities and 
being interchangeable, and the corners themselves being regarded as distinct. The 
other part is the coefficient in n, the size of the sample, and this is fixed from the 
nature of the pattern, i.e. the arrangement of entries and zeros, irrespective of what 
the entries actually are, and the number of rows and columns—alternatively, looking 
at the symbolical diagrams, the »-coefficient is fixed by the number of corners and 
the number of breaks between corners and by the design of the diagram. The two 
parts will be considered separately. 

* For the conditions under which certain patterns have zero-coefficients see R. A. Fisher, loc. cit. 
pp. 220—221. 
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(1) Numerical coefficient. This is determined most simply from the symbolical 
diagram. 

(a) Having placed the two 3-way corners (A and B) together, so that they 
can be doubly linked, there are six ways of disposing the three 2-way corners 
(C, D and EZ) so as to form a ring. An arm (B to C) may be selected out of the 
three at B in three ways, likewise for the arm A to £, and ia she case of the three 
2-arm corners there are two ways each of arranging the arms (C to B or D, etc.). 
Finally there are two ways of linking the double arms between A and B. The total 
numerical coefficient is therefore 6 . 3? . 2°. 2= 864. 


(b) There are three ways of putting a 2-way corner (C, D or £) to one side 
of the line AB to form a triangle, and two ways of connecting up the others (D or 
FE to B). These give a factor 6. The arms A to #, A to B and A to C may be 
stretched out in six ways, likewise for the three arms from B, while there are two 
ways of linking for each of the three 2-arm corners. The numerical coefficient is 
therefore 6°. 2? = 1728. 

(c) This is a symmetrical arrangement. There are six ways each of stretching 
out the arms at A and B, and two ways each of linking up to the arms from C, D 
and £. The numerical coefficient is then 67. 23 = 288. 

As a check on the correctness of the total numerical coefficient we note that the 
total, 864 + 1728 + 288, is equal to 288 x 10. 288 is the numerical coefficient of the 
term in «2° of « (372?) (see R. A. Fisher, loc. cit. p. 213, formula (31)), and 10 is the 
degree of « (3°27). The coefficients can in fact be determined from the number of 
ways in which a new corner may be inserted into the pattern of lower degree. In 
the case of « (372?) there are five junctions, and a new 2-way corner can therefore 
be inserted in five ways, and when its position has been decided, there are two ways 
of linking up the arms of the new corner to those at the broken junction. Hence 
the numerical coefficient for « (372°), obtained by adding a 2 to « (3*2?), is equal to 
the number of ways in which the pattern for «x (372?) can be arranged, namely 288, 
multiplied by 10. The diagrams on the top of p. 230 show the development from 
the simple result 

6n es? 
(n—1)(n—2) ~ 


x (37) = 


as far as the numerical coefficient is concerned. 


The derivation of new formulae can evidently, as to the numerical coefficient, 
be pushed as far as desired. In fact the total numerical coefficient of the term in 
Kat of « (372”) is 

r+2)! 
a O32)! « 
21 = Be 

(2) The n-coefficient. It is already known that the term in «2”** of « (3?2’) is of 

the order 1/n”** so that, approximately, 
3.27 .(7 +2)! 
— ‘. 





Kort ® : 
- > 
n 
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K(s9 <> 


K (3*2) A 


K(3"2") [ 
L- 
a ae 
ti? om 
Ker) ke L3 


144-6 = 864 144(4+8)=1728 144-2=288 


but if the exact coefficient is wanted, it is necessary to follow out the rules given 
by Fisher (pp. 221—222), and proved on pp. 226—230. It so happens that our three 
patterns, although essentially different in their structure, have the same n-coefficient, 
namely 

77 


(n—1)* (n—2)° 


This is due to t' ; fact that they are all derived from the same pattern, namely 
that for « (37), by tke insertion of fresh 2-way corners. By way of illustration of the 
general method one only of the above patterns will be evaluated, and this is more 
conveniently done from the symbolical diagram.than from the 2-way partition. It 
should be noted that this work does not have to be repeated every time an example 
is worked: when the coefficient has been determined for any pattern it applies to 
all patterns of that kind, irrespective of the entries. R. A. Fisher has supplied some 
three pages of the more commonly occurring patterns (pp. 223—226), and it is only 
because our example is not covered by his list that it requires to be worked out*. 
We shall choose pattern (a) for illustration. The arms may now be regarded as 
being joined, thus : 


and the reader is recommended to reconstruct this figure for himself by means of 
six matches, in order to follow more easily the reasoning. 


* The reasoning which follows is given for the purpose of illustration, but it is unlikely that a pattern 
of such a complex nature will ever require to be worked out by the reader. An indication is given later 
of methods whereby the n-coefficients of such patterns can be derived from those of simpler patterns: 
e.g. in the present case the coefficient of the normal term of « (3°) is all that is required to develop the 
normal term of such a semi-invariant as « (372"). 
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The rods (matches) are now regarded as the rows of the 2-way partition, and we 
consider all the possible ways in which the rods can be separated into 1, 2, 3, ... 6 
separate groups, or separates. With each of these there is associated a factor in n, 
according to the scheme of the following table, which also shows the number of 
such separates. 





Separation tnto Number of ways Factor 

a) 1 separate l n 

l and 5 6) 
(b) 2 separates of {2 and 4 15 }31 n(n—1) 

3 and 3 10) 

: 15 
c) 3 Separates of ( sa 5 60 l90 n(n—1)(n—-2 

iz 2 2 15) 

d) 4 separates of : . : er : a 65 n(n—1) (n—2)(n-—3 
e) 5 separates of 1,1, 1, 1 and 2 15 n (n—1) (n—2) (n—3) (n—4) 
Ff) 6 separates 1 x (n—1) (2-2) (n—3) (n—4) (n—5) 


In each of these 203 separations we consider the corners separately. Each 
unbroken corner contributes a factor n-}, a corner broken into two parts the factor 
91 


- , into three parts the factor - — 


—__——... The nature of the separa- 
n(n—1) n(n—1)(n—2) 


tions will be expressed by a quantity in brackets, such as (1”293"), which specifies 
p unbroken corners, g broken into two parts and r into three parts, so that for our 


5 


i 7 lL a = : 
(“) -(- Y'.( a 
n n(n — L)/ n(n—1)(n—2) 


(a) Here all the corners are unbroken, and the coefficient is n/n. 


example p + q+7r=5 always, and such a group of separates would contribute a term 


(b) Let us number the rods as follows: 





(i) Separation into two separates of 1 and 5, however it is done, leaves three 
corners unbroken, while the other two are broken into two parts. We therefore have 
a contribution of 6 (122). 


(ii) Separates of 2 and 4. The fifteen ways that this can be done may be 
divided into a number of sub-classes. Thus if we separate off 1 and 2 from the rest 
we obtain a term (1°27) and the same result is obtained by separating off 3 and 4, 
4 and 5, or 5 and 6. Total 4 (1°2?). Separating off 1 and 3 produces (172°) and the 
same is true of 1 and 6, 2 and 3, and 2 and 6. Total 4 (172°). Separating off 1 and 
4 is the same as separating 1 and 5, 2 and 4, 2 and 5, 3 and 5, 3 and 6, and 4 and 6. 
Total 7 (12%). The separates of 2 and 4 therefore contribute 4(1°2?) + 4(1?72°) 
+ 7 (124). 
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(iii) Separates of 3 and 3. This can be done in ten ways, subdivided as 
follows : 
2 (192%), 


2s _ | 

LS. 4: 4:25: ; 3, 6 and 1, 4,5 4(1 2%), 
1, 3,4 aa 1, 5,6 2 (1228), 
1, 3, 5 and 1, 4,6 2 (2°). 


The total contribution from the 31 separations into 2 separates is therefore 
12 (122?) + 6 (172%) + 11 (124) + 2 (2%). 
(c) The separations into three separates are a little more difficult to follow 


out*, but result in 


1 (133?) + 10 (122°) + 12 (12273) + 22 (124) 4+- 12 (12°:5) + 6 (1273?) + 13 (25) 
+ 12 (243) + 2 (233?). 


(d) The separations into four separates lead to 


3 (1723?) + 5 (124) + 12 (1293) + 9 (1273?) + 9 (25) + 16 (243) + 11 (233%). 
(e) For five separates we have 
1 273%) + 1 (25) + 4(243) + 7 (233?) 


(f) Here all the corners are broken completely and we have simply (23%). 


The final n-coefficient is then made up as follows: 














ET 12 6 11 2 4 _ 10(n—-2) 24 

4 1+ 7 2 + a at >) 2 > 

n* | n—-1l (n—-1)? (n-1P (w—-1ly (n—-I)(r—- (n—1) (n-—1¥ 
22 (n— 2) 24 24, 13 (n — 2) 24 8 





(n—1)8 ~ @—19* @—1(n—2)~ ~(n—1y3 + mt @—I*m—2) 








ks det ee 36 (n — 3 3) 9 (n —2)(n— 8) 
~ (n—1P(n—-2 (n—1)* (n—1) * (n—1%(n—2) (n—1)* 
32 (n—3) 44 (7 6-3) MOO _--O—4 


* 2 iw "G-w 2) (n—1¥ (n—2) (n-—1/y* 


(n—1)¥* (n-1}(n—-2 
8 (n—3)(n—4) ey GG | 





(n—1)y4 ™ (n—1)*(n-2) (n—1)*(n—2) 
This reduces to 
n 
(n—1)*(n—2)° 


As already stated all three patterns for the contributory portions of « (372°) have 


the same n-coefficient, and our result in full, therefore, is for normality 


2880 
: 8 (1). 


3223) = ———______~. b08 oo ee eeccccccccccccceceeeeeeees 
sical (n—1)*(n—2) 


* (c), (d) and (e) are best evaluated at the same time as (b), to avoid repetition of labour. 
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List of Higher Order Formulae. 


The following results, which are of degree 12 and upwards, will enable expansions 
for the moments of /f§, and 82 from a normal population to be determined to 

















a higher degree of approximation than has hitherto been reached. 
34560n < 7776n? (5n — 12) 
« (3724) = ——____—_ x’ ....... (2), er ae 3 
: (n—1)?(n—2) - a ) (n—1)*(n— 2) Ke (3), 
108864n?(5n—12) . 
3f ya = = - fa 8 cc Weaws aciacacau ck utes pee Meare en 
od ) (n—1)(n—2¥ “ : , (4), 
1741824n? (5n —12) 
3*2*) = - Sle BNE isicininiscnivicnseneceniinlgeoe ap mieieceia eam 5 
a's)" G-lpe—-a ©), 
K (3°) = 466560n* ( 221 es i ; . - = 142) Ky? eee eee eee ee ee eee eee eee eee reer er ere. (6), 
(n—1)(n— 2) 
: 18 a 360 ; 
x (3°2) = 5 KK (3°) eewede (4), « (82) =p x (3°) esecoeceeses (8), 
1920n(n +1) 
42 22) = . ENGR sack oeeh see tenastauauee sen eseter ene eesbaeaeeeeee 9 
ai (n—1)°(n —2)(n—3)"" ( ) 
23040n (n+ 1) . 
4728) = — —— Esc audsacuvesenmennsueeeeebeeieeasesseeek ee 10), 
" ) (n —1)*(n—2)(n—3)@ — 
322560n (n + 1) ' 
“(OX = ——— " Ee ery re (11), 
(n—1)P(n—2)(n—-: 3) “ 
¢ 276 , P 2 
CD oasercigncisicinnepiteanga teed (12), 
(n—1(n— 2)? (n—3/ 
oC TT Bac awisnncscitentanrbtseneal (13), 
‘ (n—1)?(n—2)? (n—3)? 
K (48 23) = 46445640 (n+) GE- ss Sn Ices Ks? WHTTTTTITTT TTT Tee ( 14), 
(n—1)P(n—2P(n—3P 
3919 : “a - > 
K (4*) — = ian = > — 53n4 — 428n? + 1025n? — 474n + 180} K® 
(n—1 3 (n — 2 (n—3} 
_<sem (15), 
; = . 
i. a,x (4*)...... (16), we (4°2*) = ——-, wg c(4*) ......... (17), 
n—1 (n—1) 
gon. ae ; : >) 
Kk (4°) = —— — x), approximately * .............seeeseeeeeee eens ee ee eee eee es (18) 
it 
The derivation of the foregoing results has been rendered much simpler than it 
would otherwise have been by the discovery of a rule which applies whenever a fresh 
kg is introduced into the kappa expression to be evaluated. We may regard « (3°), 
x (372), ... « (3727) for exe — as a train of formulae each derived from the preceding 





one by the adding of a ke, or, looking at the symbolical diagram, by the insertion of 


* There is a misprint in Dr Fisher’s paper, p. 


71.144. Also on p. 233 (top) the three ways of evaluating the symbolical diagrams for « (3*2) 
should be 15552, 7776 and 15552 respectively. 


236, where «x,(x) (not xg as printed) should read 
J/6.n- 2 
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a fresh 2-way corner. The effect this has on the numerical coefficient of the normal 
term in « (3?2”) is to multiply by the degree of this expression, i.e. by 2r + 6, in order 
to produce the normal term of «(3?2’*), as explained on p. 229. The effect on the 
n-coeflicient is simply to divide by n—1 every time. For example, the normal term 
in « (32) is derived from that of « (3?) as follows: 


4 1 1l:- 
1 I 1 lie 
ta 1 —i1 

— | I 
n n 


(n—1)(n—-2)’ (n—1)(n—2)° 
One of the rows (here the last) must be split to make two new rows, and the units 
of the new column placed in these rows. Now if in the working out of the 
n-coefficient of the pattern for the normal term of «(3?2) the separations are 
grouped into two classes, (1) those in which the last two rows occur together and 
therefore reproduce the separations of the normal term of « (3?) together with the 
es See aloe 
contribution — from the new column, and (2) those in which the last two rows are 
it 
l 


n(n—1) 
readily verified that the net effect on the coefficient of the normal term of « (3?) is 


separated, bringing in a contribution — from the new column, it may be 


to divide by n—1. In the next stage two patterns are produced for « (3? 2?) corre- 
sponding with the symbolical diagrams on p. 230, according as one of the first two 
or one of the last two rows of the pattern for « (372) is split to form two new rows. 
Thus: 


a--'4 “~~ 
2 2.75 2 
pais (a (e-2) Ae 


(12-1)" (12-2) he = (2-1)° (2-2) | | 


The n-coefficients are equal, both being derived from that of «(3?2) by dividing by 
n—1. 


In the last stage of the process for the example illustrated, i.e. « (372°), three new 
patterns are formed from the two patterns of «(3*2*) as shown on p. 230, and their 
= n ; ; 
n-coefficients are all equal, and equal to ; . We are now able to writ 
(n—1)* (n—2) 
down the general formula 
2' (r +3 pq —1)! 


qQr - 2”. 
i id (kpq—1)!(n—1y” 
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which is generally true for sampling from a normal population, for it holds when 
pq is even, while when pq is odd the whole expression vanishes, since « (p%) has in 
general no term involving «2 only, when pq is odd. A special case of (19) occurs 
when g=1. We then find that, for the normal case, 

2°(r+4p—1)! 


2")= 
(4p—1)!(n-1y 


Wa STEAMED kcwcncocessuyetens (20), 
when p is greater than 2. This follows from the general result that «(p)= «py, while 
all «’s above x2 vanish for normality. It is obvious also from the impossibility of 
constructing a closed symbolical diagram to fit this case; for, to illustrate from « (p2*), 
the only possible diagram is of the form 


MK > 
2 


8 


the number of arms extending from A being equal to p, and the conditions laid down 
by Fisher (lec. cit. pp. 220—221) are such that (1) no loose arms can exist and 
(2) a break at any one corner must not divide the figure into two separate pieces. 


In the spec ial case where p= 2 we have 
«x (27+1) = as BY OR A cnloch en caceneenenesen (21), 
(n—1y 


which is the (7 +1)th semi-invariant of the distribution of /,, in samples from a 
normal distribution. In terms of the more familiar m2, the second moment coefficient 
of the sample, the result is 

2" .ri(n—1) 


Weuwkdwcsmuiee ees eh NauenebeeeGkeun (ZZ), 
nrtt ; 


a form which has already been published *, and which is derivable from “Student's ” 
distribution of the variance+, ¢ being the standard deviation of the sampled normal 
population. For p > 2 equation (20) shows that there can be no correlation in samples 
between /, and any power of kg. For comparison with this we have a more general 
result already reached, to the effect that no correlation can exist between k; and k, 
unless t= u, or, for bi-variate populations, between fy, and k,,, unless t+ uw=v+w. 
This is another important property of the & functions which does not hold among 
moments. For correlation does exist between the sample moment coefficients of 
different orders, other than m,, the mean, which is uncorrelated with any of the 
higher moments. 

The tabulated formulae (1) to (18) are special cases of the general result (19) 
except for « (3°), « (44) and « (4°), and it is evident that any expression of the form 
x (p%2”) can be evaluated in full for the normal case as long as «(p?) is known 
exactly. The numerical parts of « (3°), «(4*) and «(4°) have already been worked 
out by R. A. Fisher}, although he did not in his paper give the separate contribu- 

* J. Wishart, Proc, Lond. Math. Soc. (2), Vol. xxrx. (1929), p. 314. 
t “ Student,” Biometrika, Vol. v1. (1908), pp. 6—8. 
t R. A. Fisher, loc. cit. pp. 233 and 236. 
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tions of the different patterns. An extension of the rule already described for the 
adding of a kz enables us to develop the n-coefticients of the patterns in « (3°), e.g. 


from those of «(3*), which are known*. 


By way of illustration we give the 


development of the two patterns for the normal term of « (3*) from the single pattern 


for « (3). 


K (3) k (3°) 


ra (a) — 


3242 3 


(ei)? (aa) “32 


AN 


21612 (12-3) 


(b) 


Pes, kts! A 3 
(2-1)? (r-2)* K3 Ke 


k(3*) 


ar 
194422 


A 
— {Yo 
12961” (2-3) 


(a-s)¥(a-2)5 “2 


Alternatively the development in terms of the 2-way partitions is as follows: 


l 2 1 — - l 
] l " 33 
ere oe i en ee 
a — - 11 
a 
i ae 
2. n 
1 1 rn—-1 n—1)(n—-2 
a 4 l 1 — l 
n l l -— 1 - l 
(n—1) (n—2) ail. I Bb) ng ee (d) 
lli- l l 
—- 1 1 
Lhe}« 
n—3 n 
x x 
n—-1 (n—2) (n l (2 — 2) 


(a) The rule here is that already described, for the new ks added is in the 
form of a column having only two entries. The n-coefticient is therefore obtained 
from that of « (3?) by dividing by xn —1, while its numerical multiplier is multiplied 
by 54. (Three ways of breaking the old pattern—six ways of arranging the new 
and, since the resulting pattern is unsymmetrical, 








3-way corner at this break 
three ways of choosing which of the 3-way corners shall be unlike the others.) 


* These rules will be described in a forthcoming paper by R. A. Fisher and the present author. 
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(b) Consideration, of the separations shows that the n-coefficient of this pattern 
is of the form 


n ] 

—______—. A — —_________ 8, 

(n—1)(n—2) (n—1)(n—2) 
where A is the n-coefficient of the 2 row—2 column partition, Le. a and B 
: ce é : n 
is the n-coefficient of the pattern for the normal term of « (37), Le. rey ary 
. as Date Whee 5s n—3 : : : 
The coefficient multiplier is therefore __“—" __ while the numerical multi- 


(n—1)(n—2)’ 
plier is 36. (Three ways of breaking old pattern—two junctions to either of which 
one of the three arms of the new corner may be connected, while the remaining 
two arms may be disposed in two ways at the break.) 

(c) and (d) In both these cases there is only one junction, ie. that where 
three arms meet, that can be broken if the normal term of «(3*) is to be formed 
from the term in «3«3* of « (3%). The new 3-way corner can then be disposed at this 
break in six ways, so that the numerical multiplier in (c) and (d) is 6, while the 
n 


(n—1)(n—2)° 


multiplier of the n-coefficients of the patterns for « (3°) is in each case 


Patterns of « (38 


vid AN XK 
[)  €& &. 2 se 
sl \oy LA eV 
Numerical multiplier 


699840 2099520 4199040 2799360 466560 
n-coefiicient 
n> n° n? (n —3) n3 (x -—3) n®? (n*—6n +10) 
(n- 1)>(n—2)3? (n-1) (n—2)°’ (n—1 B (n—2)*” (n—1) (n—2)° (n—1)° (n—2)° ; 
466560 n3 (22n*— 111n+142) 
Kx 


(n—1)° n—2)° =" 


Total 


Patterns of x (49) 
iA SZ a. 
Numerical multiplier 


62208 248832 55296 
n-coefficient 
n (n+1) (n*—8n?+21n?-14n4+4) n(n+1) (n*— 9n3 + 23n? —11n+4) n?(n+1) 
~ (n—1 (n—-2)38 (n—3p >" 
6912 n (n+1) 
n—1)3(n—2)8 (n—3) 


" " 2\3 Wi 3/7. a\2° 
(n-—18 (n-2 > (n—3)° : (n—1) (n—2)* (n-—3)" 


Total 3 {53n* — 428n3 + 1025n? — 474n+ 180} x.°. 


Patterns of « (45) 
qs 
es €& € Sat 
Sy 
Numerical NesV \es/ Yio 
multiplier 12°. 12 125. 80 125.120 125. 32 125, 120 


364, 128 : 
Total — —— xq! approximately. 
4 


Biometrika xx11 16 











238 High Order Sampling Product Moments 


Procedure in the non-normal case. 

In order to fix this simplified problem, which arises in the case of normality, in 
its place as a part of a wider scheme, it will perhaps be of value to conclude by 
indicating in a simple example the lines of procedure to be followed in the general 
case where the sampled population is not normal. Consider « (3?), the second semi- 
invariant, or second moment coefficient about the mean, of ks in samples. The method 
of expressing this quantity in terms of the population semi-invariants may be 
illustrated as follows: 





(1) A, Kg + Gg Ky Keg + a3 K3" + ay Ko? 
(2) 3 3 6 3 3 4 2 1 3 1 3 | 2 
2 3 » 3 2 :<S 3 : 2S 
 S . oT 11/2 
3.3 
i- O OF S 
1 9 9 6 
‘4 1 1 1 = eae 
“ n n—-1 n—-1 (n—1) (n—2) 
“ l 9 9 ra + 6n * 
(§ fe . ° a” Ko”. 
”) n° x <1" x ~i (n—1)(n—-2) ~ 


(1) The result will be a sum of terms containing all the possible 6th order 
powers or products of the «’s («;=0). There are four such terms. 

(2) The 2-way partitions associated with each term are shown in this line. As 
we are dealing with « (3?) we shall in each case have 2 columns with contents 
totalling 3. The number of rows and their contents vary but the rule is simple ; for 
kg one row containing 6; for «ax; one row containing 4 and one containing 2; for 
xs two rows each containing 3; for x«,° three rows each containing 2. In this 
example there is only one possible partition associated with each coefficient (con- 
trasted with the case of « (372°) dealt with above) and all the cells are filled. 

(3) The numerical coefficients are determined by considering in each case the 
number of ways of connecting up 2 junctions each having 3 arms. For ay, ae, 
dg, and a, we must make connections of 6, of 4 and 2, of 3 and 3, and of 2, 2 and 2 
respectively. It will be seen that the ways in which this can be done are 1, 9, 9 and 
6 respectively. 

(4) The n-coefficients depend upon the pattern of the four partitions in line (2) 
above*. These are given by Fisher (loc. cit. pp. 223—224), and are set out in line 
(4) above. The final result obtained by combining the expressions is shown in line 
(5). In the case where the sampled population is normal we are concerned only with 
securing the last term. 

We have taken of course a very straightforward example in which only simple 
patterns and rod combinations are required, but the elegance of the method, once 
it has been grasped, can hardly fail to attract the worker even in far more complex 
problems. 


9 12 " bs ’ 
| -s | - etc. are all associated with the same ‘‘ pattern,’ 


7 
* For example such partitions as 1)? lial? 


2 
| 
{1 


viz. 




















A FURTHER DEVELOPMENT OF TESTS FOR NORMALITY. 
By E. S. PEARSON, D.Sc. 


(1) Many of the simpler methods of statistical analysis have been developed 
only for variables which are normally distributed. We have often a priori reasons 
based perhaps on parallel experience for believing that the material is so dis- 
tributed, but in many cases it is important to obtain evidence on this point from 
the data, that is to say, it is necessary to apply some test for normality to the 
sample. The problem is of course two-sided; it is not enough to know that the 
sample could have come from a normal population; we must be clear that it is at 
the same time improbable that it has come from a population differing so much 
from the normal as to invalidate the use of “normal theory” tests in further 
handling of the material. When dealing with a single variable a knowledge of 
the sampling distribution of 8, (or V8,) and 2 in terms of the population moments 
would go far towards the solution of the problem. It is true that there have long 
been available tables giving the standard errors of 8; and fg, and their inter- 
correlation in terms of the population §; and #,*, but these are based upon 
the first order terms only in an expansion, and no precise information has been 
available regarding the size of sample for which the expressions may be considered 
as accurate, nor as to the shape of the sampling curves. Recent work of Dr C. C. 
Craigt and Dr R. A. Fisher{ has, however, now made possible a considerable 
advance towards the solution of one side of the problem; that is to say, towards 
a knowledge of the sampling distributions of V8, and fz if the population be in 
fact normal. Reference has been made in the preceding paper to these two sets 
of results§; in order, however, to place the test on firmer ground and present it in 
form readily available for practical use, it seemed desirable to carry the expansions 
for the moments of V@, and A, to a higher order of approximation than was 
reached by these authors. The fresh expressions for the higher semi-invariants 
given by Dr Wishart have made this extension possible. It should be remembered 
that as in sampling from a normal population Vs; and f2 are uncorrelated, we 
have two separate tests. When dealing with other populations it becomes necessary 


to consider the co-variation of V8 and fe. 


* Tables for Statisticians and Biometricians, Part I. Cambridge University Press. Tables XXX VII— 
XXXIX. The values are of course based on the assumption that the population distribution may be 
represented approximately by one of the Pearson system of frequency curves. 

t C. C. Craig, Metron, Vol. vir. 4 (1928), pp. 3—74. 

} R. A. Fisher, Proc. Lond. Math. Soc. (2), Vol. xxx. (1929), pp. 199—238. 

§ J. Wishart, pp. 224—238 of the present number of this Journal. 











240 A Further Development of Tests for Normality 


The present paper falls naturally into two parts: 

(a) In which the results of Fisher and of Wishart have been used to obtain 
values of the first four moment coefficients of the sampling distributions of V Bx 
and £2 as far as the terms in n~*, 

(6) In which tables are given showing for different sizes of sample, n, the 
values of 8; and 2 corresponding to ‘05 and ‘01 probability points*; these being 
based on the assumption that Pearson Type VII and Type IV curves with the 
correct first four moment coefficients will adequately represent the true sampling 
distributions of the constants as far as these two levels of probability are concerned. 


(2) Moment Coefficients of the Sampling Distribution of Vx. 


I shall use here the notation of Fisher and take+ 


(n—1)(n— 2) ks n—1 — 
c= J = —————_ V By... nc cece ccececees 4). 
6n ket V6(n—2) Br ( 
=, /@=DO=)1 fer, (2 
6n Ko? { Ke ) 


Remembering that the population is symmetrical, it is clear that in sampling 
x will be symmetrically distributed about zero. Let us find the 2nd and 4th 
moment coefficients of z We obtain from (2), 


» (n—1)(n-2 i. 4 , 
pom i {he - rf 2 (lin wa) + 5 hid (kz — kK)? — 3 hs" (ke — K2)° 
On Ke Ke 
ha. = ~— ba 
ahs (ke — ke) —_ 5 hs? (Ka — x2)? + g ks® (ha — Ka) cee ceccccece (3), 
2 K2 Ke ) 
—1¥(n—2) 1 6 
Pee rs - 3 tas © eg (lg — 0a) +2 | ke! (kta — Kg)? — a *(ke— 2) 
oon" Ke” | Ko Ko 
126 252 462 ) 
‘ 2 ks! (ke — xe)* — — kgs (ke — K2)° + = kg* (ke — Ke)® a uaieale (4). 


We must now take mean values of both sides of the equations, and shall need 
to evaluate terms of the form yp (ks*, (kg — «2)?) and pu (kg*, (ke — x2)”). Following the 
method of Fisher, these «’s must now be expressed in terms of the corresponding 
semi-invariants of ky and ks. If u and v be two variables this process is, in general, 
carried out by means of the identity in 4 and fg, 


» & 
1+ p(w) t+ m(v) te + w(u®) 5 + w (uv) 7 + p(v?) 


ri 


2 
exp Ji (u) t+ (0) ta + (08) ~+ « (uv) 4 se sual = “akon 


* That is to say, the points at which ordinates of the sampling distribution cut off tail areas measuring 
5°], and 1°/, of the total area under the frequency curve. 

+ The relations between k,, k, and k, and the sample moment coefficients have been given above on 
p. 226 by Wishart. z is really the ratio of m, (or k,) to a sample estimate of its standard error. 
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In the present case u= ks, v = kg— x2; it follows that 

(a) p(u)=0=p(v); hence «(u)=0=« (0). 

(b) The «’s of 2nd and higher order being independent of the origin chosen, 

x (kg?, (ke — k2)*) = « (kg?, ke?) = (3? 2%) (for convenience in writing). 

(c) Since the population is normal « (kg, k_?) = (32%) = 0 (see Wishart’s equation 
(20), p. 235 above). 

Bearing these results in mind and retaining within the square brackets of (6) 
and (7) below terms up to the order of (n~*) for we(#) and (n~) for pa(x)*, it will 
be found that 


(n—1)(n—2) 1 3 
2\ — - 92) 329 
pt (a*) = pe (x) = 6n | \ 3") a. ) 
6 292 92) (92 LO 2293) 1 2 (92 D2 Q2) (93) 
+ _ 27) + (3 )(2*)] — 18 28) + 3 (372) (27) + (3?) (28)] 
= (6 (3? 2?) (27) + 4 (372) (28) + (3?) (24) + 3 (3?) (2?)?] 
21 nen. sor senre . 
— 7 5[15 (3*2) ) (27)? + 10 (3?) (28) (2?)] + g | 15 (3?) (2)%] = examinee (6), 
2 2 
- —~2 1 ( 6 
# (a4) = pa (2) = ‘. aa =) - ’ ‘+ 3(FP—— “t 342) + 6 (3?2) (3%)] 
t 
= [32 +3) (2) +6(3 ®) (37) + 6 (382) + 3 (37)? (2%)] 


Siena *) (28) + 6 (3?2%) (3?) + 18 (3°2*) (372) 
2 
+ 18 (322) (3%) (22) +3 (3%)? (28)] 


+2 Bay 2)2 + 36 (372°) (3%) (2?) + 36 (372)? (2?) + 24 (372) (3%) (28) 
Ke" 
+3 (3°? (24) + 9 (38)? (2%) 
63 ssn | a 
— = [90 (382). 32) (22)2 + 30 (32)? (28) (22)] + 6 [45 (3°)? (2") ] ~f ihe 


We may now substitute into (6) and (7) the expressions for the semi-invariants 
of kg and ks tabled by Fisher and Wishart}. Since the population is normal we 
are concerned with the terms which contain powers of «, only, the population 
variance ; as is necessarily the case, since x is independent of scale the powers of 
kz divide out and we are left with the following expressions in n, for the 2nd and 
4th moment coefficients of 2, 

6 28 120 


auiit siieaiaa , y (n-—1P? (n—- 1 
>} 22 70 2 
whee Ot ete he «laced (8), 
n nr n 


* The term « (3? 2%) is of order n-(?ta-}), R 
+ Fisher, loc. cit. pp. 210—214; these results are general, for any population. Wishart, p. 233 above ; 
these are for a normal population only. 
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) 390 , 1680 _ 25,200, | 5n—12/ 18 __540_, 10,080 _ ) 
aceite “5-1 ao Gow n—2 a ee (n—1?  (n—-1® 
1056 24,132 
mg gm ae cnccceseccccrecnvcbsnrnesoooesnonnsnsesccsossoesooensesed (9). 


n* nr 


Whence, using the relation (1) between «# and V By, we find* 


6/, 3,6 15 
hig tal (1-5 +3- a (10), 














i) = Ha), 3 4 36 _ 804 , 12,096 _ 
Bz (V1) = sia (a))® +=] Ty rte seteeeeneees (11). 
(3) Moment Coefficients , the Sampling Distribution of Be. 
In this case Fisher has taken* 
fee 2)(n—3) ky _ (n+1)(n—-1)* § _ 3(n—1)) ..(12), 
24n (n+ 1) ke NV 24n (n — 2)(n—3) n+1 } 
(n—1)(n—-' 2)(n—3)_ 1 ky — Ke\~* ’ 
= k ee Meine can Senne es eecagunaworeen 13). 
”, 24n (n+ 1) Ko" vha(1 + Ke (8) 


Here the mean value of x is zero because in samples from a normal population 
ky and kg are completely uncorrelated and mean (ky)=0. It follows that 

Mean S2=3(n—1)/(n +1). 
The 2nd, 3rd and 4th moment coefficients of # may be found from (13) by raising 
« to the appropriate power and expanding the right-hand side of the equation. 
As in the preceding section we obiain terms of the form yp (ky?, (k2—2)%) 
(p =2, 3 and 4), which can be expressed in terms of the semi-invariants « (/y?, ke?) 
or (4” 27) by means of the identity (5). It will be adequate to give only the final 
results in which the expressions within the square brackets have been carried as 
far as terms in n~ for w(x), and n> for g(a) and pga (2). 
(n—1)(n— 2) (n—8) 4 ( _* 10 


(x)= 29 292 2) (22 
H2() Ginacn6h Ue Re ae 
_. aia ail abi sii 
— 3 [(4°2°) + 3 (422) (2) + (4) (2°)] 
2 
+ “il (42 22) (22) + 4 (422) (2%) + (42) (24) + 3 (4?) (22)7] 
56 
— = [15 ( (482) (22? + 10 (44) (2%) (2%)] + ° (15 (44) (2). } iotienel (14), 
” _ {@=1)(n—2)(n—3))# (-43) — § 439) 4 21 rasoe 3) (92 
bs (@) = } Seis i P aO-%, (482) + = 1(4°2%) + (4°) (2°) 


— °6 [(4°2) +8 (482) (22) + (4%) y+ [6 (482%) (22) + 4 (482) (2°) 
: + (48) (2) +3 (48) (27) 
=[15 (432) (22)? + 10 (43) ( 28) (28)] +) [15 (49) (2F) . + Beare (15), 


* Mean ,/8, and B, (,/8,) are both equal to zero. 
+ « is here the ratio of k, to a sample estimate of its standard error. 
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—1 —2 —3))? 1 
mr Pa Dt ge (40+ 8GRR— E12) + 642) 49)] 


2° | 


Sa ((42 2?) + (4*) (2?) + 6 (42%) (4%) + 6 (472)? + 3 (47)? (2%)] 


— “pgs [3 (A*2) (2%) + (A¥) (28) + 6 (4? 29) (4?) + 18 (472) (472) 
+ 18 (422) (4) (2%) + 3 (422 (2%)] 
+ 34D @P+ 36 (4222) (42) (2%) + 24 (422) (4%) (2%) + 36 (422)? (22) 
— 7 [90 (482) (48) (287 +30 (4982) (22)] + “LP [45 ca4(24y].. 6, 


The values of the semi-invariants of ky and ky taken from the tables of Fisher 
and Wishart must now be substituted into (14), (15) and (16). If this is carried 
out, it is found after reduction that 








ea ee 12, ats 100 720 ‘. 
— n (n—1) ~ (n—1pP 
12. 88 -532 
ale eure ies Semler (17), 
(a n®?—5n+2 {3 , 1080 ee. 20,160 302400 = ) 
d a = = — = = eT ccof 
= V6n (n+ 1)(n—1)(n—2)(n—38) n—1* (n—1¥ (n-1) ) 


. f6 65 4811 136,605 , 
= 6 My {1 = an + Sr = 16n2 + _t eee e er ceseeececeereeeeeseeess (18), 


168 5544 141,120 


i + @—” @—I 
12 (53n4 — 428n* + 1025n? — 474m + 180) ( 56 | + 1848 
(n+1)n(n—1)(n—2)(n—3) it m—1 '(n—1p “"J 
q , 468 32,196 1,118,388 
= 3 ob 








———— as uoseepladinumenekh teedececeeemetes 19). 
n n* ai n3 (19) 


Hence, using the relation (12) between « and fz, it follows that 


Mean 82= : en) ‘cicciishlaliedaispuiligeaateniemeneam (20), 

ee ee (21), 

By (Ba) = eee I ye EP an) sence (22), 
Bz (Bs) = Ms (w) _ 34 540 20,196 ‘ 470,412 _ (28). 


{ue (ax)}? n n* ns 














244 





A Further Development of Tests for Normality 


(4) Approwimations to the Probability Integrals of VB, and Bs. 


The first problem to consider is the degree of convergence of the series (10) 
and (11), and (21), (22) and (23). For this purpose the Tables I and II have been 
prepared in which the values entered for o, B, and Bg are based of course only on 

‘those terms of the expansions given above. It is necessary to assume that the 
adequacy of the convergence can be judged from the first four terms of each series. 
The expressions for the standard errors are clearly adequately represented by the 
series at n = 50. Columns have been inserted showing the degree of approximation 


TABLE I. Moment Coefficients of Vx. 
























































n /6) n Terms in "JS ° Je Terms in B, (./ 8) B, (/B;) 
50 | +3464 | 1 — -060 000+ -002 400 — *000 120 | *3264 | 3+ °720000—°345 600+ °096 768 | 3°4712 
75 | +2828 | 1—-040000+ °001 067 — ‘000 036 | -2718 | 3+°480 000 —-153 600+ °028 668 | 3°3551 
100 | :2449 | 1 —-030 000+ °000 600 — ‘000 015 2377 | 3+ °360 000 — 086 400+ °012 096 | 3°2857 
150 | +2000 - ‘1961 | 3+ °240 000 — 038 400+ °003 580 | 3°2052 
200 1732 *1706 | 34+°180000— °021 600+ °001 512 | 3°1599 
250 1549 “1531 | 34+°144000— *013 8244 000774 | 3°1310 
500 1095 "1089 | 3+°072 000 — -003 456+ °000 097 | 3°0686 
1000 | -0775 ‘O772 | 3+ °036 000 — -000 864+ 000012 | 3°0351 
TABLE II. Moment Coefficients of Be. 
<a | 
= /24jn Terms in op | T, Terms in B, (f,) B, (Ba) 
50 | *6928 | 1—*150000+ °013 550 — 001 159 | 5975 | 1 *580 000 + +207 600 — 061 096 | 2°4473 
75 | °5657 | 1—-100000 + :006 022 — °000 344 | *5123 | 1 —°386 667 + °092 267 —°018 100 | 1°9800 
100 | *4899 | 1 — -075 000+ °003 387 —°000 145 4547 | 1 —-290000+ -051 900 —*007 637 | 1°6292 
150 | 4000 | 1— +*050 000+ -001 506 — 000 043 | 3806 | 1—°193 333 + °023 067 — -002 261 1°1916 
200 | *3464 | 1—*037 500+ °000 847 — 000018 | °3337 | 1—*145 000+ °012 975 — -000 955 *9364 
250 | *3098 | *3007 1 — +116 000 + -008 304 — 000 489 "7705 
500 | *2191 *2158 | 1—-058 000 + -002 076 — -000 061 “4078 
1000 | +1549 | °1538 | 1 — *029 000 + -000 519 — -000 008 *2098 
n Terms in Bg (8) By (B2) 
50 | 3+ 10°800 000 — 8-078 400 + 3°763 296 
75 | 3+ 7°200000 — 3°590 404+ 1°114 876 — 
100 | 3+ 5°400000—-2°019600+ °470412 | 6°8508 
150 | 3+ 3°600000— °897591+4+ °139383 | 5°8418 
200 | 3+ 2°700000— °*504900+ +058 801 | 5°2539 
250 | 3+ 2°160000— °323136+4 -030106 | 4°8670 
500 | 3 1°080000— -080784+ °003 763 | 4°0030 
1000 |} 3+ ‘540000-— -020196+ 000470 | 3°5203 
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of V6/n to ovis and of V24/n to g,*. It may be said roughly that for most practical 
purposes a knowledge of B, and Bz correct to the 2nd decimal place is sufficient. 
Thus at n=100 and perhaps at-75, the series for Bz (Vx) and B, ( B82) may be 
considered as satisfactory. The convergence of the expression for By: (82) is a good 
deal slower. It would of course have been possible to develop the series to further 
terms by retaining semi-invariants of higher order, but even if for n less than 50 
the resulting series were found to converge, it seems likely that the test in such 
cases would be of no great practical value. The test might enable us to say that 
in a sample of 20, let us suppose, values of 8; = "8 and B:= 48 could well have 
occurred in random sampling from a normal population. But such a sample might 
have come from a population in which, let us say, 8:=1°5, 82=5°5; hence the 
sample data alone would give us no confidence in assuming normality in the 
population. Such an assumption must be justified from outside evidence which the 
sample values, while they would not contradict, would hardly strengthen. 

An exact solution of the problem must await a knowledge of the true sampling 
distributions of V8, and 2. In the meantime an approximate solution of some 
practical value can be obtained. Consider first the distribution of VB. Table I 
shows that this is a symmetrical leptokurtic curve which tends fairly rapidly to 
the normal. Fisher has obtained an approximation to its probability integral by 
constructing a function of « which as far as terms in n~ is normally distributed 
with unit standard deviation+. The relation between this function, £, and z is 
given as follows : 








Qn 2n 8n 


3 ”)- 3 


=a(1+-4+—, 1- = ‘23 — 3a) = (a> —10a* + 15x) ...(24), 
n 4n2 4 ( 


the coefficients being determined so that «2(x), «a({#) and xg(x) (or pe(x), pa(x) 
and yg(x)) are correct as far as terms in n~*. But the expression used for x¢ (2), 
namely 15120/n?, containing only a single term is of doubtful value as an approxi- 
mation to the 6th semi-invariant of x even at n=100. To proceed by this method 
to terms in n~* would involve the calculation of «g(#). It seems therefore possible 
that as good an approximation will be obtained by assuming that the distribution 
of VB; may be closely represented by a Type VII curve of form 
Y = Yo(1 + (VBr)2/a2)-™ oo. eeeeeeeeeeees ieee (25), 

whose constants are to be determined from the values of Css and Be (Vi) given 
in (10) and (11) above. Table I suggests that for x >50 the expression (10) is com- 
pletely adequate, while little error will be involved in using (11) for xn >75. Fora 
curve of Type VII with the moments of (10) and (11) it can be shown that 


ss 36 288 7 
A= 15(1 + . -=F +...) eeeecccese eevccccccce (26). 


* These approximations to the standard errors were first given by K. Pearson in 1901, Phil. Trans. 
Vol. 198 4, p. 278. 
+ Loc. cit. pp. 233—235. 
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On the other hand, using Fisher’s value for xg(x) quoted above, the true A, of the 
x-distribution as far as terms in n~ is 


Ay=15 (1 +44 


At n=100 the error is about 4°/, which will probably not affect the form of the 
curve seriously in the region of significant frequency. In Table III are compared 


2%...) 


at n=50 and 100 the chances P;, P, and Ps; of VA, exceeding in sampling certain 
multiples of its standard error, Op,» found on three different hypotheses, namely : 

(1) that V2, is normally distributed with Oz. given by (10), 

(2) that VB, follows the Type VII curve, 

(3) that the & of (24) is normally distributed with unit standard deviation, 
where # =(n— 1) V 84/6 (n— 2). 


TABLE III. Approximations to Probability Integral of V Ay. 





























| 
n=50 n=100 
Values of | 
Bile ye l 7 | 
P P, Ps P P, | Ps 
a _—— fi to oe . | 
| - 
1:2 *1151 "1094 | -°115¢ “1151 1113 ‘| °1125 
1°6 0548 "0534 0532 0548 | 0539 0535 
2-0 *0228 0241 *0205 70228 | °0237 0227 
2°4 +0082 0102 | +0067 0082 | -0096 *0087 
2°8 0026 "0042 | +0020 0026 | 0037 | “0032 
| | 





The values required on hypothesis (2) have been found by interpolating in 
“Student’s” Tables*. For n=50 a value of By (V8;)=3'45 was used+. It will 
be seen that at n=100 the differences are of very little practical importance ; 
at n=50, although they are larger, it seems impossible to say without further 
information whether P, or Ps is the more accurate. There would be little error 
involved in assuming the distribution of V8, to be normal with ays =V6/n for 
n>100. In the Table printed at the end of this paper giving the 5°/, and 1°/, 
points for different values of , I have, however, assumed the distribution to be of 
Type VII with the moments given by (10) and (11). The deviations from the 
mean to the ordinates cutting off these tail areas were found with the help of 
“Student’s” Tables and graphical interpolation. 

The distribution of 82 is less easy to deal with, Fisher has suggested the use 
of another normally distributed function, &, of the « of equation (12), but as the 
transformation depends upon the use of expressions for «4(x) and x5 (x) containing 
each only the first term of an expansion in inverse powers of n, the degree of 

* Metron, Vol. v. 3, 1925, pp. 113—120, 


¢ As far as the term in n-*, the value shown in Table I is 3°4712, and a rough guess at the effect of 
the term in n~+ was made. 
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accuracy of the method is very uncertain. If the values of B,(8:) and Be (Be) 
given in Table II be plotted it will be found that they fall on a curve in the 
Type IV area which converges on the Type V and Type IIT lines, slowly approach- 
ing the Normal Point as n—. I have therefore made the assumption that the 
distribution of 82 can be approximately represented by a Pearson Type IV curve 
with the moment coefficients given by the expressions (20)—(23), that is to say, 
by an equation of form 


{ rs “—P —ytan-— . 
Y¥ = Yo (1+ =) : © Gockevacaghoorsehe wiain ss AURORE 


At n=100 it will be seen from Table II that the four terms in the expansion 
for B, (82) are not sufficient to insure convergence even to the first decimal place, 
but for B, (8:2) they are so. Experience in curve fitting suggests, however, that this 
degree of uncertainty in B, when BJ, is known is not likely to have much influence 
on the deviation from the mean to the 5°/, and 1°/, probability points. That is to 
say, the chief danger of error present at n= 100 will not be due to uncertainty as 
to the B, of the Type IV curve, but to the use of a Type IV curve at all in place 
of the true curve. What this degree of approximation may be cannot at present 
be judged; Pearson curves based on theoretical values of the first four moment 
coefficients have been found in other problems to provide very satisfactory approxi- 
mations to sampling distributions*, but these skew leptokurtic systems form a 
somewhat extreme case. It may, however, be said without hesitation that the 
results set out in Table IV below provide a test for normality of 8: which will be 





» . ‘ / _ ‘ ‘ 
far more accurate than has hitherto been available. V24/n is a good approximation 
to the standard error of 82 at n = 50, but even at n= 1000 the sampling distribution 
is not normal, viz. By =°21, B,= 3°52. 

The method of computation was as follows. The ordinates of Type IV curves 
with B, and By, as in (22) and (23) were calculated for the cases n = 100, 150, 250 
and 1000, From these were obtained by quadrature the deviations from the mean 
in terms of the standard deviation to the ordinates cutting off 5°/, and 1°/, tail 
areas. As n increases these deviations tend to the normal curve values of + 1°6449 
and + 2°3263 respectively. Also as x increases the deviations approach closely the 
corresponding deviations in the Type III curve which has the same value of B,; these 
latter were found from the Tables of the Incomplete Gamma Function. With these 
results to form a guide, it was possible to obtain graphically with sufficient accuracy 
the deviations from the mean to the 5°/, and 1°/, points for all the other Type IV 
curves required}. These deviations with the appropriate means and standard 
deviations given by (20) and (21) have provided the limiting values of 82 given in 
Table IV. 

* E.g. when used with experimental data, in connection with the distributions of the mean and the 
variance. A, E. R, Church, Biometrika, Vol. xvi. pp. 321—394. Or again when compared with true 
theoretical curves as for the sampling distributions of p,,. Pearson, Jeffery and Elderton, Biometrika, 
Vol. xx1. pp. 164—201. 

+ The error involved in this process should not be greater than a single unit in the last (2nd) decimal 
place of the values of 8, tabled. This can hardly be greater than the error involved in the assumption 
that Type IV curves will represent the sampling distribution of £,. 
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TABLE IV. 5°/, and 1°/, Points for VRy, B, and Be. 


















































JB; By Be 
Sample mane by pper Upper Limits Lower Limits Upper Limits 
5°/ 1°/ 10°) 2°, 1°/ 5°/, D°/, | 1°, 
50 *533 *787 “285 “619 —- — ~- | — 
75 "445 651 198 *424 — : ; — 
100 ‘389 *D67 *152 "321 2°18 2°35 3°77 4°39 
125 *350 “508 *123 "258 2°24 2°40 3°70 4°24 
150 321 "464 °103 "216 2°29 2°45 3°65 4°14 
175 "298 “430 “O89 *185 2°33 2°48 3°61 4°05 
200 *280 -403 *078 "162 2°37 2°51 3°57 | 3°98 
250 251 *360 063 | +130 2°42 2°55 3°52 | 3:87 | 
300 230 | -329 “053 *108 2°46 2°59 3°47 | 3°79 
350 213 | °305 045 *093 2°50 2°62 3°44 3°72 
100 200 | +285 “040 “081 2°52 | 2°64 3°41 3°67 
450 “188 *269 "035 *O72 2°55 2°66 3°39 3°63 
500 “179 "255 “032 "065 2°57 2°67 3°37 3°60 
550 ‘Eee *243 ‘O29 “O59 2°58 2°69 3°35 3°57 
600 163 +233 "027 ‘054 2-60 2-70 3°34 3°54 
650 *157 *224 "025 *050 2°61 2°71 3°33 | 3°52 
700 ‘151 "215 *023 046 2°62 2°72 3°31 3°50 
750 "146 *208 021 "043 2°64 2°73 3°30 3°48 
800 "142 *202 “020 ‘041 2°65 2°74 3°29 3°46 
850 *138 “196 “O19 “038 2°66 2°74 3°28 3°45 
900 *134 *190 ‘O18 ‘036 2°66 2°75 3°28 3°43 
950 "130 "185 “O17 “034 2°67 2°76 3°27 3°42 
1000 °127 “180 “016 *032 2°68 2°76 3°26 3°41 
1200 116 165 013 027 271 | 2°78 | 3°24 | 3°37 
1400 107. | +152 ‘012 023 2°72 | 2:80 | 3°22 3°34 
1600 "100 "142 010 “020 2°74 | 2°81 | 3°21 | 3°32 
1800 “095 "134 009 | -O18 2°76 | 2°82 3°20 | 3°30 
2000 “090 127 ‘008 | -016 2°77 2°83 | 3°18 | 3°28 
2500 “O80 | +114 “006 ‘013 2°79 2°85 | 3°16 3°25 
3000 ‘073 | =°104 "005 “O11 2°81 2°86 3°15 3°22 
3500 “068 ‘096 “005 “009 2°82 | 2°87 3°14 | 3°21 
4000 ‘064 *090 “004 “008 2°83 | 2°88 3°13 3°19 
1500 060 085 “004 007 2°84 2°88 3°12 | 3:18 
5000 "O57 ‘O81 ‘003 -006 2°85 2°89 | 3°12 3°17 
| | 





(5) Illustration of Use of Table IV. 
In a sample of 500 the following values are found : 
VB, =—'2040; B,='0416; PB, =3°7823. 
Is it possible that the sampled population was normal ? 


The table shows that in 5°/, of random samples from a normal population 


VBy may be expected to be less than —-179, and in 1°/, less than —*255. The 
observed value falls in between these limits. In using #, positive and negative 
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values of VA, are clubbed together, and we see that in 10°/, of random samples 
81 may be expected to be greater than ‘032 and in 2°/, greater than ‘065. The 
observed value of course falls again between the limits. For 82 we see that only 
1°/, of samples can be expected to give a 2 greater than 3°60; the observed value 
of 3°7823 lies outside the limit. The test therefore provides a doubtful answer when 
applied to 8; but a decisive one when applied to 82, and we may conclude that it 
is practically certain that the sample has not been drawn randomly from a normal 
population. 


(6) Summary. 

(a) The work of Fisher and of Craig has made it comparatively simple to obtain 
expressions for the moment coefficients of the distributions of VB, and fin samples 
of n from a normal population. These expressions are in the form of series in 
inverse powers of n. In order to see more clearly the degree of convergence of these 
series and to obtain more accurate values in smaller samples, it was necessary to 
extend the series beyond the point reached by those writers. This it has been 
possible to carry out with the aid of new results obtained by Wishart. 


(b) The moment coefficients show that the distribution of VB, isa symmetrical 
leptokurtic curve which tends to the normal fairly rapidly as n increases. For rough 
purposes it may be taken as normal with a standard error of V6/n for n>100. The 
distribution of fz is an extremely skew curve at n = 100, and even when n= 1000 
can hardly be considered as normal. 

(c) A table has been given of the approximate 5°/, and 1°/, probability points 
for V6, and fe, based on the assumption that the true distribution may be 
adequately represented by Pearson curves with the correct first four moment 
coefficients. This table starts at n= 50 for V By and n= 100 for Po. 


(d) A complete test for normality must really be two-sided; it must help us 
not only to determine whether the population sampled could have been normal, but 
also to judge how far from normal the population might have been. A knowledge 
of thé true sampling distribution of V8; and B:, when the population is normal, 
would enable us to answer the first point however small the sample may be, but 
not the second point. 


(e) It is to be hoped that the true sampling distributions will be found, not 
only to remove any doubt as to the accuracy of the test, but also for the light 
that will be thrown on the adequacy of these methods of approximation—informa- 
tion that will be of considerable value in handling similar problems in the future. 











MISCELLANEA. 


An unusual Frequency Distribution—The Term of Abortion. 
By THOS. VIBERT PEARCE, F.R.C.S. EnGuanp. 


ABORTION in women is becoming more prevalent, and gradually will assume economic and 
political importance. From being a purely medical problem it will gather biological and chemical 
interest, since the interlocking of the female reproductive hormones is slowly being laid bare. 

Out of 300 women admitted to St Giles’ Hospital who left the hospital following completed 
abortion, 283 patients were able to give enough information to allow of a fairly reliable estimate 
of the term of gestation prior to abortion. Term of abortion when used in this present con- 
nection does not mean the same thing as the time of developement of the foetus. Even if the 
time of insemination is known—quite an unusual piece of information—the time of impregnation 
is quite unknown, and it is difficult to see how it can ever be ascertained. Impregnation “may 
be postponed for days or possibly three or four weeks.” In the absence of careful measurement 
of the foetus and frequently in the absence of the foetus itself, this possible lapse of time 
between insemination and impregnation compels consideration of the term of abortion from 
the standpoint of the maternal partner in this pathological condition. Abortion is commonly 
regarded as a disease of the mother and not as a disease of the foetus, although there is no 
logical or objective support for that opinion. Incidentally it is quite possible there may be a 
type of abortion due to defect in the paternal germ plasm. At any rate the mother seems to be 
the more important sufferer, and the post-menstrual term in default of a better definition is 
used as the term of abortion. By plotting the frequencies of the post-menstrual term some light 
might be thrown on the likelihood of abortion occurring at the expected times of menstruation 
which are masked or abolished by impregnation, 

The women could generally remember the date of their last menstruation, although for some 
obscure reason they found it quite difficult to forecast the date of the next. Frequently they were 
rather surprised at any attempt to find the exact inter-menstrual period. Some say it always 
occurs on the same day of the month, and has done so for months or years. They are then 
really claiming that the time of menstruation is sometimes governed by the calendar fixed by 
Pope Gregory—a pretension that is hardly convincing. Some women say that their menstrual 
cycle lasts exactly four weeks, but yet are ignorant of the day of the week on which it com- 
mences. The results of a sympathetic and veiled cross-examination really suggest that quite a 
large proportion of these women were ignorant of the length of the menstrual period beyond 
their estimate that it lasts “a month.” Once a woman naively referred me to her husband. 
A rather young married woman told me to ask her mother, because she always menstruated 
concurrently with her. One patient was rather sorry for herself, for she unfortunately com- 
menced menstruating on washing day, which was Monday—good evidence that she had a 28-day 
cycle. It was hoped that some estimate of the variability of the menstrual period might be got 
from the statements of these women. The statements hardly ever bore examination, and were 
abandoned as being hopelessly unreliable. These women who had aborted or were aborting did 
not seem more stupid than the generality of women. Certainly their period of amenorrhoea does 
seem long enough for them to have forgotten their proper menstrual periods. 

3esides the commencement of the last menstruation, the other point of time that is fairly 
satisfactorily remembered is the date of the passage of the foetus, or, in default of which, the 
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dates of the maximum pain and bleeding which, if they happen to coincide, fix very well the date 
of abortion. The commencement of symptoms before abortion is difficult to date, and hence has 
not been used to calculate the term of abortion. It is very hard to disentangle post-impregnation 
menstruation from the symptoms of abortion. Term of abortion is therefore defined as the 
number of days between the commencement of the last menstrual period and the passage of 
the foetus. 

For diagrammatic purposes the term of abortion has been plotted in nearest weeks. Division 
by 7 is very convenient and leads to no awkward half-divisions. The question of abortion at 
the expected menstrual times would be much better tackled by dividing the term in days by the 
number of days of the patient’s own menstrual cycle. A frequency diagram of term of abortion 
along a scale of menstrual months could then be made. Such a diagram for these women at any 
rate would be unreliable. This is very disappointing, for it was rather hoped that by expressing 
the term of abortion in menstrual months it might be possible to get some evidence which would 
help to decide whether the abortion was spontaneous or artificial. Presumably spontaneous 
abortion would occur at an expected menstrual time, while induced abortion would occur after a 
menstrual period had been missed and the assault on the pregnancy would be renewed after the 
missing of the next expected menstruation. 

The variability of the menstrual period in different women when compared with the optimum 
term for abortion will not cause the frequency curve of the term of abortion to give so little 
help as it might on this question of abortion at the expected menstrual times. The mean term 
of abortion is about 13°41 weeks or 3 calendar months, and the variability of menstrual period 
seldom exceeds 1 or 2 days on either side of 30 days. It is only in the later months that the 
error of 1 or 2 days would be multiplied to amount to a week. By reference to the table, the 
plateau at the 17th and 18th weeks does suggest that this kind of error has occurred there. 
The 17th and 18th weeks may include abortions that occurred at the 4th month of missed 
menstruation. On a scale of menstrual months, the frequencies for these weeks might be 
amalgamated. 


Frequency Table of Term of Abortion. 








| Term (in weeks) | 4 | 5 | 6 | 7 {8 | 9 | 20] 11 | 12| 13 | 14 | 15 | 16 | 


—_—s . — — — 














Afebrile isis 7| 9] 11 | 20] 18 | 16 | 9/17] 9/12 | 6 | 
j | | | | -_ » 
| Febrile 0 1 | 3 | 4 | 3 9 | 9] 5 9 | 11 | 7 | i lime 
pias 7 ae ad | SC OS cel Se Se, St 
| , Total 3 | 7 | 10/13 | 14] 29 | 22] 21 | 18 | 98 | 16; 19 | 10 | 
’ | | - ae ee 
17 | 18 | 19 | 20 








ee | 23 | 24 | 25 | 26 | 27 | 28 Total | Mean Term | Standard Devn. 
| 





| 4} 1 | 182 | 1308 

| | | | | | 

6| 6/1/2/1] 6)2]2 | 1 | o|2]o0]101 | 1400 | 503 
_ a =~ ee ee: eee, a —| ae) 
i3{14] 8] 4] 2 lo} 4)4)/3)4) 6) 1 283 | 13-41 5:41 





To the writer the frequency diagram does suggest that abortion occurs especially at the 
menstrual times, even allowing for the human characteristic of rationalisation both in patients 
and the observer. Whether there is any statistical warrant for such opinion seems to be a 
difficult problem. Presumably it would be necessary to test the goodness ,of fit of a frequency 
curve which admits of a series of maxima at regular intervals occurring along a curve which 
itself mounts to an apex about its mid-point. Perhaps another way of treating the problem 
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would be one of dissection. The scale is one of 7 months. On the hypothesis of abortion being 
more frequent at the menstrual times, 7 summits to the curve could be postulated. The whole 
curve is then regarded as made up of the summation of 7 very pointed normal frequency curves. 
Such a method implies that abortion at any one month is a different “clinical entity” from 
abortion at any other. Such an argument could not be convincing, for women who have had 
multiple abortions do not miscarry at the same term every time. In fact the impression left 
is the reverse. A normal curve would not at all represent the terms of abortions of a patient 
who has had multiple abortions. 


[A periodogram analysis of the above data shows, as far as weekly ranges will permit, a 
period of four and a half weeks. Ep.] 


Socrates. And furthermore, the midwives, by means of drugs and incantations, are able to 
arouse the pangs of labour and if they wish, to make them milder, and to cause those to bear who 
have difficulty in bearing; and they cause’ miscarriages if they think them desirable. 

Theaetetus. That is true. 

Socrates. Well, have you noticed this also about them, that they are the most skilful of 
matchmakers, since they are very wise in knowing what union of man and woman will produce 
the best possible children ? 


Theaetetus. I do not know that at all. 


Piato, Theaetetus 


(Loeb Classical Library: H. N. Fowler). 
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